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a quartic number field
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1. Introduction. This work is a continuation of [3] and [4]. One of
the current problems in algebraic number theory is to gain a deeper under-
standing of the Galois groups of various Galois extensions of number fields,
especially maximal extensions of number fields with restricted ramifications.
Such Galois groups can be regarded as étale fundamental groups of spec-
trums of algebraic integer rings punctured at some closed points, and they
play an essential role in understanding the arithmetic of number fields, in
analogy with the geometric fundamental groups of manifolds in geometry. In
other words, we can write πét

1 (X) ' Gal(Kf
ur/K), where Kf

ur is the maximal
extension of K that is unramified over all finite spaces. This fact provides
one motivation for studying unramified extensions of number fields and their
Galois groups.

In [3] and [4], we have already demonstrated that there exist real quadratic
fields K such that the étale fundamental groups are isomorphic to A5 un-
der the assumption of the generalized Riemann hypothesis (GRH), i.e.,

Gal(Kf
ur/K) is isomorphic to A5 where Kf

ur is the maximal extension of K
that is unramified over all finite spaces.

It is well known that A5 is the smallest nonabelian simple group. Then,
we can naturally ask whether there exists a number field K such that
Gal(Kf

ur/K) is isomorphic to PSL2(F7). Here, PSL2(F7) is the second small-
est non-abelian simple group. In this article, we will construct a finite non-
abelian simple étale fundamental group that is isomorphic to PSL2(F7) un-
der the GRH. (We require the GRH for the lower discriminant bound, and
for the computation of some narrow class groups.)
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Proposition 1.1. Let K be the narrow Hilbert class field of the real
quadratic field Q(

√
1417). Then, under the assumption of the GRH,

Gal(Kf
ur/K) is isomorphic to the finite nonsolvable group PSL2(F7).

Here, we briefly summarize the structure of this article. First, we will find
an unramified extension M/K such that Gal(M/K) ' PSL2(F7). Second,
we will demonstrate that the class number of M is one. Finally, we will show

that no nonsolvable unramified extension of M exists, i.e., Kf
ur = M .

2. Preliminaries

2.1. Discriminant bounds. In this section, we will demonstrate how
to use the discriminant bound to determine that a field admits no nonsolv-
able unramified extensions.

2.1.1. Root discriminant. Let K be a number field. We define the root
discriminant of K to be |dK |1/nK , where nK is [K : Q]. Given a tower
L/K/F of number fields, we have the following equality for ideals of F :

(2.1) dL/F = (dK/F )[L:K]NK/F (dL/K),

where dL/F denotes the relative discriminant (see [8, Corollary 2.10]). We
set F = Q. It follows from (2.1) that if L is an extension of K, then
|dK |1/nK ≤ |dL|1/nL , with equality holding if and only if dL/K = 1, i.e.,
L/K is unramified over all finite spaces.

2.1.2. Crucial proposition. Let Kur be the maximal extension of K that
is unramified over all primes.

Proposition 2.1 ([14, Proposition 1]). Let B(nK , r1, r2) be the lower
bound for the root discriminant of K of degree nK with signature (r1, r2).
Suppose that K admits an unramified normal extension L of degree m. If
Cl(L) = 1 and |dK |1/nK < B(60mnK , 60mr1, 60mr2), then Kur = L. (Here,
Cl(L) denotes the class number of L.)

Remark 2.2. Suppose that L/K is unramified over all finite primes.
Let Cl+(L) be the narrow class group of L. If Cl+(L) = 1 and |dK |1/nK <

B(60mnK , 0, 60mr2), then Kf
ur = L.

2.1.3. Description of Table III of [7]. Table III of [7] describes the fol-
lowing. If K is an algebraic number field containing r1 real and 2r2 complex
conjugate fields, and dK denotes the absolute value of the discriminant of K,
then for any b,

(2.2) dK > Ar1B2r2ef−E ,
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where A, B, and E are given in the table, and

(2.3) f = 2
∑
p

∞∑
m=1

logN(p)

N(p)m/2
F (logN(p)m).

Here, the outer sum is taken over all prime ideals of K, N is the norm from
K to Q, and

F (x) = G(x/b)

in the GRH case, where the even function G(x) is given by

(2.4) G(x) =

(
1− x

2

)
cos

πx

2
+

1

π
sin

πx

2

for 0 ≤ x ≤ 2, and G(x) = 0 for x > 2.

