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SYMPLECTIC NON-SQUEEZING FOR MASS SUBCRITICAL
FOURTH-ORDER SCHRODINGER EQUATIONS

BY

QIANYUN MIAO (Beijing)

Abstract. Applying strategies of R. Killip et al. (2016), we establish symplectic non-
squeezing for the mass subcritical fourth-order Schrédinger equations iu; — A%u = +|u|Pu
with 3/2 < p < 8 in dimension one.

1. Introduction. We study symplectic non-squeezing for the fourth-
order Schrédinger equations of the form

{ (i0; — A*)u = £|ulPu, (t,z) € R X R,
U(O,JI) = UO(:E) S L:%(R)v
where u : Ry x R, — C. Symplectic non-squeezing means that the flow

associated to (1.1) does not carry any ball of radius R into any cylinder
whose cross-section has radius r < R (see also Remark below).

The class of solutions to ([1.1)) is invariant under the scaling

(1.1)

(1.2) u(t, ) — XPu(\, ), A > 0.

This scaling defines a notion of criticality for . In particular, one can
check that the only homogeneous L2-based Sobolev space that is invariant
under is ngc (R), where the critical regularity index s. is given by
sc 1= 1/2—4/p. If we take ug € L2(R), then for s. = 0 we call problem
mass critical. For s. < 0 it is mass subcritical, while for s, > 0 it is mass
supercritical.

If a solution u of has sufficient decay at infinity and smoothness,
it conserves mass:

(1.3) M (u)

| lu(t, ) do = M (uo).
R
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In this article we focus on the initial-value problem in the mass
subcritical regime, that is, when s, < 0 (i.e. p < 8). We prove the symplectic
non-squeezing property for solutions to with 3/2 < p < 8.

To begin, we need the definition of a solution.

DEFINITION 1.1. A function u : I x R — C on a non-empty time interval

I 3 0is a solution to problem (LI]) if it belongs to Cy(K, L2(R))NL{% (K xR)
for any compact interval K C I and obeys the Duhamel formula

t
(1.4) u(t) = e Ay, — i S e ilt=5)A (E|ulPu(s))ds

0
for each t € I. We call I the lifespan of u. We say that u is a maximal-lifespan
solution if it cannot be extended to any strictly larger interval. We call u
global if I =R.

Fourth-order Schrédinger equations have been intensively studied in re-
cent papers [I], 5, 14, 16], 17, [18]. Ben-Artzi, Koch and Saut [I] give sharp
dispersive estimates for the biharmonic Schrédinger operator e~ A% which
lead to the Strichartz estimates for the fourth-order Schrédinger equation
(see also [I5] 17, [18]). Using the Strichartz estimates and a standard fixed
point argument, we easily obtain the global well-posedness for problem
in both the defocusing and focusing cases, that is, with + and — signs of
the non-linearity, respectively.

Now, we state our main result.

THEOREM 1.2. Let 3/2 < p < 8. Fiz z, € L*(R), I € L*(R) with
lllzewy = 1, @« € C, 0 <7 < R < o0, and T > 0. Then there exists
ug € B(zs, R) such that the solution u to the initial-value problem (|1.1)
with initial data uw(0) = ug satisfies
(1.5) [, u(T)) —af > .

REMARK 1.3. (i) Theorem implies that the flow associated to (1.1

does not carry any ball of radius R into any cylinder whose cross-section
has radius r < R (see Figure 1).

B(z., R)

Cyr(ayl)

Fig. 1
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(ii) The restriction p > 3/2 stems from the persistence of positive regu-
larity (see Lemma [3.1| below).

(iii) By the same argument as for Theorem one can also obtain
the same result for the initial-value problem with 1 < p < 8/d in
dimensions 2 < d < 7. Here the restriction on the dimension also comes
from the persistence of positive regularity.

The study of non-squeezing for non-linear Hamiltonian PDE was
initiated by Kuksin [I2], whose approach was to develop a variant of
Gromov’s theorem in Hilbert space and then verify the hypotheses of
his theorem for several PDE examples, including the non-linear Klein—
Gordon equations with weak non-linearities. Symplectic non-squeezing
was later proved for certain subcritical non-linear Klein—Gordon equa-
tions by Bourgain [3]. Also, Bourgain [2] extended these results to the
cubic NLS in dimension one, where the full equation is approximated
by a finite-dimensional flow to which Gromov’s finite-dimensional non-
squeezing result is applied. Symplectic non-squeezing was also proven
for other models [4, [7, 13, 20]. All previous non-squeezing results for
non-linear PDE were proved for problems posed on tori. Recently, using
the finite-dimensional approximation strategy, Killip, Visan and Zhang
[10, TI] established the symplectic non-squeezing for the mass criti-
cal and mass subcritical non-linear Schrodinger equation on R? which
is the first symplectic non-squeezing result for a Hamiltonian PDE in
infinite volume. Applying the strategies from [10, 1I], we establish sym-
plectic non-squeezing for the mass subcritical fourth-order Schrodinger
equations, i.e. Theorem

1.1. Outline of the proof of Theorem [1.2| Fix z, € L?(R), [ € L*(R)
with |[{2=1,a € C,0<r < R<oo,and T > O. Write M := ||z.||2+R. Let
Ny, L, = 00, and § € (0, (R —r)/8). By density there exist Z,, [ € C2°(R)
such that

(1.6) 2o — Zllpe <6 and |1 —]|p2 < SM~' with |I||» = 1.

Since L,, — oo, the supports of Z, and [ are contained in the interval
[—Ln/2, Ly, /2] for n sufficiently large. Hence, we can view Z, and [ as func-
tions on the torus T,, = R/L,Z (see Subsection 2.1).

We now consider the initial-value problem

w7 (10, — A?)up = PLRy F(PLy up),  (t,2) € R x Ty,
' un(0) € Hn = {f € L*(Tn) : Plyy f =0},

where P< W, denotes the Fourier multiplier P< Nn onT,. By Lemmabelow
and mass conservation, we know that problem (|1.7) has global solutions. We
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observe that (1.7 is a finite-dimensional Hamiltonian system with respect
to the standard Hilbert-space symplectic structure on H,,; the Hamiltonian
is

1

1 2 +2
(1.8) H(u) :’IFS (2]8$u\ - Im\uv’ ) dz.

Hence, using Gromov’s symplectic non-squeezing theorem (see Theorem
below), we deduce that there exist initial data

(1.9) uom € By, (PR %, R — 45)
such that the solution to problem (1.7 with u,(0) = ug, obeys
(1.10) (T, un(T)) 121,y — @] > 1+ 46.

