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ON THE DIRICHLET MATRIX OPERATORS

IN SEQUENCE SPACES

Abstract. We study the analytic properties of certain special opera-
tors, referred to as D-matrix operators, which arise naturally from classical
Dirichlet series. There are a number of incentives for this work, including
the applicability of D-matrix operators to signal processing via fast com-
putational algorithms. It was observed in a prior publication that certain
types of D-matrix operators are continuous in `2 (Sowa 2013). In this work
the focus is on a complementary case that arises in relation to the special
D-matrix associated with Riemann’s zeta function, and on its continuity
properties in suitable Hilbert and Banach sequence spaces.

1. Introduction. We examine infinite matrices that arise from Dirich-
let series, which we will refer to as Dirichlet matrices (D-matrices for short).
More specifically, we consider the action of D-matrices in suitable Hilbert
and Banach spaces. There are a number of incentives to study these lin-
ear operations. First, D-matrices are used as effective signal processing
tools [14], [16], and arise naturally in the analysis of nonlinear oscillators [15].
Second, they are the basic tool in applications of the newly discovered
phenomenon of broadband redundancy [19], in particular in its quantum-
mechanical applications [20]. Third, their finite-dimensional reductions turn
out to furnish the universal building blocks of generic matrices [17]—an ob-
servation that one may hope to generalize to infinite dimensions once the
topological properties of infinite D-matrices are well understood.

A few fundamental results on the action of a class of D-matrices in
`2 are given in [18]. However, the approach taken therein does not pro-
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vide any information about the special case that is related to the series
ζ(s) =

∑
n−s which defines Riemann’s zeta function [8]. A study of its

properties is the focus of the present work, particularly Sections 2 and 3.
It is part of the folklore of applied mathematics that continuity proper-
ties of operators in normed spaces translate, although not always trivially,
into the stability of their numerical implementations. Other properties, such
as surjectivity of an operator acting in abstract spaces, may provide in-
sight into the stability of the corresponding numerical inverse problem, etc.
The present work highlights some of the theoretical tools that are indis-
pensable in addressing problems of this kind in relation to the action of
D-matrices.

Preexisting literature on the subject is rather scarce. Some related infor-
mation may be found in [4] and [11]. Also, some related constructions are
found in the engineering literature [9], [10]. In the broader sense, however,
the subject matter is related to the well studied themes of complete sys-
tems in the Banach and Hilbert spaces, particularly nonharmonic Fourier
series [22] and wavelets [6], [21], as well as a slew of topics at the intersection
of analytic number theory and harmonic analysis (see e.g. [13]).

2. Preliminaries. Let s = σ + it ∈ C, where σ, t ∈ R. For a se-
quence of complex numbers a1, a2, . . . we define a family of infinite matrices
parametrized by s (denoted As or [(ann

−s)]) by

(1) As =



a1 · · · · · · · . . .

a22
−s a1 · · · · · · . . .

a33
−s · a1 · · · · · . . .

a44
−s a22

−s · a1 · · · · . . .

a55
−s · · · a1 · · · . . .

a66
−s a33

−s a22
−s · · a1 · · . . .

a77
−s · · · · · a1 · . . .

a88
−s a44

−s · a22
−s · · · a1 . . .

...
...

...
...

...
...

...
...

. . .



.

We will call matrices As (with fixed s ∈ C) Dirichlet matrices. For simplicity,
we often write A0 = A. We say that a Dirichlet matrix As is finitely supported
if the sequence (an) has only finitely many nonzero elements. In parallel to
the above we let A(s) denote the Dirichlet series

A(s) = a1 + a2 2−s + a3 3−s + a4 4−s + · · · .
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We will also make frequent use of the following notation:

A#(s) = |a1|+ |a2| 2−s + |a3| 3−s + |a4| 4−s + · · · .
Throughout the article, σa(A) denotes the abscissa of absolute convergence
of A(s), i.e. the smallest real number with the property that A#(σ) converges
for all σ > σa(A).

It was demonstrated in [18] that the Dirichlet matrices (with s = 0) form
a ring. Moreover, the identification

A↔ A(s)

provides an isomorphism of this ring with the ring of formal Dirichlet se-
ries (1). Since A↔ As is obviously a ring isomorphism, so also is

As ↔ A(s).

