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NEW LINEAR AND MULTILINEAR VERSIONS OF
PUHL’S QUOTIENT FORMULA

BY

DUMITRU POPA (Constanta)

Abstract. We prove new linear and multilinear versions of Puhl’s quotient formula.

1. Introduction and background. The theory of absolutely summing
operators was originated by seminal ideas of Grothendieck, in the 50’s. In
1968, Lindenstrauss and Pelczyniski [5] published a classical paper in Studia
Mathematica, revisiting Grothendieck’s results, and since then the absolutely
summing operators has been an important field of research in functional
analysis. The extension of the linear theory to the multilinear setting is not
easy and there are several different “natural” approaches. This line of research
was initiated by Pietsch in the 80’s and now it is an active research topic.

In a 1977 paper, J. Puhl [9, Satz 8| proved the quotient formula II, qu*1
= I+, 1 < g < 00, in other words: a bounded linear operator 7' : X — Y
is g-summing if and only if for all Banach spaces Z and all ¢*-summing
operators V : Z — X, T oV is 1-summing. Moreover,

mq(T)= sup m(ToV).
T (V)<1

The main purpose of this paper is to prove new linear and multilinear
versions of Puhl’s quotient formula (see Theorem [2] and Corollaries [2H4).

Let us fix some notation and terminology. For X a Banach space over
K = R or C, X* is the dual of X, and a typical member of X* will be

denoted by z*. For 1 < p < oo and z1,..., 2z, € X, we write wy((2;)1<i<m)
for supj,« <1321t |z*(;)[P)/P. A bounded linear operator T : X — Y is
p-summing if there exists a constant C' > 0 such that for all z1,...,z,, € X,

- 1/p
(Do IT@Ir) ™ < Cup((@a)i<izm);
i=1
the p-summing norm of T is m,(T) = inf{C | C as above} [2, 3 [7, [10].
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Also for 0 < p < oo, X a Banach space and z1,...,z,, € X, we write
Lp((2:)1<i<m) to denote (37 [la[|P)!/P.
Let n be a natural number, 1 < p,...,p, < o0 and 0 < t < 0o be such

that 1/t <1/p1 +---+ 1/pn. A bounded n-linear operator U : X; X - - - X
Xn = Y is (t;p1,. .., pn)-summing if there exists C' > 0 such that for all
(#))1<icm € X; (1 <j <n),

(S teda) " < T w, (@izism)-
i=1 Jj=1

We write myp,.. p, (U) = inf{C > 0 | C as above}. Note that mup, . p.
is a norm if ¢ > 1 (and a t-norm if t < 1). If 1 < pq,...,p, < oo and
0<t<oowith1/t=1/p1+---+1/pp, (t;p1,...,pn)-summing operators
are called (p1, ..., pp)-dominated, and we write Ay, . instead of m.p, . .-
fl1<pi=---=p,=p<ooand 0<t<oowith 1/t <n/p, (t;p,...,p)-
summing operators are called (t;p)-summing and we write 7, instead of
Tt:p,....p- FOr a comparative study of various classes of multilinear summing
operators we recomend [0, [§].

If 1 < p < 0o we write p* to denote the conjugate exponent of p, that is,
1/p+1/p* = 1. Also if x = (zp)nen and y = (yn)nen are scalar sequences
we write zy for the sequence (z,yn)nen-

All undefined notation and terminology used in this paper is standard
(see e.g. |2, B, [7, [10]).

2. Preliminary results. The next result is well-known. For the sake of
completeness we include its proof.

PROPOSITION 1.

(i) Let n € N, 0 < p1y...,pp < 00 and 0 < p < oo be such that 1/p >
1/pi+---+1/py and define0 < s < oo by1/p=1/p1+---+1/pp+1/s.
Let a be a sequence of scalars and M > 0 be such that

laz1 - znllp < Mllz1llp, - - |20 lp,

forallzy €lp,,...,xn €1lp,. Then a €l and ||al|s < M.