On the other hand, we will utilize the stability result to show in Section 5
that for n sufficiently large, solutions u,, to can be well approximated
by solutions to the corresponding system posed on R on the fixed time
interval [T, T1:

{ (Zat - A2)an = PSNnF(PSNnﬂn)v (t7$) €RXx R?
an((), iL‘) = X%(x)u&n(x + Tn);

where P<y, is the usual Littlewood-Paley projection operator, and x9 is
a smooth cutoff function defined in Section 5 below. Moreover, since the
sequence {7, (0)} is uniformly bounded in L2(R), there exists a subsequence
of n such that

(1.11)

X?LUO,n — upoo  weakly in L2(R).

By Lemma below, we know that there is a global solution us(t,z) to
(1.1) with initial data us(0) = up . Using the local smoothing estimate
and precompactness in LP(R%), we see that, up to a subsequence,

G (T) = uso(T) weakly in L%(R).

Collecting the above estimates, we can show that the solution us(t, ) sat-
isfies 1o (0) € B(z4, R) and

(1.12) {l, ueo (T)) — | > 7.

Thus, we deduce Theorem by choosing u(t, z) = ueo(t, ).

The paper is organized as follows. In Section 2, as a preliminary sec-
tion, we give some notation, recall the Strichartz estimate and prove the
local smoothing estimate. In Section 3, we establish well-posedness for some
fourth-order Schrodinger equations. In Section 4, we prove approximation in

the weak topology. In Section 5, we give a finite-dimensional approximation.
Finally, we prove Theorem in Section [6]
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2. Preliminaries

2.1. Some notation. For non-negative quantities X and Y, we will
write X <Y to denote the estimate X < CY for some C > 0. If X <Y
< X, we will write X ~ Y. Dependence of implicit constants on the power
p will be suppressed; dependence on additional parameters will be indicated
by subscripts. For example, X <, Y indicates X < CY for some C = C(u).
We will use X1 to denote X + ¢ for any € > 0.

For a space-time slab I x R, we write L{L" (I x R) for the Banach space
of functions u : I x R — C equipped with the norm

1/q
lellzors ey = (VI llzw dt) ™,
1

with the usual adjustments when q or r is infinity. When ¢ = r, we abbreviate
LiL; = L{,. We will also often abbreviate ||f|lz-m) to ||f|lz;. For 1 <
r < oo, we use ' to denote the dual exponent to r, i.e. the solution to
I/r+1/r =1.
We define the Fourier transform on R by
. 1 .
ﬂ@:%h¥”%MM-

We can then define the fractional differentiation operators |V|* and (V)* for
s € R via _ . — .
V(&) = [EI°F (&), (V)*f(8) == (§)°f(&),

where (£) := 14 [£|. This enables us to define the homogeneous and inho-
mogeneous Sobolev norms

1 gy = 6Pl a1z 2= 119 Fllzz e
For L € R", the distance on the torus T, = R/LZ is defined by

(2.1) dist(z,y) = dist(z — y, R/LZ).
For a function f € L?(R) with supp f C I, |I| < L, we define
(2:2) (/)@ +Tp) =) _ fla+kL),

kEZ

in particular
(pef)(@) = fz), zel
Consequently, we can view the function on R that is supported in an interval
of length L naturally as a function on the torus Tz. Hence, we can denote
p«f(z) by f(x) for brevity.
Conversely, for g € L?(Ty) and a smooth cutoff function x on R that is
supported in an interval of length L, we define

p"(xg)(@) == x(2)g(z + Tr).
Consequently, we can view xg as a function on R.
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2.2. Basic analysis. We will make frequent use of the Littlewood—
Paley projection operators. Specifically, we let ¢ be a radial bump function
supported on the ball |{| < 1.5 and equal to 1 on the ball |¢| < 1.4. For
N € 22, we define the LittlewoodPaley projection operators by

Ponf(€) == fen(€) == (¢/N) f(6),
PonJ(€) == Jon(€) == (1 — p(¢/N)) F(E),
Py (€)= fn(€) := (p(E/N) — p(26/N)) F(£)-

The Littlewood—Paley operators commute with the derivative operators,
the free propagator, and the conjugation operation. These operators are self-
adjoint and bounded on every L% and H; space for 1 < p < oo and s > 0.
They also obey the following standard Bernstein estimates: For 1 < r < oo
and s > 0,

V1P ]y gy ~ N 1PN w0,
VI Pn || oy S NP fll wy-

Fix L € RY. Then PL, denotes the Fourier multiplier P<y on the
torus Ty, that is, ;

L
Py f() = K"(2,9)f(y) dy,
0
with
(23) KL(l‘ y L%e%rzx y)- n/Lg)(]\?L)

LEMMA 2.1 (Midpoint rule error) Given & € Rd and L > 0, let Q
denote the cube QQ = &y + [ 2L, 2L) of side- length L~ centered at &. Then

(2.4 (6 de - Jahi)| S 7
Q
We refer to [10] for the proof of this lemma.
Next, we recall a criterion for a set 7 C LP(R%) to be precompact. This
will serve as an important technical tool when we prove well-posedness in
the weak topology in Section

1% (@)

PROPOSITION 2.2 (precompactness in LP(R%), cf. [9,19]). Fiz1<p<oc.
Then a family F C LP(RY) is precompact in this topology if and only if it
obeys the following three conditions:

(i) Uniform boundedness: There exists A > 0 such that || f||pray < A for
all f € F.
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(ii) Equicontinuity: For any e > 0, there exists 6 > 0 with the property that
Spa lf(x+y) — f(2)|Pdx < e for all f € F and |y| < 0.

(iii) Tightness: For any e > 0, there exists R > 0 such that §|x‘>R |f(z)P dx
< e forall f eF.

Finally, we recall the non-squeezing theorem of Gromov (see [6, Corol-
lary 0.3.A]), which implies the non-squeezing property for the solutions to
the non-linear fourth-order Schrodinger equations on the torus.

THEOREM 2.3 (Gromov’s non-squeezing theorem [0]). Fiz 0 < r <
R < 00 and o € C. Let B(z«, R) denote the ball of radius R centered at
ze € C", let £ € C™ have unit length, and suppose ¢ : B(zy, R) — C" is
a smooth symplectomorphism (with respect to the standard structure). Then
there exists z € B(zy, R) such that

(4, 0(2)) —al >
Equivalently, ¢ does not map B(z«, R) wholly into the cylinder {¢ € C™ :
[(6,Q) —al <7}

2.3. Strichartz estimate and local smoothing estimate. The bi-
harmonic Schrodinger semigroup is defined for any tempered distribution g
by

efitAzg _ }-flefit|§|4]_—g'

Now we recall the dispersive estimate for the biharmonic Schrédinger

operator.