The values of A and B are lower estimates. Furthermore, the values of
E have been rounded up from their true values, which are

(2.5) 8π2b

(
eb/2 + e−b/2

π2 + b2

)2

in the GRH case.

2.2. F2-representations of C7. In this section, we will consider F2-
representations of C7, which we will use later. We will deal with C7-actions
on F2[C7]-modules (F2)n, where 1 ≤ n ≤ 5. Since the characteristic of F2

does not divide #G, all F2[C7]-modules (F2)n are completely reducible. Let
us denote by φn any representation C7 → Aut((F2)n). If n is equal to 1 or 2,
there is only a trivial representation.

2.2.1. Classification of φ3. We can check that GL3(F2) has two conju-
gacy classes of order 7. They are

(2.6)
(

0 1 0
0 0 1
1 0 1

)
and

(
0 1 0
0 0 1
1 1 0

)
.

This implies that there are two nontrivial representations C7 → GL3(F2).

2.2.2. Classification of φ4 and φ5. We can check that GL4(F2) has two
conjugacy classes of order 7:

(2.7)

(
1 0 0 0
0 0 1 0
0 0 0 1
0 1 1 0

)
and

(
1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 1

)
.

This implies that there are two nontrivial representations C7 → GL3(F2),
and we know that they come from C7 → GL3(F2) ↪→ GL4(F2) because
GL3(F2) also has two conjugacy classes of order 7. This implies that a non-
trivial F2[C7]-module (F2)4 is reducible and (F2)4 = (F2)3 ⊕ F2.

Likewise, we can check that a nontrivial F2[C7]-module (F2)5 is reducible
and (F2)5 = (F2)3 ⊕ F2 ⊕ F2.
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2.2.3. Classification of φ6. Let us consider the following subgroup of
GL6(F2): (

GL3(F2) 0
0 GL3(F2)

)
⊂ GL6(F2).

Thus, a nontrivial F2[C7]-module (F2)6 can be decomposed into two non-
trivial F2[C7]-modules (F2)3, i.e., (F2)6 = (F2)3 ⊕ (F2)3. Therefore, there is
a possibility that an F2[C7]-module (F2)6 has no trivial submodule.

2.3. Remark regarding the class field tower

Lemma 2.3 ([11, Theorem 1]). Let K be an algebraic number field of
finite degree, and p any prime number. If the p-class group, i.e., the p-part
of the class group of K, is cyclic, then the p-class group of the Hilbert
p-class field of K is trivial. Moreover, if p = 2 and the 2-class group of K
is isomorphic to V4, then the 2-class group of the Hilbert 2-class field of K
is cyclic.

Remark 2.4. The lemma above can be easily proved using elementary
group theory. We can prove the case of the narrow p-Hilbert class field using
the same method.

3. Some group theory. In this section, we recall some facts from group
theory. We will consider the theory of group extensions, which we will use
later.

3.1. Central extensions of PSL2(F7)

Lemma 3.1. Let µpn be the multiplicative cyclic group generated by the
pnth primitive root of unity in C∗. If p is an odd prime, then
H2(PSL2(F7), µpn) = 0, whereas H2(PSL2(F7), µ2n) ' C2 for all n ≥ 1.

Proof. This is a consequence of the PSL2(F7) cohomology of the expo-
nential sequence

1→ µ2n → C∗ τ−→ C∗ → 1

in which τ is defined by α 7→ αp
n
, along with the fact that H1(PSL2(F7),C∗)

= 0 and H2(PSL2(F7),C∗) = C2, by [13, 3.3].

Proposition 3.2. Let H be an abelian 2-group. Suppose that 1→ H →
G→ PSL2(F7)→ 1 is a central extension of PSL2(F7) by H. If the order of
H is greater than 2, then G has a nontrivial abelian quotient, whereas if H
is of order 2, then G is isomorphic to C2 × PSL2(F7) or SL2(F7).