(ii) Letn € N and 0 <t < oo be such that 1/t < n. If T : ¢y X Mixeg =Y
is (t;1,...,1)-summing, then

(TGt e ) < ()
k=1

Proof. (i) Define 1 = p1/p,...,1n = pp/p and 1/r = 1/r1 + -+ 4+ 1/ry,.
Then from the condition 1/p > 1/p1 + -+ 1/p, we get 1 < r < 0o. Define
also b = (|ag|P)ken. Let 21 = (¥1)ken € lryy- - Tn = (20)ken € Ly, Then
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(|:c,1,|1/p)k€N S SR (|x;§|1/p)k€N € l,,, and by hypothesis

— A\ /P 1) /P e\ Men
(D lanllahl--lagl) " < M (3 Jai) e (D Lkl
k=1 k=1 k=1

= M(||z1]lr, - [lznlr,) 7,
that is,

o

D lawPlail--- |2f] < MP||zallry - [l

k=1
Let z € I,.. Since 1/r = 1/r1+---+1/ry, there exist x1 = (2} )ken € Ly, - - -
xn = (2})ken € Iy, such that © = 21 -z, and ||z|, = [[z1|lr - - |Znllr,-
Then by what we have proved above,

o0

D lanl"lex] < My e, = Mol

k=1
As is well-known, this implies Y32, |ag [P < oo and (352, |ag|P™ )/ < MP,
ie. (3252 lag[P )V @) < M. Since

1 1 1 1 1 1 1
" = - — — = — — —_ 44+ — = -,
pr p pr p P Pn S
we get the statement.

(ii) follows from w1 ((eg)ken;co) = 1 and the definition of (¢;1,...,1)-
summing operators. m

We need the following variations on the Gelfand Lemma (see [4] or [1I
p. 36]). For the sake of completeness we give the proofs.

LEMMA 1. Let X be a Banach space, 0 < w < 1 and p : X — [0,00)
be subadditive, i.e. p(x +y) < p(x) + p(y) for all z,y € X, and positive
w-homogeneous, i.e. p(Ax) = Xp(zx) for all A\ >0 and x € X. If p is lower
semicontinuous, then sup|g<; p(x) < oo.

Proof. For each A > 0 set Ay = {z € X | p(x) < A}. Let x € X. Since
p(z) € [0,00), there exists n € N such that n > p(x), i.e. z € A,, and
thus X = (J,,cyy An- By the Baire category theorem (X is a Banach space),
there exists ng € N such that int(4,,) # 0. Since all the sets A, are closed
(p is lower semicontinuous), we get int(A,,) # 0, i.e. there exists 6 > 0 such
that {x € X | ||z — z¢|| < 6} C Ap,. Now take z € X with ||z|| < 1. From
|(zo+dz)—x0|| < 0 we deduce zo+dz € Ay, i.e. p(xo+0x) < ng. Then since
p is subadditive and positive w-homogeneous, we have 6“p(z) = p(dx) <
p(xo + 6x) + p(—x0) < no + p(—20), i.e. p(x) < (no + p(—x0))/0% = M. =

LEMMA 2. Let Xq,...,X, be Banach spaces, 0 < w < 1 and p : X1 X
<o X Xy = [0,00) be such that: p is subadditive in each variable, that is, for
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each 1 <i<n and each (x1,...,2,) € X1 X -+ X Xy, and y; € X;,

p(xl, ey L1, % T+ Yy Tig 1, - - ,$n)
<p(@1, e T, Tiy Tt 1y Tn) F P(T1, - T 1, Yis Tig s - -5 T

p 1s positive w-homogeneous in each wvariable, that is, for all A > 0 and
(X1, . 2n) € X1 X -+ X X,

w .
(T i1, AT, T 1, Tn) = AD(T1, o T 1, ATy Tig 1 -+, )5
and p is lower semicontinuous. Then

sup p(x1, ..., x,) < 00.
lz1 <1, llzn <1

Proof. The proof is by induction on n. The case n = 1 was shown in
Lemma [I} Suppose that the assertion is true for n — 1, where n > 2. Let
(1,...,@p—1) € X1 X+ X X;_1. Then p(z1,...,2p-1,") : X5 — [0,00) sat-
isfies the hypotheses in Lemma Hence SUP||z, || <1 p(x1, ... Tp_1,2,) < 00.
This means that ¢ : X1 x -+ X X, — [0,00) defined by ¢(z1,...,2,-1) =
SUP||z,||<1 p(x1, ..., Zpn_1,%,) is well defined. Since p is subadditive, positive
w-homogeneous in each variable and lower semicontinuous, we deduce that g
is subadditive, positive w-homogeneous in each variable and lower semicon-
tinuous. Then, since the assertion is true for n — 1, we get