Throughout the article we will pay special attention to the matrix that
comes from constant sequence, i.e. Z = [(1, 1, 1, . . .)] (and also to Zs). We
note that the formal inverse Z−1s equals Ms = [(µ(n)n−s)], where µ is the
Möbius function, i.e. µ(1) = 1, µ(n) = (−1)r if n is a product of r dis-
tinct primes, and µ(n) = 0 otherwise. Of course, Z(s) = ζ(s), where ζ is
Riemann’s zeta function, and M(s) = 1/ζ(s).

Let f : N → C be a sequence. We let A[f ] denote the product of the
matrix A and the column vector [f(1), f(2), . . .]T . When convenient, the
column vector A[f ] will be identified with the sequence A[f ] : N → C. Let
us observe

As[f ](n) =
∑
d|n

f

(
n

d

)
add
−s (summation over all divisors of n).

Also,

ATs [f ](n) =

∞∑
k=1

f(nk)akk
−s.

In what follows we will make frequent use of the special sequencesXr : N→C
defined by Xr(n) = n−r, where r ∈ C is a parameter. A direct calculation
reveals the following interesting identity:

(2) ATsXr = A(r + s)Xr.

This means that each Xr ia a formal eigenvector of ATs . Of course for the
right-hand side to make sense, it is necessary that A(r + s) converges, e.g.
<(r + s) > σa(A).

(1) That is, the ring of all Dirichlet series (whether or not convergent anywhere in
the complex plane) with addition given by

∑
ann

−s +
∑
bnn
−s =

∑
(an + bn)n−s and

multiplication given by
∑
ann

−s ·
∑
bnn
−s =

∑
cnn

−s with cn =
∑

d|n adbn/d. For more

information on the Dirichlet ring see e.g. [2] or [3].
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On the other hand, matrices of the form A (or Ar) typically admit fewer
nontrivial (formal) eigenvectors, e.g. we observe that

(3) Zf = λf implies f = 0.

Indeed, assume first λ 6= 1. Then Z[f ](1) = f(1) = λf(1) implies f(1) = 0.
Next, we observe Z[f ](2) = 0 + f(2) = λf(2), i.e. f(2) = 0, etc., with the
conclusion that f ≡ 0. If on the other hand λ = 1, we have Z[f ](2) =
f(1) + f(2) = f(2), so f(1) = 0. Now, let us assume that k is the smallest
integer for which f(k) 6= 0. It follows that Z[f ](2k) = f(k) +f(2k) = f(2k),
which is a contradiction, so that again f ≡ 0.

The elementary observations expressed in (2) and (3) motivate the sys-
tematic investigation of spectra of Dirichlet operators, which is the focus of
this article.

3. Main observations. We wish to consider matrices of the form As or
ATs as operators acting in topological linear spaces. Identifying the suitable
spaces, i.e. spaces that make the analysis of such operators interesting and
technically feasible, is part of the challenge. As we will see, it is natural to
consider a particular set of weighted Hilbert spaces of sequences. We also
consider the most interesting special matrices Z and ZT as operators on
the Banach space `1 as well as on weighted spaces `1,m and `∞,m−1 with a
suitably defined measure m. The elementary observations given above supply
helpful preliminary insights into the matter, and will be further exploited
in what follows.

3.1. As and ATs as operators in a weighted Hilbert space. We
select the domain and target spaces for Z and ZT so as to ensure that the
resulting operators are bounded. We first examine a weighted Hilbert space
reminiscent of the Sobolev spaces. Namely, for p ∈ R let us define

hp =
{
f : N→ C : ‖f‖p :=

(∑
n∈N
|f(n)|2n2p

)1/2
<∞

}
.

The following facts are easily established by standard arguments:

• The formula 〈f |g〉 =
∑

n f(n) g(n)n2p prescribes a sesquilinear form in hp.
The collection of vectors en = n−pδn furnishes an orthonormal basis in hp.
Furthermore, this basis furnishes an isomorphism hp ↔ `2. In particular,
hp is a (complete) Hilbert space.
• The dual space of hp is (hp)∗ = h−p.
• The following analogue of the Rellich Compactness Theorem holds: If p > q,

then the natural inclusion I : hp ↪→ hq is a compact operator. Indeed,
let IN be the finite rank operator given by IN [f ](n) = f(n) for n≤N ,
and IN [f ](n) = 0 for n > N . It is easily seen that ‖I−IN‖hp→hq → 0 as
N →∞.
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We let As : hp → hp (resp. ATs : hp → hp) signify the linear operator
determined by the action of the matrix (1) (resp. its transpose) on hp. Note
that the matrix ATs represents the operator ATs : hp → hp in the formal
basis {δn}. It is useful to observe the following

Lemma 3.1. Let ÃTs denote the matrix of the operator ATs : hp → hp in
the basis {en}. Then

ÃTs = ATs+p.