Proof. By the above lemma, H2(PSL2(F7), µ2n) ' C2 for all n ≥ 1. It
follows that the unique nontrivial extension of PSL2(F7) by µ2n is given by
the quotient of µ2n×SL2(F7) and the subgroup generated by 〈−1,−I〉, where
I is the identity matrix in SL2(F7). Thus, G is isomorphic to C2×PSL2(F7)
or SL2(F7), when H is C2.
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We now write H as a sum of copies of cyclic groups of the form µ2n . By
the above calculation, H2(PSL2(F7), H) is a sum of copies of C2, indexed
by the summands of H. All extension classes in H2(PSL2(F7), H) can be
obtained usingG. These are eitherH×PSL2(F7) (giving the trivial extension
class), or the quotient ofH×SL2(F7) and a central group of order 2 generated
by 〈h,−I〉 for some nontrivial element h ∈ H. It follows that if G is not
isomorphic to H×PSL2(F7), then there exists a normal subgroup of G that
is isomorphic to SL2(F7), and the quotient of G by this subgroup is abelian
and of order |H|/2.

3.2. Noncentral extensions of PSL2(F7) by (C2)3. In the previous
section, we considered the central extension of PSL2(F7). Here, we will study
the case of noncentral extensions. Let G be the noncentral group extension
of PSL2(F7) by (C2)3:

1→ (C2)3 → G→ PSL2(F7)→ 1.

First, let us consider the PSL2(F7)-action on (C2)3. Because Aut((C2)3) '
GL3(F2) and PSL2(F7) ' GL3(F2), the nontrivial action of PSL2(F7) on
(C2)3 is uniquely determined by the isomorphism

PSL2(F7) ' GL3(F2).

By using Magma we can check that there are only two possibilities for G.
One is the nonsplit extension of (C2)3 with PSL2(F7) ' GL3(F2), and the
other is the split extension. (Jürgen Klüners and Gunter Malle [5] denoted
these as 14T33 and 14T34.) Here, ‘nTr’ denotes the rth transitive subgroup
of Sn.)

Proposition 3.3. Let G be the group extension of PSL2(F7) by (C2)3:

1→ (C2)3 → G→ PSL2(F7)→ 1.

If G does not act trivially on (C2)3, then G is isomorphic to either 14T33
or 14T34.

3.3. Structures of 14T33 and 14T34. We will now study some prop-
erties of subgroups of 14T33 and 14T34. For this, we will require computer
calculations. These have been performed using Magma and a standard home
computer.

Lemma 3.4. PSL2(F7) admits two different conjugacy classes of sub-
groups of order 24.

Proof. PSL2(F7) is isomorphic to a subgroup of S8, and can be expressed
as follows:

PSL2(F7) ' 〈(1, 5, 8, 4, 2, 7, 3), (1, 6, 8, 7, 3, 4, 2)〉
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(see [6]). Using Magma, we can check that PSL2(F7) admits the following
two different conjugacy classes of subgroups of order 24:

〈(1, 4)(2, 8)(3, 5)(6, 7), (1, 2, 6)(4, 8, 5), (1, 3)(2, 6)(4, 7)(5, 8), (1, 2)(3, 6)(4, 8)(5, 7)〉,
〈(1, 5)(2, 6)(3, 4)(7, 8), (1, 8, 3)(2, 4, 5), (1, 8)(2, 5)(3, 6)(4, 7), (1, 3)(2, 7)(4, 5)(6, 8)〉.

Lemma 3.5. 14T33 (resp. 14T34) has two conjugacy classes of subgroups
of order 192. The orders of the derived groups of these subgroups are 48
and 96.

Proof. From [6], 14T33 is generated by

(1, 6, 4, 5, 10, 14, 9)(2, 8, 13, 11, 12, 3, 7) and (1, 7, 8, 14)(2, 11, 12, 6, 9, 4, 5, 13).

Then we can deduce the stated result by using a Magma program. In the
case of 14T34, we get the result in the same manner.

3.4. Schur–Zassenhaus theorem

Theorem 3.6 (Schur–Zassenhaus). If G is a finite group and N is a
normal subgroup whose order is coprime to the order of the quotient group
G/N , then G is a semidirect product of N and G/N .

3.5. Group extensions of groups with trivial centers. Let H and
F be groups, and G a group extension of H by F :

1→ H → G→ F → 1.