LEMMA 2.4 (Dispersive estimate, cf. [1]). Let 2 < g < oo. Then we have
the dispersive estimate

it A2 1l
(2.5) le™ Fllgey < CRITH2DNS] Ly
forallt #0 and 1/q+1/¢ = 1.
The Strichartz estimates involve the following definition.

DEFINITION 2.5 (Strichartz spaces). We define the Strichartz norm of a
space-time function via

||UHS(I><R) = ”UHQLg(IxR) + ||u||Lt8Lg°(I><R)7
and the dual norm via

|Gl n(rxr) == , in

o in 1G g raremy + 162l 577 gy

We define Strichartz spaces on the torus analogously.

According to the above dispersive estimate, the abstract duality and an
interpolation argument (see [8]), we have the following Strichartz estimates.
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PROPOSITION 2.6 (Strichartz estimates for fourth-order Schrddinger
equation [I5 I7]). Suppose that u(t,x) is a solution on [0,T] to the initial-
value problem
(2.6) { (i0; — A*)u(t,x) = h, (t,x) €[0,T] x R,
' u(0) = uo(z)
for some data ug and T > 0. Then we have the Strichartz estimates
(2.7) ullsrxryy S lluoll2w) + 1Al N (rxR))
and for s > 0,

s s—1/2
(2.8) H|V’ uHL;’OL%(IxR)) S HUOHHS(R) + H|V| / hHL;‘/:*L;(IX]R)‘

LEMMA 2.7 (Local smoothing estimate). Suppose u: R xR — C is a
solution to (2.6). Then, for every T, R > 0,

(2.9)  Mullzz, (-771%(-R,R))

S BRIV 2u(O)] g + 1191720 1y 2 oy

Proof. By the Duhamel formula (1.4), we are reduced to showing
2.10 e_itA2u0 2dedt <R\ ||V _3/2u0 2 dz.
( ~Y
R |z|<R R

Using Fourier transform and changing variables, we get

e—itA2uO (x)

eiteitil i ¢) de
R
_ S ettt 5o (¢) de — S e~ wte~ itk g0 (—¢) de
0 0
1 T —1 T ~ —ix ~ —
_ i S e tp[e p1/4uO(p1/4) e p1/4U0(—P1/4)]p 3/4 dp
0
1 ixpt/t o —ixpl/4 A —
= Tt X000 () (€77 do(pt*) — e Tiag (= pMh)) p B (1),
which implies
S ’e—itA2u0|2 dt =c S (62;pp1/4ﬂ0(p1/4) _ e—lxp1/4a0(_p1/4))2p_3/2 dp
R 0
< ) (ao(p" M1 + lao(—p" ")) p=* dp
0
_3/9. 2 _ 2
< Vel a0(©)]" d < V[IVI*Puo|” da,
R R

and so (2.10) follows. =
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As a consequence of the local smoothing estimate, we obtain an equicon-
tinuity condition.

LEMMA 2.8. Fiz T >0, and suppose u : [—2T,2T] x R — C satisfies
(2.11)
ullg == HUHL;X’L%([fQT,ZT}XR) + (@0, — A2)u||Lf/pL§([72T,2T]><R) < 0.

Then

Ju(t + 7,2 +y) = ult, 2) 12 (~771%(- RR)
Ser AP+ [ 4 PP Yl
uniformly for |7| < T and y € R.
Proof. By the triangle inequality, it suffices to prove

3/5
2|l g

(2.12) lut,z +y) —ut, 2)l 12 (-r1)%-RR) SRT Y
and
(2.13) Nlu(t +7,2) = ult, )l 2 (~77%(~R,R) SRT (I 71278 5.

First, we use the local smoothing estimate (2.9) and Bernstein’s and
Holder’s inequalities to estimate the high-frequency portion:

2.14)  usn(E+724+y) —usn(t0) L2 (1%~ R .R)
S R1/2(|||V’_3/ZU>N||Lg°Lg([—2T,2T]xR)
+ H|V|_3/2(i6t - A2)U>NHL%L%([—2T,2T]><R))
S RYVENTZ(1 4 TP || 5
Next we turn to the low-frequency contribution. Using the Bernstein and
Hoélder inequalities, we have
lusn(t,z +y) —un (b, 2)l 12 (—or2mxr)
S NT1/2|?J‘ Hu(t)”Lg’oLg([—QT,QT}xR) S NTl/Q’y‘ ||U”§
Setting N = |y|~2/°, and using ([2.14), we obtain

lut, z +y) —ut, 2)| 12 (11~ RR)
S (RV2 4 RTVETV P 4 TV2) |yl g,
and so ([2.12)) follows.
Noting

—iTA? —itA?
[P<nle™" = 1]e ™2 u(0)]| 1o gy S N7 (0|22

~
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and the Duhamel formula
t
u(t) = e u(0) — i [ e 792 (10, — A?)u(s) ds
0

and using the Strichartz estimate, we get

HUSN(t +7)— USN(t)HLg(R)

t+1
< || Penle ™ — 1] 4%5(0)]|, + H [ e =920, — A2)u(s) ds]
t

L3
S N7 u(0) |2 @y + 11@0: — A)ull 1 z2 (4 xr)
SANY T+ 7P 5.