Proof. We have

ATs en = n−pATs δn = n−p
∑
d|n

add
−sδn/d

= n−p
∑
d|n

add
−s
(
n

d

)p
en/d =

∑
d|n

add
−(s+p)en/d.

Thus, the (m,n) entry of the matrix ÃTs can be nonzero only if m |n, in

which case it is equal to an/m(n/m)−(s+p). This proves the claim.

In what follows we let Σp(T ) denote the spectrum of an operator T :
hp → hp.

Proposition 3.1. Fix p ∈ R and consider ATs : hp → hp where s =
σ + it. Assuming σ > σa(A)− p, we have the following facts:

(i) ATs is bounded, and ‖ATs ‖ ≤ A#(p+ σ).

(ii) Σp(A
T
s ) ⊇ {a1} ∪ {A(r + s) : r ∈ C, < r > p+ 1/2}.

(iii) As = (ATs )∗ : h−p → h−p is bounded with ‖As‖ ≤ A#(p+ σ), and

Σ−p(As) ⊇ {a1} ∪ {A(r + s) : r ∈ C, < r > p+ 1/2}.

Proof. (i) In order to highlight the broader ramifications of this claim
we provide two different proofs. The first proof makes use of Lemma 3.1.
Observe that the `1 norms of all the rows and columns of the matrix ÃTs
are bounded above by A#(p + σ). It is a known general fact (2) that this

implies boundedness of the operator in `2, and

‖ÃTs ‖`2→`2 ≤ A#(p+ σ).

Since ‖ÃTs ‖`2→`2 = ‖ATs ‖hp→hp , this completes the first proof.

The second proof is self-contained, and seems to shed more light on what
is involved. Namely, let g = ATs f , where s = σ + it, and let p+ σ > σa(A).

(2) For a proof see [12, Chapter III, Example 2.3].
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Observe that

‖g‖2p =
∑
m∈N
|g(m)|2m2p =

∑
m∈N

m2p
∣∣∣∑
n∈N

f(mn)ann
−s
∣∣∣2

=
∑
m∈N

m2p
∣∣∣∑
n∈N

f(mn) sgn(an)|an|1/2n−s/2np/2|an|1/2n−s/2n−p/2
∣∣∣2

≤
∑
m∈N

m2p
∑
n∈N
|f(mn)|2|an|n−σnp

∑
n∈N
|an|n−(p+σ)

(by Cauchy–Schwarz)

= A#(p+ σ)
∑
m∈N

∑
n∈N
|f(mn)|2m2pn2p|an|n−(p+σ)

= A#(p+ σ)
∑
n∈N
|an|n−(p+σ)

∑
m∈N
|f(mn)|2(mn)2p

≤ A#(p+ σ)2‖f‖2p.
Note that in the penultimate line the order of summation is changed, which
is allowed in a sum of nonnegative elements. This estimate shows that
‖ATs ‖hp→hp ≤ A#(p+ σ).

(ii) We will use observation (2). Note that Xr ∈ hp for all r with
<r > p + 1/2. Also, <r > p + 1/2 and p + σ > σa(A) imply <(s + r) >
σa(A) + 1/2. Therefore, in view of (2), all elements of the set {A(r + s) :
r ∈ C, <r > p+ 1/2} ⊆ C represent eigenvalues of ATs . In addition, observe
ATs e1 = a1e1, i.e. a1 is also an eigenvalue.

(iii) Let u ∈ (hp)∗ = h−p and g ∈ hp, and observe that

u[ATs g] =

∞∑
n=1

u(n)

∞∑
k=1

g(nk)akk
−s

=

∞∑
m=1

g(m)
∑
d|m

u(d)am/d

(
m

d

)−s
= g[Asu],

and so (3) As = (ATs )∗. This also implies that the norms of the two operators

are equal. Since Σ−p(As) = Σp(ATs ), this proves the claim.