sup q(x1, ... xp—1) < 00,
lz1]I<1,....llzn—1<1

as desired. =

COROLLARY 1. Let X1, ..., X, be Banach spaces, 0 < w < 1 and
p: X1 XXX, = [0,00) be such that: p is positive homogeneous in each
variable, i.e. for all 1 <i<mn, A >0 and (x1,...,2,) € X1 X -+ X Xy,

P(T1, - T, AT Tig 1, - Tn) = AP(R1, - T 1, AT, Tt 1 -, Tn);

p is w-subadditive in each variable, i.e. for all 1 < i < n, (z1,...,2,) €
Xy x - x X, and y; € X;,
[p(x1, . i1, @+ Yis Tig1s - 20)]”

< [p(a:l, ey L1, Ly T 1y e - - ,xn)]“ + [p(l‘l, ey L1, Yi T 1y - - - ,xn)]“’;

and p is lower semicontinuous. Then

sup p(z1,...,2Tn) < 00.
21]I<1,.., |lzn <1
Proof. Define s : X1 x --- x X,, — [0,00) by setting s(z1,...,2,) =
[p(z1,...,2,)]”. Then s satisfies the hypotheses in Lemma [2[ and the con-
clusion follows. m
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3. The results. Pietsch’s famous composition theorem asserts that
Il oI, C II, for 1 < p < ¢, < oo such that 1/p =1/¢+ 1/r |2, 3] [7, [10].
Our first result is a multilinear version of Pietsch’s composition theorem.

THEOREM 1. Letn € N, 1 < s; < pj;,r; < 0o be such that1/s; =1/p;+
1/rj for all1 < j <n and 0 < p < oo such that 1/p < 1/p1+ -+ 1/py.

V.
If all X; = Yj are rj-summing (1 <j <n) and T : X1 x - x X, > Y is
(p;p1y- - -y Pn)-summing, then T o (Vy,...,V,) is (s;81,. .., Sp)-summing and

Tosipryepn (L0 (Viso s Vi) < Tgigrign (T)ry (V1) -+ 7, (Vi)
where 1/s =1/r1 4+ -+ 1/r, + 1/p.

Proof. Let (asg)lgigm C X; (1 <j<mn)SinceV; (1<j<n)is
rj-summing, by the splitting property [3, Lemma 2.23, p. 53],'[7, Theorem
20.1.10, p. 281], |10, Lemma 9.14, p. 55|, there exist a; = (o )1<i<m C K
and (y!)1<i<m C Yj such that
(3.1) V](xi) = a{yf for each 1 <i < 'm,

(32) el e, ((]1<izm) < 7, (Vi)ws, ((2])1im)-
Then from 1/s =1/ry +---+ 1/r, + 1/p, Holder’s inequality and (3.1) we
deduce
(3.3) ls(To(Vl,...,Vn)(:ch,...,a:?)‘lgigm)
< el - llenllrlp(T (Y - yl‘) 1<i<m)

Since T is (p; p1, - - . , Pn)-summing, we have

(3.4) lp(T(yil» sy [T <m) S Ty pa (T) H ij((yg)lﬁiﬁm)'

j=1
From (3.2)—(3.4) we get
S Tpipreon (T)HalHrlwpl((yil)1<i<m) - lanll,wp, (4 )1<i<m)

< Tpipreeepn (D) r (V1) -2 70, (V4 H ws; (( 1<1<m)

The definition of (s;s1,..., s, )-summing operators ends the proof. =
The next result is a multilinear version of J. Puhl’s theorem [J, Satz 8|.