Then it is well known that F acts on H by conjugation, and this action
induces a group homomorphism ψG : F → OutH, which depends only
on G.

Lemma 3.7 ([10, (7.11)]). Suppose H has trivial center (Z(H) = {1}).
Then the structure of G is uniquely determined by the homomorphism ψG.
For any group homomorphism ψ : F → OutH, there exists an extension
G of H by F such that ψG = ψ. Moreover, the isomorphism class of G is
uniquely determined by ψ. (In particular, the class of F ×H is determined
by ψ with ψ(F ) = 1.) Each extension is realized as a subgroup U of the
direct product F × AutH satisfying the two conditions U ∩ AutH = InnH
and π(U) = F , where π is the projection from F ×AutH to F .

From this result, we immediately obtain the following:

Proposition 3.8. Let H be a group with a trivial center.

(i) If H has a trivial outer automorphism group, then for any group F , any
extension of H by F is the direct product F ×H.

(ii) If OutH ' C2, then for any group F with no quotient group of order
two, any extension of H by F is the direct product F ×H. In particular,
for any finite group F of odd order, any group extension of H by F is
F ×H.
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Definition 3.9. Let G,H be groups, and let N C G and K C H. Let
G/N ∼= H/K with θ : G/N → H/K an isomorphism. The pullback G fH
of G and H via θ is the subset of G×H consisting of elements of the form
(g, h) with θ(gN) = hK.

Let p be a prime number ≥ 5. Then Z(PGL2(Fp)) = Z(PSL2(Fp)) = {1},
Out PGL2(Fp) = {1}, and Out PSL2(Fp) ∼= C2. Therefore, we have the fol-
lowing results.

Proposition 3.10. Let p be a natural number with p ≥ 5.

(i) For any group F , any extension of PGL2(Fp) by F is the direct product
F × PGL2(Fp).

(ii) For any group F without any quotient group of order two, any exten-
sion of PSL2(Fp) by F is the direct product F × PSL2(Fp). Moreover,
any extension of PSL2(Fp) by C2 is isomorphic to C2 × PSL2(Fp) or
PGL2(Fp). Furthermore, any extension of PSL2(Fp) by C2m is isomor-
phic to C2m × PSL2(Fp) or C2m f PGL2(Fp).

4. PSL2(F7)-unramified extension of a quartic field. From this
section on, we will assume that the GHR holds, in order to obtain a better
discriminant bound, as explained in Section 2.1. Let K ′ = Q(

√
1417). We

can check that the narrow class number of K ′ is 2. Let K be the narrow
Hilbert class field of K ′. The narrow class number of K is 1, i.e., K admits
no nontrivial solvable unramified extensions.

4.1. Example. Let L be the splitting field of

(4.1) x8 + x7 + 11x6 − 37x5 + 10x4 + 28x3 − 12x2 − 3x+ 4,

which is a polynomial with complex roots. We can find the polynomial (4.1)
in the database of [5]. Its discriminant is 134 · 1094 = 14174, and its factor-
izations modulo 13 and 109 are

(x2 + 8x+ 10)2(x2 + 12x+ 5)2 mod 13,

(x2 + 12x+ 86)2(x2 + 43x+ 71)2 mod 109.

Thus, L is a PSL2(F7)-extension of Q with ramification index 2 at both 13
and 109.

By Abhyankar’s Lemma, LK/K is unramified over all finite spaces. Be-
cause PSL2(F7) is a nonabelian simple group, we know that L ∩ K = Q.
Hence, Gal(LK/K) ' Gal(L/Q) ' PSL2(F7). That is, LK is an unramified
PSL2(F7)-extension of K over all finite spaces.
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4.2. Bound of [Kf
ur : K]. Define M to be LK.

M

PSL2(F7)×V4

V4

L

PSL2(F7)

K

V4 K ′

Q

Because M/K is unramified over all finite primes, the root discriminant of
M is |dM |1/nM = |dK |1/nK =

√
1417 = 37.643 . . . . If we assume that the

GRH holds, then |dM |1/nM = |dK |1/nK =
√

1417 = 37.643 . . . < 37.994 . . . =

B(100000, 0, 50000) (see the table in [7]). This implies that [Kf
ur : M ] <

100000/[M : Q] = 148.809 . . . .