Corollary 3.1. If A is finitely supported, say an = 0 for all n > N ,
then ATs : hp → hp is bounded for all s and all p, and ‖ATs ‖ ≤ A#(p+ σ) =∑

n≤N |an|n−(p+σ).
Proof. It suffices to repeat either one of the proofs of claim (i) in Propo-

sition 3.1, and observe that the assumption σ > −p+σa(A) may be dropped.
(In other words, one may assume σa(A) = −∞.)

(3) Note that the adopted convention is that of a Banach space duality, rather than
the Hilbert space duality, hence the absence of the complex conjugation of the variable s.
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Corollary 3.2. Fix p ∈ R and consider ATs : hp → hp. If s = σ + it
satisfies σ > σa(A) − p, then ATs may be approximated in norm with any
accuracy by finitely supported operators (4).

Proof. Let ATs cN be the finitely supported operator obtained from ATs by
setting all an with n > N to zero. Let CTs = ATs −ATs cN . By Proposition 3.1,

‖CTs ‖ ≤ C#(p+ σ) =
∑
n>N

|an|n−(p+σ) → 0 as N →∞.

This proves the claim.

Corollary 3.3. If p + σ > 1, then ZTs : hp → hp is a linear homeo-
morphism, and (ZTs )−1 = MT

s .

Proof. By virtue of Proposition 3.1, if p+σ > 1, then both ZTs and MT
s

are bounded operators in hp. Since the corresponding matrices commute and
satisfy MT

s Z
T
s = I, we have MT

s = (ZTs )−1.

Example. It is interesting to observe by an explicit example how strong-
ly indeed the properties of an operator of type ATs depend on the space hp

in which it is considered. To this end consider A = [(1,−1, 0, 0, 0, . . .)]. Since
A(s) = 1 − 2−s, so that B(s) = A(s)−1 = 1 + 2−s + 4−s + 8−s + · · · , we
conclude that Bs is the formal inverse of As, and also BT

s is the formal
inverse of ATs . Now, consider AT−1 (i.e. here s = −1), and let us examine

the condition AT−1f = 0 on f , which is equivalent to the following system of
equations:

f(1)− 2f(2) = 0,

f(2)− 2f(4) = 0,

f(3)− 2f(6) = 0,

f(4)− 2f(8) = 0, etc.

It is easy to find a nontrivial solution. Indeed, let f be the sequence defined
by f(n) = 1/n when n is an integer power of 2, and f(n) = 0 otherwise.
Clearly, AT−1f = 0. Moreover, f ∈ hp for all p < 1. Thus kerAT−1 is nontrivial

when AT−1 is considered in hp with p < 1. On the other hand, by virtue of

Proposition 3.1, BT
−1 : hp → hp is a bounded operator whenever p > 1

(because σa(B) = 0), and is the inverse of AT−1. Thus kerAT−1 = {0} when

AT−1 is considered in hp with p > 1.

Remark. A study on a related topic of Dirichlet multipliers in a certain
Hilbert space may be found in [11].

(4) Note that finitely supported matrices are not finite rank. In fact, a nontriv-
ial Dirichlet matrix is not even Hilbert–Schmidt, e.g. the Hilbert–Schmidt norm of
A : h0 → h0 is equal to (

∑
m

∑
n |an|

2)1/2 =∞.



192 A. Sowa

3.2. Z : `1 → `∞ and ZT : `1 → c0 are bounded. In this section we
demonstrate that the action of Z and ZT on `1 defines continuous opera-
tors, provided one considers suitable topologies on the target spaces. The
result that follows highlights the target spaces that seem natural for these
operators. Below, ranT denotes the range of an operator T .

Theorem 3.1. The operators defined by the action of Z and ZT on `1
column vectors have the following properties:

(i) Z : `1 → `∞ is bounded with ‖Z‖ = 1 and kerZ = {0}.
(ii) ranZ ∩ c0 = {0}.
(iii) ZT : `1 → c0 is bounded with ‖ZT ‖ = 1. Moreover, (ZT )∗ = Z. Also,

ranZT is dense in c0.
(iv) kerZT = {0}. Equivalently, if f ∈ `1 is such that

∑∞
k=1 f(nk) = 0 for

all n ∈ N, then f = 0.