THEOREM 2. Letn € N, 1 < p1,...,pp < o0 and 0 < t < oo be such
that 1/t < 1/p1 + -+ 1/p, and let 0 < v, < oo be defined by 1/v, =
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1/t+1/py + -+ 1/p. Let X1 x -+ x X, Y% Y be a bounded n-linear
operator. The following assertions are equivalent:

(i) V is (t;p1,- .., Pn)-Summing.
U,
(ii) For any Banach spaces Z; and pj-summing operators Z; =4 X; (1<
j<n), Vo(Uy,...,Up) is (vp; 1,...,1)-summing.

S,
(iti) For any pi-summing operators co = Xj (1 < j < n), Vo (S1,...,5,)
is (U3 1,..., 1)-summing. Moreover,
sup Top:l,...1(Uo (Vi,...,V3))
Tyt (UDSL, -y (Un)<1

= sup Tomil, 1 (U 0 (81,000 ,80)) = Ty .po (U),

71 (S, s (Sn)<1

geeay

where the first supremum is taken over all Banach spaces Z; and all
UY
pj-summing operators Z; 24X, (1<j<n).
Proof. (i)=-(ii) follows from Theorem (1| together with the inequality

sup Tonsl,.. 1 (U0 (Vi,..., V) < Tepy o (U).
Ty (UL, .y (Un) <1

(ii)=>(iii) is obvious and moreover

sup Ton:1,., 1 (U0 (S1,...,5))
Ty (SO, -y (S2)<1

< sup an;l,..‘,l(U o (‘/Yla ceey Vn))
T (U1)<1, ..y (Un)<1

(iii)=(i). From (iii) and Corollary [I|it follows that

(35) MV = sup an;l,...,l(v o (517 ceey Sﬂ)) < 0.
Tp* (S1)<L, . (Sn)<1

Now for 1 < j <nlet A;: lp; — X be a bounded linear operator. Let also

a; = (GZ)ieN € lp; and note that the multiplication operator M, : co — lp;
pr- Thus

J
Sj = Ajo M, : co = Xj is pj-summing with Wp;(Sj) < Haij;HAjH. Hence

defined by M,,(§) = a;€ is pj-summing, with ﬂp;(Ma].) = |la;

from (iii), V o (S1,...,5n) : co X Mixey > Yis (Un;1,...,1)-summing and
7TUn§17~--,1(V o (517 B Sn)) < MVTFP’{ (Sl) cr Tpx (Sn)
= Mvllallp; - - - llanllps | Asll - - - [| An |-

But, as observed in Proposition [Iii),

0 1/vn
(Z 1(V o (S,....80))(en,- .., ek)HU"> < it a(V o (S1,..., 8)).
k=1
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Thus
. 1 n v I/Un
(D dakllaf IV (Si(en). - SalenDl)™)
k=1
< My llarlyg -+ lanlps 141 l] -+ [ 4a])

Since 1/v, = 1/t 4+ 1/p} + - -+ 4+ 1/p},, from Proposition [I[i) it follows that
> 1/t
(S IV(Siter)s. Sl " < Myllar]-- 4.
k=1

Then (see [3, Proposition 2.7, p. 39]) V' is (¢;p1, - . ., pp)-summing and

Wt;pl,.‘.,pn(v) S MV = sup ﬂvn;l’.“,l(v o (Sl, ey Sn)> ]

Tyt (ST, - (Sa)<1

COROLLARY 2. Letn € N, let X1 x---x X, YoV be a bounded n-linear
operator and 1 < p1,...,pn < 00. The following assertions are equivalent:

(i) V is (p1,...,pn)-dominated.

Uv

(ii) For any Banach spaces Z; and any pj-summing operators Z; = X;

(1<j<mn),Vo(Uy,...,U,) is 1-dominated.

S.

(iii) For any pj-summing operators co =24 X; (1<j<n),Vo(Sy...,S)

is 1-dominated. Moreover,

sup A (Vo (Uy,...,Up))

Ty (U<, o (Un) <1

= sup Al(UO (5177Sn)) = AP17--~7Pn(V)
Ty (S1)SL, oy (Sn) <1
where the first supremum is taken over all Banach spaces Z; and all
U.

pj-summing operators Z; =4 X; (1<j<n).