5. Class number of M . In this section, we will show that the class
number of M is 1 under the assumption of the GRH. The first step is to
show that the Hilbert 2-class field of L is M .

5.1. The 2-class group of L

5.1.1. The elementary 2-class group of L. Let L(2) be the maximal ele-
mentary abelian 2-class tower of L, i.e., L(2)/L is unramified and Gal(L(2)/L)

' (C2)m. By maximality, L(2) is also Galois over Q. Because [Kf
ur : L] <

595.236 . . . , we see that m < 10. Because M/L is unramified and Gal(M/L)
' V4, M is contained in L(2), i.e., 2 ≤ m ≤ 9.

L(2)

(C2)m M

V4

L

Let E be the octic number field defined by (4.1), and let N be the
subfield of L fixed by a subgroup of Gal(L/Q) ' PSL2(F7) of order 7 that
contains E.
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L

C7

C7oC3 N

C3

E

Q

Because the discriminant of E is 134 · 1094, L/N/E is unramified over all
finite spaces.

Using a computer calculation, we can check that N is defined by the
following polynomial:

(5.1) x24 + 66x23 + 1514x22 + 13022x21 + 78158x20 + 2229546x19

+ 17039958x18 − 114205156x17 + 1261675830x16 + 14442723470x15

− 206451271654x14 + 1601200893156x13 + 3183161315040x12

− 152141710405042x11 + 1772054344788451x10 − 11494744590768912x9

+ 48852129137635664x8 − 91837569177842648x7− 223335273618107650x6

+ 2441286829308065902x5 − 7535739210020343032x4

+ 7172968718032064464x3 + 35762510379590386933x2

− 128904988367860526460x+ 155328675599907155475.

Using another computer calculation, we can check that the narrow class
group of N is isomorphic to C7 × V4 under the GRH. In other words, the
narrow 2-class group of N is isomorphic to V4 ' (C2)2.

M

PSL2(F7)×V4

V4

C7×V4L

C7

N

Q
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Now let consider the action of Gal(L/N) on Gal(L(2)/L) ' (C2)m.

L(2)

(C2)m M

V4

C7×V4L

C7

N

The action of Gal(L/N) on Gal(L(2)/L) ' (C2)m can be thought of as the
F2-representation of C7. For 3 ≤ m ≤ 4, we can easily see that Gal(L/N)
acts trivially on Gal(L(2)/L). (See Section 2.2.) In these cases, Gal(L(2)/N) is
isomorphic to (C2)m×C7 by Theorem 3.6. This contradicts the assumption
that the narrow 2-class group of N is isomorphic to (C2)2. Similarly, for
m = 6, 7 and 9, we arrive at the same conclusion (see Section 2.2.2). Thus,
the remaining cases are m = 5 and m = 8. In these cases, Gal(L/N) (' C7)
nontrivially acts on Gal(L(2)/M) ' (C2)m−2 (see Section 2.2.3).

Case 1: m = 5. Then Gal(L(2)/M) ' (C2)3. The group Gal(L(2)/K) is
an extension of Gal(M/K) (' PSL2(F7)) by Gal(L(2)/M) (' (C2)3).

If Gal(M/K) acts trivially on Gal(L(2)/M), then Gal(L(2)/K) admits
an abelian quotient by Proposition 3.2, which contradicts |Cl(K)| = 1.
Therefore, Gal(M/K) must act nontrivially on Gal(L(2)/M). In conclusion,
Gal(L(2)/K) is isomorphic to 14T33 or 14T34. Suppose that Gal(L(2)/K)
is isomorphic to 14T33.

By Lemma 3.4, L has two distinct nonisomorphic subfields of degree 7,
and we check that these correspond to

(5.2) x7 − x6 − 3x5 + x4 + 4x3 − x2 − x+ 1

and

(5.3) x7 − 2x6 − x5 + 4x4 − 3x2 − x+ 1

(see [5]). Let E1 (resp. E2) be the number field defined by (5.2) (resp. the
polynomial (5.3)). Let us consider the composite fields KE1 and KE2. By
Lemma 3.5, two distinct nonisomorphic subfields of L(2)/K of degree 7 are
KE1/K and KE2/K. Using computer calculations, we find that the narrow
class group of KE1 (resp. KE2) is C2 under the GRH. This contradicts
Lemma 3.5, which states that one of these class groups should be of order 4.