Combining this with (2.14) and choosing N = |7|~2/1! yields

H“(t +7) —u(t) HL%:C([—T,T}X[—R,R])
< (RY2 4 RTS8 L TV2) ([P 008 .
This implies (2.13]). =

3. Well-posedness for fourth-order Schrodinger equations. In
this section, we consider the well-posedness of the equation

(3.1) i0pu — A?u = PF(Pu),
where F(u) = £|ulPu, and P is either the identity or the projection P<y
with N € 2%,

A simple computation shows that the solutions to (3.1)) are unique and
conserve both mass and energy:

Jlu(t.a)fde and () = | 5lAu(t.2)f & Pu(t.0) dr.
R R 2 p+2

respectively. In fact, (3.1)) is the Hamiltonian evolution associated to E(u)
via the standard symplectic structure:

w: L*R) x L*(R) - R with w(u,v)=TIm S u(z)o(x) de.
R

LEMMA 3.1 (Well-posedness). Let 1 < p < 8, ug € L*(R) with ||Jugl|2
< M. Assume that the operator P is L" bounded for all 1 < r < oco. Then
there exists a unique global solution u : R xR — C to with initial data
u(0) = ug. Moreover, for any T > 0,

(3.2) ulls(o,r1xr) ST M.
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If ug € H*(R) with k € {1,2,3}, then

(3.3) 105 ull s(o.ryxR) Sarr 1050l r2(w)
when either 2 < p < 0o, or3/2 < p <2 with k € {1,2}; and for 3/2 <p <2
with k = 3, we have
(3.4) (V)Y ull Lo 12 (0,71 xR) SarT 1woll s ) -
Proof. We apply a fixed point argument. First we define the map
t
(3.5) D(u(t)) = e Ay — ZS e_i(t_S)A273F(73u) ds
0
on the complete metric space

B = {u € C(I; L7) : |ulls(rxm) < 2C]uol 2}

with the metric d(u,v) = [[u = v|[£8 Lo (1 xm)-
It suffices to prove that @ is a contraction map on B. If u € B, then by
the Strichartz estimate, we have

12(u)l[s(rxr) < Clluollzz + CIIPEPu)l L1z 1<)

1-p/8 p+1

— +1
< Clluoll gz + O (20 luol2)"" < 2C||uoll 2

provided that
(207 [luo| [, | 1]"/® < 1.

On the other hand, by the same argument as before, for u,v € B we
have

d(@(u),@(v))
< C[PF(Pu) — PF(P”)HL%Lg(IxR)
< C P |u - V|28 Lo (1) (HuHpr/p,l
< C|*P13(2C luo|| 2 )P d(u, v),

which yileds

p
LP(IxR) T Hv”pr/P*lLip(IxR))

d(®(u), d(v)) < Ld(u,v),
on choosing |I| so small that
CII[*PI(2C |ug | L2)” < 1/2.

A standard fixed point argument gives us a unique solution u of (3.1))
on I x R which satisfies the bound

lulls(rxr) < 2Cluollrz S M.
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Since the time interval I only depends on the L2(R)-norm of the initial data
and on the Strichartz constants, we obtain global well-posedness by using
mass conservation.

Next, we turn to the proof of (3.3)). By (3.2) and interpolation, we have

“u"Lf(p+l)/pLi(p+l)([O,T]XR) S./ M.

Let 1 be a small constant to be chosen later depending only on the Strichartz
constants. Divide [0,7] into J = O(1 + (M /n)¥P+V/P) subintervals I; =

[tj—1,t;] such that
||UHL§(Z)+1)/pL3;(p+1)(I]'XR) S n.

On each subinterval we apply the Strichartz estimate and interpolation to
obtain, for p > 2 or 3/2 < p < 2 with k € {1, 2},

105 ull sz, xmy S llulti—0)llgn + 105 PFPu) | Lir2(z,xw)
1-p/8 k
S.z Hu(t]_l)HHk + T p/ HUHZ?(p+1)/pLi(p+1)(IjXR)||amu”Lf(P+1)/PLi(P+1)(IjXR)
S Nty g+ nPT P2 |05l 51, xx)
while for 3/2 < p < 2 and k = 3, we have
V)P ull Lo L2 (1, xmy S [lultj—1) s + ||<V>5/27’F(7’U)||L;1/3

S llu(tj—1)l ms
+ TPy P
L

L (I; xR)

5/2
fp/(pf1)L§p(Iij)||<V> U||Lt L2(I;xR)

S Nt s + 0T PPV ull Lo L2 (1, x) -
Choosing 7 small enough we get, for p > 2 or 3/2 < p < 2 with k € {1, 2},
105 ull sy S Mlult—1) gres
and for 3/2 < p <2 and k = 3,
H<V>3U||Lt°°L3(1ij) S luti—) |l -
Iterating this process J times we derive (3.3)) and (3.4). m

4. Well-posedness in the weak topology. In this section, we will
prove the following approximation in the weak topology.

THEOREM 4.1 (Approximation in the weak topology). Let N, — oo and
Up : R X R — C be a sequence of solutions to the system
(4.1) {iat“” — A%up = Pen, F(P<n,un),
' un (0, 2) = uy(0).
Assume that

(4.2) un(0) = usop  weakly in L*(R)
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and define us to be the solution to (1.1)) with usx(0) = useo. Then there
exists a subsequence of n such that

(4.3) Un(t) = uso(t)  weakly in L*(R)
for allt € R.
To do so, we need the following proposition.

PROPOSITION 4.2. Let 1 <p <8 and u, : R xR — C be a sequence of
solutions to (4.1). Assume that

(4.4) M := sup [|un(0) || 2 (r) < 0.
n
Then there exist a function v : R xR — C and a subsequence of n such that
(45) i {ln = vll gy pmy =0
for oll R, T > 0.

Proof. By a diagonal argument, we only need to consider a single fixed
pair R,T > 0. In what follows, the implicit constants will be permitted to
depend on R, T, and M.

By (4.4) and Lemma we get

(4.6) sup [|un | s(—aram)xr) S 1-
n

Consequently, if we define the smooth cutoff function x : R? — [0,1] as
1 if || <T and |z| < R,
x(t, x) = .
0 if [t| > 2T or |z| > 2R,
then Holder’s inequality yields

8—p
HX“n”Lf;?(RxR) ST H“nHL§<P+2>/PL5+2([_2T,2T}xR) Sl

Thus, the sequence {xu,} is uniformly bounded in L, T2(R x R). Moreover,
by Lemma and ,
Itunt+ 7,2+ 9) = xtn (2|22, e
S llun(t+ 72 +y) = unt, @)l 2 (21 2m)[-2R2R)
ST 4 1P [yl a5
ST+ )P 4 [y P
X (llunll o L2 (22 xR) + H!Un|punHLf/pL%([_QT,QT]XR))

S TP P gy P,
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Using interpolation and , we get

Ixun(t 47,2 4y) = xun(t, )| p+2 g gy
S I (t 47,24 y) = Xun (b 2) | 130 2z xRt 47, 24+ ) = xun (8, 2) 15
S lun 0 (s (17127 17775 4 [y 9) 7
S (P Py )

with 6§ = % € [0,1]. Hence, the sequence {xuy} is also equicontinu-

ous. Since xu, is compactly supported, it is also tight. Thus, from Proposi-
tion {xun} is precompact in Lf; J;Q (R x R), and so there is a subsequence
such that (4.5 holds. =