Proof. Note that ‘V is (pi,...,pn)-dominated’ means that V is
(t;p1,. .., pp)-summing, where 1/t = 1/p; + -+ + 1/p,. The statement fol-
lows from Theorem [2| since in this case 1/v, =1/t +1/p; +---+1/p; =n,
Up = 1/n and Hl/n;l,...,l = Al. ]

COROLLARY 3. Letn € N, 1 < p < 00 and 0 < t < oo be such that
1/t < n/p, and let 0 < v, < oo be defined by 1/v, = 1/t + n/p*. Let
Xy x--x X, Y Y be a bounded n-linear operator. The following assertions
are equivalent:

(i) V s (t;p)-summing.

U.
(ii) For any Banach spaces Z; and any p}'f-summing operators Z; = X
(1<j<mn), Vo(Ui,...,U,) is (vp;1)-summing.
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S.
(iii) For any pj-summing operators co 2 X; (1<j<n),Vo(Si...,5)

is (vp; 1)-summing. Moreover,

sup Ton1 (U o (Vi,..., V)
T (U117 (Un)<1
= sup an;l(UO(Sl,...,Sn)) :Wt;p(U),
Tyt (S1) <Ly (Sn) <1

where the first supremum is taken over all Banach spaces Z; and all

U.
pj-summing operators Z; 24X, 1<j<n).

In the case n = 1 from Corollary [3|we get the following result not covered

by Puhl’s theorem.

COROLLARY 4. Let 1 < p < g< oo and let 1 < v < oo be defined by

1/v=1/q+1/p*. Let X YoV be a bounded linear operator. The following
assertions are equivalent:

(i) V is (q,p)-summing.

(ii) For each Banach spaces Z and each p*-summing operator Z LA X, VoU

is (v, 1)-summing.

(iii) For each p*-summing operator ¢ N X, VoS is(v,1)-summing. More-

(1
2]
3l
(4]
]
16]
(7]

over,

sup w1 (UoV)= sup m1(UoS)=myp(U),
mpr (U)<1 T (S)<1

where the first supremum is taken over all Banach spaces Z and all

p*-summing operators Z Yx.

REFERENCES

N. I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space,
Dower Publ., New York, 1993.

A. Defant and K. Floret, Tensor Norms and Operator Ideals, North-Holland Math.
Stud. 176, North-Holland, 1993.

J. Diestel, H. Jarchow and A. Tonge, Absolutely Summing Operators, Cambridge
Stud. Adv. Math. 43, Cambridge Univ. Press, 1995.

I. M. Gelfand, Sur un lemme de la théorie des espaces linéaires, Comm. Inst. Sci.
Math. Méc. Univ. Kharkoff Soc. Math. Kharkoff (4) 13 (1936), 35-40.

J. Lindenstrauss and A. Pelczyniski, Absolutely summing operators in Ly,-spaces and
their applications, Studia Math. 29 (1968), 257-326

D. Pérez-Garcia, Comparing different classes of absolutely summing multilinear op-
erators, Arch. Math. (Basel) 85 (2005), 258-267.

A. Pietsch, Operator Ideals, Deutscher Verlag Wiss., Berlin, 1978; North-Holland,
1980.


http://dx.doi.org/10.1007/s00013-005-1125-4

MULTILINEAR PUHL’S QUOTIENT FORMULA 307

[8] D. Popa, A new distinguishing feature for summing, versus dominated and multiple
summing operators, Arch. Math. (Basel) 96 (2011), 455462, .

[9] J. Puhl, Quotienten von Operatorenidealen, Math. Nachr. 79 (1977), 131-144.

[10] N. Tomczak-Jaegermann, Banach—Mazur Distances and Finite-Dimensional Oper-
ator Ideals, Pitman Monogr. Surveys Pure Appl. Math. 38, Longman Sci. & Tech.,
Harlow, and Wiley, New York, 1989.

Dumitru Popa

Department of Mathematics
Ovidius University of Constanta
Bd. Mamaia 124

900527 Constanta, Romania
E-mail: dpopa@univ-ovidius.ro


http://dx.doi.org/10.1002/mana.19770790111




	1 Introduction and background
	2 Preliminary results
	3 The results
	REFERENCES