Case 2: m = 8. In this case, Gal(L(2)/M) ' (C2)6. L(2) can be thought
of as the composite of K and L′ whose Galois group Gal(L′/Q) is an exten-
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sion of Gal(L/Q) (' PSL2(F7)) by (C2)6.

L(2)

L′

K

Q

Let p̄ (resp. p) be a prime ideal in L′ (resp. L) satisfying p̄ | 2 (resp. p | 2).
The factorization of the polynomial (4.1) modulo 2 is given by

(5.4) x8 + x7 + 11x6 − 37x5 + 10x4 + 28x3 − 12x2 − 3x+ 4

≡ x(x7 + x6 + x5 + x4 + 1) mod 2.

Thus, Gal(Lp/Q2) is isomorphic to C7, where Lp is the p-completion of L.
Because L′/L is unramified, Gal(L′p̄/Lp) is either trivial or C2.

L′

(C2)6

L

C7

N

Q

Because 2 is unramified in L′/Q, L′p̄/Q2 should be a cyclic extension. Because
the narrow class group of N is C7 × V4, there exists no proper subgroup of
Gal(L′/L) that is invariant under the action of the subgroup of order 7 (see
Section 2.2.3). Thus, Gal(L′p̄/Lp) is trivial, i.e., p splits completely in L′.
Then, for a number field L′/Q, we have f2 = 7, where f2 is the inertia
degree of 2.

Let q̄ (resp. q) be a prime ideal in L′ (resp. L) satisfying q̄ | 3 (resp. q | 3).
The factorization of the polynomial (4.1) modulo 3 is given by

(5.5) x8 + x7 + 11x6 − 37x5 + 10x4 + 28x3 − 12x2 − 3x+ 4

≡ (x+ 2)(x7 + 2x6 + x5 + x3 + 2x2 + 2x+ 2) mod 3.

By a similar argument, we also know that f3 = 7.
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Let us recall equation (2.3):

(5.6) f = 2
∑
p

∞∑
m=1

logN(p)

N(p)m/2
F (logN(p)m).

Because every term of f is greater than or equal to 0, the following holds
for the number field L′:

(5.7)

f ≥ 2

(1536∑
j=1

100∑
i=1

logN(p̄j)

N(p̄j)i/2
F (logN(p̄j)

i) +
1536∑
j=1

100∑
i=1

logN(q̄j)

N(q̄j)i/2
F (logN(q̄j)

i)

)
,

where the p̄j (resp. q̄j) denote prime ideals of L′ satisfying p̄j | 2 (resp. q̄j | 3).
Because f2 = f3 = 7, we have N(p̄j) = 27 and N(q̄j) = 37 for all j. We set
b = 9.8. Using a numerical calculation, we find that

f ≥ 2 · 1536
100∑
i=1

(
log 27

27i/2
F (log 27i) +

log 37

37i/2
F (log 37i)

)
(5.8)

= 1292.96 . . . .

Let us recall (2.2). For b = 9.8, we have

|dL′ |1/nL′ > 38.067 · e(f−1244.2)/10752(5.9)

≥ 38.067 · e(1292.96−1244.2)/10752

= 38.2400 . . . .

Because |dL′ |1/nL′ = |dL|1/nL =
√

1417, this contradicts the fact that |dL′ |1/nL′

= 37.643 . . . .

In conclusion, Gal(L(2)/L) ' (C2)2, i.e., L(2) = M .

5.1.2. Determination of the 2-class group of L. Let L2 be the Hilbert
2-class field of L. Because Gal(L(2)/L) ' (C2)2, Gal(L2/L) is an abelian
2-group with rank 2. By [2, Theorem 4.1], we know that Aut(Gal(L2/L))
does not divide by 168, i.e., Gal(L/Q) acts trivially on Gal(L2/L).