Proof of Theorem [{.1. We may restrict attention to a fixed time inter-
val [T, T]. Throughout the proof, all space-time norms will be taken over
[T, T] x R unless explicitly stated otherwise. In what follows, the implicit
constants will be permitted to depend on T" and on the uniform bound on
Jun (0l

From the weak convergence of the initial data (4.2)), we know that {u,(0)}
is bounded in L?(R). Hence, by Lemma [3.1 and interpolation,

@D sup(lunllzgerz + lunll ooz + unl i) S 1

On the other hand, using Proposition we may assume that (up to a
subsequence) (4.5) holds for some v, all R > 0, and our chosen 7'. This
together with (4.7) and a duality argument yields

(4.8) [vl[zeer2 + ”UHLf;? <1

Moreover, as L?(R) has a countable dense collection of C° functions, (4.5
guarantees that
(4.9) un(t) = v(t) weakly in L*(R) for all t € Q,

where Q C [T, T] is of full measure.
Now, we wish to pass to weak limits on both sides of the Duhamel formula

t
un(t) = e_itAQun(O) - z'Se_i(t_S)AQPSNnF(PSNnun(s)) ds.
0

It is easy to see that e~#4%y, (0) — e‘imzuoqo weakly in L2(R). Indeed, for
any o € L%(R), by (4.2) we have

A2 A2 A2
(0,780, (0) = ey ) = (€74 5, 1, (0) — tsei0) = O

as n — 0.
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Next, we claim that

t t
(4.10) w—_l)ims e_i(t_S)A2P§NnF(PSNnun(s)) ds = Se_i(t_s)A2F(v(s)) ds,
0

where the weak limit is in the L?(R) topology. Before we prove this claim,
let us use it to complete the proof of Theorem Collecting the above
estimates yields

t
(4.11) welim u, () = e ue (0) — i | e 792 F(u(s)) ds.

n—00
0

The right-hand side of (4.11)) is continuous in ¢, with values in L?(R),
and the left-hand side agrees with v(¢) for almost every ¢ by (4.9). Con-

sequently, after altering v on a space-time set of measure zero, we obtain a
v € C([-T,T); L*(R)) that still obeys (4.8) but now also satisfies

(4.12) t
v(t) = e_itmuoo(o) - Z'Sﬁ’_i(t_s)mF(v(s)) ds and w-limu,(t) = v(t)

n—00
0

for all t € [-T,T]. By the definition of the strong solution and Lemma
we deduce that v = ue on [-T,T] and (4.3)) holds for t € [T, T].

Finally, it remains to show the claim (4.10]). Fix ¢ € L?(R) and decom-
pose

<w, S e i(t—s) A2 [F(U(S)) — PSNnF(PSNnun(S))] d8>

t

(4.13) = <1/}, S e_i(t_S)Az [F(PgNnun(S)) — PSNnF(PSNnun(S))] d8>
0

(4.14) — (,§ e I8 [P (Pewun(5)) — F(o(s))] ds)

O e o+ O ey

(4.15) <1/1, e~ i(t=9) XR [F(P<n,un(s)) — F(v(s))] ds>,

where xr denotes the indicator function of [-R,R| and x% denotes the
indicator of the complementary set.
By Holder’s inequality, (4.7), and the Dominated Convergence Theorem,

([@13)| < S 2 Pon, ¥, F(Pen, un(s)))| ds

S \FHP>N”¢HL2 ||un||p8(p+1>/pL2(p+1) —0 asn— oo.
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Similarly,

8—p . 2
sup |([@14)| < TE0+) ||yGe A wHLts(pu)/pr [Hvﬂiﬁg + sup ”un||§i;i2:|
n T t,o n t,x

—0 as R — oo.

An easy application of Schur’s test shows that

IXrRP<n,X5r [l Lr(®) Sp (NnR)_’BHfHLP(R)
for any 1 < p < oo and any S > 0. Hence,

IXRPen, (n = 0) | p2
< Ixenun = o) e + (VaB){llumll iz + 0l ez}

Using this estimate together with (4.7), (4.8), (4.5), and the fact that
N, — oo, we deduce that

8—p
|(4.15)| < T30+ H@Z}HLgHXRPgNn(un - U)HLf;Z (HUHLi";Q + ”unHLf;2)p
—0 asn— oo
Thus (4.10) follows, completing the proof of Theorem "

5. Finite-dimensional approximation. In this section, we will utilize
the stability result to show that for n sufficiently large, solutions to the
finite-dimensional Hamiltonian systems

(5.1) (i0, — A*)u, = PLy F(PLy wn), (tx) €R x Ty,
' un(0) = upp
can be well approximated by solutions to the corresponding systems posed

on R on the fixed time interval [—T,T]. To this end, we first establish the
Strichartz estimates and stability theory on the torus.

5.1. Strichartz estimates and stability on the torus

PrOPOSITION 5.1 (Local-in-time dispersive and Strichartz estimates).
Given T > 0 and 1 < N € 22, there exists Lo = Lo(T, N) > 1 sufficiently
large such that for L > Ly,

(5.2)

_itA2 — )

e~ Ply Flluzersy S 17 I A liacr,)  wniformly for ¢ € [=T,T]\ {0},
and

g 2
(5.3) e na PgLNfHLgL;([—T,T}xTL) Spa ||f||L§(TL)'
Here, T;, =R/LZ, (q,7) is a biharmonic admissible pair, in the sense that
4/q=1/2—-1/r with 8 < q < oo,

and PSLN denotes the Fourier multiplier P<n on Tp.
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Proof. The proof of [10, Proposition 7.2] can be adopted verbatim, but
we give a sketch for completeness. It suffices to prove (5.2)), since (5.3)) follows
from the usual TT™* argument.

Observing that

1

—3 1(2r(x—y)-n/L—167*t|n n
e PLy f(a) = EZ | f(y)ei@rlamy)n/L-16mt /L4)s0<NL> dy,
neZ Ty,

we derive that the convolution kernel associated to the operator e~ 4 PLy
is -

4
n

Z .

1 :
k(z) := 7 Z elqj(”)g0<]\7;L> with @(n) := 27z - % — 1674t
neL

We are reduced to proving
(5:4) k()] < [~

uniformly for 0 < |[¢| < T and = € [-L/2,L/2]. To do so, we consider two
cases: |r| < R and |x| > R with R = C(1+ N3T).

CASE 1: |z| < R. We write

(5.5)
k()
_ l 2miz-n/L—1674it(n/L)4 noy o 2mia-—16mdit) <[ £
- Z(Le elwz) Ve \v )%
nez Qn
(5.6)

omiz-e—16mtitlelt [ €
+ S e ® <N> dg,
R
where Q,, := [n/L —1/(2L),n/L + 1/(2L)]. By Lemma[2.4] we easily get
(B < 1t~

Applying Lemma [2.1] we have

EAISL™ Y (R+NST*+ N*T+ N?) SLPRNL ST,

In|SNL

provided we choose L > v/N T"'/8(1 + N3T). Hence, we obtain (5.4) in this
case.

CASE 2: |z| > R and x € [—L/2, L/2]. Using the identity

() etP(n+1) _ ,id(n) (iP(n+1) _ gid(n)

€ = i@t —om)] — 1 ¥(n)
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and applying a change of variables, we can write

1 iB(n+1) _ ,id(n) n
k@)= 72 50 9”<NL>

_ }Jze@(n)[ ¢ (5T) _ ‘P(A?L)]

Un—1)  ¥(n)

neZ
(5.7 _ i%em)ml_ S [9"<n]\7_j;1> - @(Z\;LL)}
(5.8) + i%e@m)w(&) [u‘/(nl_ - W(ln)]

d(n+1) — &(n) = 2z /L — 167t ((n + 1)* —n*)/L
and the definition of R, we have
|&(n+1) —d(n)| > V27R/L — O(N*T/L) > R/L
provided L > 1. This also implies
(9 W= 1)+ )
_ |l#m) -~ P _q -1 [ilent)=9()] _ -1 < /R,

From the Fundamental Theorem of Calculus we have

n—1 n < 1
AN ) T P\WNL) | ND
1 1 [2(n+1) —28(n) + P(n—1)| _ N3T

’Lfl(n -1) ¥(n)| @ (n)@(n —1)| ~ [2R?
Inserting these estimates into (5.7) and (5.8]), we obtain

L 1 N3T 1 N4T

STl < = < —1/4
R NL * LQRz} ~ R + L2R2 ™

This completes the proof of Proposition 5.1. =

)l £ VL]

As a consequence of the Strichartz estimates, we can obtain a stability
theory for the following frequency-localized NLS on the torus Ty:
{ (10 — A?)u = PLyF(PLyu), (t,z) €R x Ty,

(5.10) u(0) = PSLNUO-

LEMMA 5.2 (Stability). Fiz T > 0 and 1 < N € 2%. Let Lo be as in
Proposition . Given L > Lg, let 4 be an approximate solution to (|5.10)
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on [=T,T] in the sense that

(i0; — A%)a = Py F(PLyi) + e,

u(0) = Pty
for some function e and @y € L*(Ty). Assume that ||| s(—71x1,) < M
and
(5.11) luo — tollz2(r,) <€ and |elln(—T1)x1,) < €.
Then if € < €o(M,T), there exists a unique solution u to (5.10) such that

lu = @lls(-r.1)x1,) < C(M,T)e.

Proof. Since ||i||g(—rmxT,) < M, we may subdivide [-T,T] into
C(M,ep) time intervals I; = [t;,t;41] such that
|’&‘|Lf(p+l)/pLi<p+1>(Ij><’JI‘L) Se<xl, 1<j<0(M,ep).
Let v(t) = u(t) — u(t), and
7(t) = ¢TIV (t), 1<5 < O(M.e0) L.
Then ~ satisfies the differential equation
{ (10 — A?)y = PLyF(PEy (a4 7)) — P2y F(PLya) —e,
v(t5) = 75(t5),
which implies that
¢
0 i(t—s)A2 _ .
Y(t) = () =i | eI (PLYF(Phy (i+)) - PEyF(Phya) —e) ds,
tj
Vi+1(t) = 7;(t)
tj1

. —i(t—s) A2 ~ ~
—1 S e it=s)A (PéNF(Pé’N(quv))fPSLNF(PSLNu)fe) ds.
tj

By Proposition [5.1], we have

(5.12) v = villscyxrr) + i+ = villsq=r.oxT2)
SIPENF (PEn (@ + 7)) — PEnF(PENG) vy + el v-rryxty)

<e4 TliS/p ptl
~ ||7HL§(p+1)/pLi(p+1)([jXTL)

1-8 U
+ T /p"7‘|L§<p+1)/pLi(P+1)(Ij XTL) Hu||if(p+1)/p[/i(p+1)(1j XTL)

_ +1 _
Therefore, assuming that

(5.13) s xy) < 2Ce,  ¥j=1,...,C(M,e0) — 1,
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by (5.12)), we have
(5.14)  [Vlls;xry) + 1+ lls(tmnin) xTo) < Clvills(, en)xTy) + Ce
for some absolute constant C' > 0. By (5.11]) and iteration on j, we obtain
(5.15) IVl s(rxT,) < Ce.
Hence (5.13)) is justified by continuity in ¢ and induction on j. m

5.2. Approximation by finite-dimensional PDE. Fix M,T > 0
and 1, — 0. Let N, — oo be given and let L,, = L,(M,T, N,,n,) be

large constants to be chosen later; in particular, we will have L,, — oco. Let
T, :=R/L,Z and let

(5.16) U € Hy = {f € L*(T,) : PLgy f =0},
|05 uonll 2T,y < MN)
for k € {0,1,2,3}. We consider the finite-dimensional Hamiltonian systems
(5.17) (10, — A*)u, = PLy F(PLy un),  (t,2) €R X Ty,
un(0) = ug p.

By Lemma and mass conservation, we know that (5.17)) has a global
solution.

Taking L,, such that
M? 1
(5.18) L,> — - —N>T,
TIn Tn

we can subdivide the interval [L, /4, L, /2] into at least 16M? /7, subinter-
vals of length (20/1,)N2T. By the pigeonhole principle and (5.16]), there
exists a subinterval, which we denote by

Ly = [en — (10/00) N3T, ¢ + (10/0,) N3T),
such that
(5.19) luo x|z < 13/

For 0 < j < 4, we choose a smooth cutoff function X% :R — [0, 1] with

X ()
_ 1, ze€ [cn —L,+ %NE{T, Cn — %NS{T], ‘
0, x¢€ (—oo,cn—Ln—l—%NgT) U (cn— %NT%T,OO).
Thus,
; 10—-25 -1 10—27—1
supp x2,(z) C [cn — L, + 7‘7N3T, Cn — 7JN;°L’T :
n n
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For 0 <14 < j <4, we easily deduce from the definition that X, =1on
supp Xz, and so

(5.20) X0 X = X

Similarly,

(5.21) 1053 || e < ((N2T)"*nE)  for each k > 0.