L2

C2a×C2b

L

PSL2(F7)

Q



An unramified extension of a quartic number field 159

Let us recall the octic number field E defined in (4.1):

L2

C2a×C2b

L

PSL2(F7)

C7oC3

E

Q

(Note that L2/E is unramified over all finite spaces.) Because Gal(L/Q)
acts trivially on Gal(L2/L), so does Gal(L/E). By Theorem 3.6, Gal(L2/E)
is isomorphic to

Gal(L2/L)×Gal(L/E) ' (C2a × C2b)× C7 o C3,

and its abelianization is given by C2a × C2b × C3. We can check that the
narrow class group of E is C6 × C2 using computer calculations. Thus,
a = b = 1, i.e., the 2-class group of L is V4.

5.2. The 2-class group of M . Note that M = L2. Let M2 be the
Hilbert 2-class field of M , and assume that M2/M is a nontrivial extension.
By Lemma 2.3, M2/M is cyclic.

M2

C2n

M

PSL2(F7)

K

V4

Q

Because M2/M is cyclic, we know that Gal(M/K) acts trivially on
Gal(M2/M). Because the narrow class number of K is one, Gal(M2/K)
does not admit any abelian quotients. Thus, Gal(M2/M) should be C2, by
Proposition 3.2.
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Let us recall K ′ = Q(
√

1417), and consider K ′E.

M2

C2

V4 or C4 M

C2

K ′L

PSL2(F7)×C2

C7oC3

K ′E

Q

(Note that M2/K ′E is unramified.) From computer calculations, we find
that the narrow class group of K ′E is C6. Using a similar argument to
Section 5.1.2, the abelianization of Gal(M2/K ′E) is either V4×C3 or C4×C3.
This is a contradiction.

In conclusion, the 2-class group of M is trivial.

5.2.1. The p-class group of M for an odd prime p. Let p = 3, and
let M (3)/M be the maximal elementary abelian 3-class tower of M . Then
Gal(M (3)/M) ' (C3)m with 1 ≤ m ≤ 4. By [2, Theorem 4.1], Aut((C3)m)
does not divide by 168 for 1 ≤ m ≤ 4. This means that Gal(M (3)/K) admits
an abelian quotient, which contradicts the fact that the narrow class number
of K is 1.

Using similar methods, we can verify that the p-class group of M is
trivial for all odd prime p.

Proposition 5.1. The class number of M is 1, under the assumption
of the GRH.

6. Determination of Gal(Kf
ur/K). We have shown that the class num-

ber of M is 1 and [Kf
ur : M ] < 168 under the assumption of the GRH. Thus,

our task is to show that K does not admit an unramified A5-extension.

Suppose that M admits an unramified A5-extension F . Since [Kf
ur : M ]

< 168, F is the unique unramified A5-extension of F , i.e., F is Galois over Q.
It is well known that A5 is isomorphic to PSL2(F5) and S5 is isomorphic to
PGL2(F5). By Proposition 3.10, Gal(N/K) ' A5×PSL2(F7), i.e., K admits
an A5-unramified extension F1.
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F

A5

A5×PSL2(F7)

M

PSL2(F7) F1

A5K

(Note that F1 is also Galois over Q.) Then, by Proposition 3.10, Gal(F1/K
′)

is isomorphic to either A5 × C2 or S5.

Case 1: Gal(F1/K
′) ' A5 × C2. By a similar argument to the above,

K ′ admits an A5-unramified extension F2. Then Gal(F2/Q) is also isomor-
phic to A5 × C2 or S5.

Case 1.1: Gal(F2/Q) ' A5 × C2. This implies that there exists an
A5-extension F3 with ramification index 2 at 13 and 109. However, from
the tables in [1] no such extension exists.

Case 1.2: Gal(N2/Q) ' S5. By the unramifiedness of F2/K
′, a quin-

tic subfield E of F2 must have discriminant 1417. However, the smallest
discriminant of quintic fields with Galois group S5 is 1609, a contradiction.

Case 2: Gal(F1/K
′) ' S5. By Proposition 3.10, Gal(F1/Q) ' S5 × C2.

Consequently, F1 is the compositum of K ′ and an S5-extension F2 of Q. For
F1/K

′ to be unramified, the quintic subfield of F2/Q must have discriminant
13, 109, 13 · 1092, or 132 · 109. Such a quintic number field does not exist,
from [9].

In conclusion, M admits no unramified A5-extensions, i.e., Gal(Kf
ur/K)

∼= PSL2(F7) under the assumption that the GRH holds.
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