Noting that the periodic property and ([5.19) give

[won — X% )y = [0 — X%Uo,nHLz([cn_Lﬁw—n%NgT’cn_%Ngm
S HUOm”L2([Cn—Ln+m—n%NgT,cn—Ln+%N;@T])

Hlluonllpze, - 10-2 var, - 10=2i=1 oy

S oo,y S Vs

we obtain

(5.22) 11 = X)) uomllz2r,) S Vilm  forall 0 < j < 4.

To handle the frequency truncations appearing in ([5.17)) and in (5.27)), we
recall the control interactions between these cutoffs and Littlewood—Paley
operators.

LeEMMA 5.3 (Littlewood-Paley estimates, cf. [10, [I1]). For L, suffi-
ciently large and oll 0 < j < 4,

(5:23) x4 (Pen, — Py )X e2)— ey S Na
(5.24) X, <Nn]||L2 T—12(T,) T 1D Penalliz®y—re @) S Nt
(525 [[Pen (1 = 302N 2o oy S N
as n — co. Moreover, if 1 > j then
(5.26)
HXnP<L7vn( Xn)HL2 T,)—L2(T,) T |IX% Py, (1 Xiz)”LQ(R)—w?(R) SN
Now let u,, denote the solution to
(i0, — A?)i, = P<n, F(P<n,tn), (t,7) € R xR,
{ in(0,2) = X ()von (2 + LnZ),

where ug, € L*(T,) is as in (5.16). From Lemma we know that these
solutions are global and satisfy

(5.28) 0% i |57 11xR) ST MNJ
uniformly in n and k € {0,1,2,3}.

(5.27)
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LEMMA 5.4 (Mass localization for uy,). Let @y, be the solution to ({5.27)
as above. Then for every 0 < j < 4,

11— ng)anHLt‘”L%([fT,T]xR) =o(1) asn— oo.
Proof. We need only present the proof for j = 1. To this end, we define

M(t) = § 11— xp (@) Plan(t, 2)|* da.
R

By (5.20), we get M(0) = 0. Moreover,
d _
T M(t) = 2Re | 11— X3P an ity da

]RQ
(5.29) =2Im | |1 — x}[*Tn A%ty d
R
(5.30) +2Im | [1 = X} % P<, F(P<y, iin) da.
R

Integrating by parts, we see that

(5-29) = 4Im {(1 — X;,)Pu X lin O3, dv — 4Tm [ (1 — X},) DX Du i Oy .
R R

This together with yields
(B2 S 11 =)@l 22 100X | 222 10350 | 22 + 1190 X0 |l 22 1Dt | 22 | O | .2
< C(M) (0 T)M2(£)+C(M )11
Next we estimate . We write

(530) = 2Im | F(P<y, iin) P<n, (|1 — xp[*lin) dz
R

=2Im S F(P<n,in)[P<n,, (1 = x3,)*|in dz
R
+2Im | F(P<y, iin)(1 = X3,)* P<n, lin dz
R

= 2Tm | F(P<y, iin)[P<n,, (1 = x3,)?Jiin da.
R
Using the Holder inequality and ((5.25)), we estimate
1GE30)| < N[P<v,s (1= x0) Jitn 2| F(P<, n) |2

- - 1
< NP<as (1= )22 22 |2 P<v, |1 340y

4 ~ +1 _
S Ny 2| Py in gy < CM)NANE/2

< C(M,T)N;(&P)/2,
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Putting the above estimates together we get
%M(t) < C(M, T)nuM'2(t) + C(M, T)n, + C(M, T)N,, &P/,
This combined with M(0) = 0 implies
M) Sarr e+ Ny P2 v e [-T,7),
Thus, we complete the proof of the lemma. =

With these preliminaries in hand, we now turn to the main goal of this
section.

THEOREM 5.5 (Approximation). Fiz M > 0 and T > 0. Let N, — oo
and let L, be sufficiently large depending on M, T, N,. Assume ug, € Hy

with |[uonllr2er,)y < M. Let un and ay, be the solutions to (5.17) and (5.27),
respectively. Then

(5.31) nlggo HPngNn (X%an) - un”S([fT,T}xTn) =0.
Proof. Denote
Zp 1= PngNn (X% ip).

We will deduce (5.31)) by the stability result (Lemma[5.2). We are reduced
to verifying;:

(5.32) sup | znll (1,1 xT0) S M,
(5.33) Jim {|2,,(0) = un(0)| L2(r,,) = 0,
(5.34) Tim [|(i0; — A%)zn — P23, F(PZY, 20) N (-1,7)xT,) = 0-

Applying Lemma [3.1], we easily obtain

lznlls(—111xT0) S Nnlls(—1mxR) S C(M,T),

and so (5.32)) follows.
From wg, € H, and (5.22)), we have

[20.(0) — un(O)HLQ(’H‘n) = ”PgLSNn (X%uO,n - UO,n)”LQ(Tn)
SN =) wonll 2w,y S Vi

This implies ([5.33]).
It remains to verify (5.34)). A simple computation shows

(10 — A%)zy — PLy F(PLyy 2n)
(5.35) = PLyy X208, — 0p(x3iin)]
(5.36) + PLyy (X2 P<n, F(P<n,iin) — PL3, F(PLy (x2in))]-

In view of the boundedness of P<L§Nn, it suffices to show that the terms in
square brackets converge to zero in N([-T,T] x T,,) as n — o.
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Noting that
0y (X i) =X Oyt = (0p X )i +4(2 ) i +6(933,) 0t +4 (D X2 ) O
and combining this with and yields
||(%X%)fm||Lng([7T,T]x1rn) S THa;erQLHLgO(R)||ﬂn||L§°L§([7T,T}><R) Sr NP2
H(a:i)x%)axﬁnHL%L%([—T,T]X’H‘,L)
S TN03XA N Lo ) 100 in | oo 2 (- 1) xR) SToMr Ny, S,
H(a:%X%)a:%ﬁnHL}Lg([—T,T}><11‘n)
S TN03xa oo @) 105 n oo 12 (=T 1) xR) STobr Ny %,
H(azxgz)agﬁnHL%L%([—T,T]X’]T”)
S TN0uXi | Lo @) 105 | oo L2 (=7 1) xR) ST00 /-
It remains to estimate . We decompose
Xo P<n, F(P<n,iin) — PE3, F(PL3 (Xhiin))
(5.37) = X P<n, [F(P<n,@in) — F(P<n, (X3 in))]
(5.38) + X P, (1= x3) F(Pen, (Xpn))]
(5.39) + X2 P, X3 [F(P<n, (Xpiin)) — F(PEY (Xhiin))]
(5.40) + X (P, — P23 )X F (PR, (Xaiin)
(5.41) + X2, PEy X F(PLy, (o))
(5.42) + PLy (xn — DE(PZ3, (Xain)-
First, we estimate . By Holder’s inequality and , we obtain
1E-37 v (=777 %)
S F(Pen, in) = F(P<n, (Xa@n)ll 2 2 (7.1 %)

5 Tl_p/s”(l - X%)ﬂnHL;X’L%([fT,T}XR) Hanningo([_Tj]Xm

S Ve
We next turn to (5.38). By Lemma we get

13821 L2 (.17 xT)
+1 < -1

2 3 1-p/811~
5 ”XnPSNn(l_Xn)||L2(R)—>L2(R)T e/ Hun”if(p+1)/pL§(p+1)([—TT]XR) ~ Nn :
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We now consider (5.39)). Using (5.23)) and (5.28)), we estimate
1B-3D 1 L2 (—,17xT0)
S Tl_p/BHX?L(PgNn - Péx/’n)szzﬂnHL?"L%([fT,T]xTn) ”X?ﬂn“imo([,ﬂﬂxm

S TP (Pew, — PER,)

X X%HL?(RHH(R)||X?Lﬂn||L§°Lg([—T,T}xR)Han”ingo([,T,T]XR)
SN
Next we turn to . Using , , and , we get
HHL}L%([—T,T]MT”)
S I (Pen, = P23 G2y 2 X F (PR, Oa@in)) |21 12 (—77 xRy

< NLpLp/8| g P < N7
PORA [ nHLf(pH)/pLg(Hl)([_T,T}xJR)N "

To estimate (5.41)), we apply (5.24) and (5.28]) as follows:
1(5.41) HL}L%([—TI]xTn)
Ln Ln =~
S s P2y 22 X F (PR, O in)) | L r2 (1))

—1 1—p/8 ~ p—|—1 —1
SN, T HunHLf(erl)/pLi(PJrl)([_T7T]XR) SN,

Finally, we estimate . Write @, = XL, + (1 — X1, and make use
of , , and to get
1E-A2) | v ((—7.7)xT)
Sl - 1)F(P§L1”vn (X%ﬂn))HL%Lg([fT,T}XR)
STPR|(1 - X%)PSLKMX}L&nHL?Lg([fT,T}><1R) HﬂnHimo([_TﬂxR)

+ TP (1 — Xo )i || oo L2 (=TT R) ||77mHI£§Lgo([_T7T]XR)

SN+ Ve
Thus, we complete the proof of Theorem .

6. Proof of Theorem Fix z, € L?(R), I € L*(R) with ||i||2 = 1,
aeC,0<r<R<oo,and T > 0. Write M := ||z||z2 + R. Let N,, — oo,
7n, — 0 and choose L,, as in Section [5| Let 6 € (0, (R —r)/8).

It follows from the density that there exist functions Z,,1 € C(R) such
that

(6.1) e — Zullp2 <6 and |l — 1|2 < 6M~1 with ||I]l2 = 1.

Since L, — oo, the supports of Z, and [ are contained inside the inter-
val [—L,/2, L, /2] for n sufficiently large. Hence, we can view Z, and [ as
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functions on the torus T,, = R/L,Z. Using Bernstein’s inequality, we have

(6.2) 2. — PL3 Zellzaer,) S Ny zdmir,) =0 asn— oo,
and
(6.3) lim IPZsy Ul 2,y = 0.

Now, we consider a finite-dimensional Hamiltonian system

(6.4) (0 — A%)u, = PZy F(PZy un),  (t,7) €Rx Ty,
un(0) € Hy = {f € L*(T,) : PLyy f=0}.

Using Theorem [2.3] we deduce that there exist initial data

(6.5) uom € By, (PR %, R — 45)
such that the solutions to (6.4) with u,(0) = ug, obey
(6.6) (1, un(T)) 121, — o] > 1+ 46.

Next, by Lemma [3.1] we derive that there is a unique global solution of
{ (i0r + A)up = P<n, F(P<n,tn), (t,z) € RXR,
n(0,z) = Xg(x)uom(:c + Tn),

denoted by 4, : R x R — C, and write z, := P<L§Nn (x%ii,). Then, by
Theorem [5.5] we obtain -

(6.7) Jim{|zp, — wp || oo £2 ((-117%T,) = 0

Thanks to the triangle inequality, (5.22)), (6.5)), (6.2), and (6.1), we de-
duce that

IxSuon — 2ell 2y < II(XS = Duonllrzer,) + luon — PER Zellr2cr,)

+ P53y 20— Zullragr,) + 13 — 2lem)
< i+ R—46 4+ \Jin+5 <R3,

provided we take n sufficiently large. Thus, up to a subsequence, we may
assume that

g, — upo  weakly in L*(R).
Moreover, using Fatou’s lemma we get
(6.8) U000 € B(2s, R).

By Lemma again, we know that there is a global solution uq (¢, x)
to (L.1) with initial data us(0) = . Up to a subsequence, by Theo-
rem [4.1] we have

T (T) = uso(T)  weakly in L*(R).
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This together with Lemma implies that
X2t (T) — too(T)  weakly in L2(R).
Combining this with . the definition of z,, , and , we get
(6.9) (1 uoo(T)) 12y — @] = lim | laXnan(T»L?(Tn) - Oé\
hm |< <IN, I Xnun(T)>L2(Tn) - 04‘

= i € iy —

n—oo

= lim |< ,un( )>L2(T )—a‘ > r 4+ 49.

n—oo

On the other hand, by mass conservation, we have
[ oo (T )HL2 R) = lluo,coll 2wy < B+ [zl 2wy = M.
Applying and (| , we derive that

‘<Z7UOO(T)>L2(R) - 04‘ > W’ UOO(T)>L2(R) - 04‘ — 1 - l~HL2(R)”Uoo(T)HL2(R)
>r+40—0>r.

Combining this with (6.8), we know that ue(t,z) satisfies Theorem
Therefore, by choosing u(t,z) = us(t, z), we complete the proof of the
theorem.
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