Proof. (i) In order to verify that Z : `1 → `∞ is bounded, let u ∈ `1, and
let g = Zu. We have

g(n) =
∑
d|n

u(d), so |g(n)| ≤
∑
d|n

|u(d)| ≤ ‖u‖1 for all n,

i.e. ‖g‖∞ ≤ ‖u‖1. Note that ‖Zδ1‖∞ = ‖δ1‖1 = 1. We conclude that
‖Z‖ = 1.

In order to prove kerZ = {0} let g = Zu and assume g(n) = 0 for all n.
We use induction to show that u(n) = 0 for all n. First, u(1) = g(1) = 0.
Next, assume that 0 = u(1) = u(2) = · · · = u(n − 1). It follows that
0 = g(n) =

∑
d|n u(d) = u(n), which completes the argument.

(ii) Let f ∈ `1 and assume g = Zf ∈ c0, i.e. limn→∞ g(n) = 0. It suffices
to demonstrate that f = 0. We proceed by induction. Let p denote primes.
Since g(p) = f(1) + f(p)→ f(1) as p→∞ over the set of primes, we have
f(1) = 0. Suppose that f(k) = 0 for all k = 1, . . . , n− 1. Let n = pa11 . . . pakk
be the prime decomposition of n. Assuming p > max{pi : i = 1, . . . , k}, we
have

g(np) =
∑
d|n

(f(d) + f(dp)) = f(n) +
∑
d|n

f(dp)→ f(n)

(as p→∞ over the primes). Therefore f(n) = 0 for all n.

(iii) For f ∈ `1, let g = ZT f , i.e. g(n) =
∑∞

k=1 f(nk). Thus,

|g(n)| ≤
∞∑
k=1

|f(nk)| ≤
∞∑
k=n

|f(k)|.

Since the sum on the right-hand side approaches 0 as n→∞, we conclude
g ∈ c0. Moreover, supn |g(n)| ≤

∑∞
k=1 |f(k)| = ‖f‖1, so ‖ZT ‖ ≤ 1. However,

if f ≥ 0, then g(1) = ‖f‖1, so in fact ‖ZT ‖ = 1.
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Next, recall that c∗0 = `1 and `∗1 = `∞. Also, for f ∈ c0, g ∈ `1, and
h ∈ `∞,

g[f ] = 〈f, g〉 =
∞∑
n=1

f(n)g(n) and h[g] = 〈g, h〉 =
∞∑
n=1

g(n)h(n).

Thus, for u ∈ `1,

(4) 〈ZT g, u〉 =
∞∑
n=1

∞∑
k=1

g(nk)u(n) =
∞∑
m=1

g(m)
∑
d|m

u(d) = 〈g, Zu〉,

and so Z = (ZT )∗. In addition, it follows that (ranZT )⊥ = ker (ZT )∗ =
kerZ = {0}, which means that ranZT is dense in c0 (see e.g. [5, p. 81 and
p. 168]).

(iv) Suppose that f ∈ `1 is such that
∑∞

k=1 f(nk) = 0 for all
n ∈ N. We will demonstrate that f = 0. Denote by ν the measure on all
subsets A ⊂ N defined by ν(A) =

∑
n∈A f(n). For a bounded function

h : N → R we set
	
h dν =

∑∞
n=1 h(n)f(n). In what follows we will use

a version of the Dominated Convergence Theorem: if hk : N → R is a
uniformly bounded sequence of functions such that limk→∞ hk = h, then
limk→∞

	
hk dν =

	
h dν.

Next, let IA be the indicator function ofA⊂N. DenoteAk = {kn : n∈N}.
By assumption

	
IAk

dν = ν(Ak) = 0 for all k ∈ N. Define

hk =
∏
p≤k

(IA1 − IAp) (product over primes not exceeding k)

It is seen by inspection that

hk =
∑
n∈Bk

µ(n)IAn ,

where Bk is the set of integers whose prime factors do not exceed k and
are mutually different. Since the sum is finite,

	
hk dν = 0 for all k. At

the same time limk→∞ hk = I{1} as well as 0 ≤ hk(n) ≤ 1 for all n ∈ N.
Hence, 0 =

	
I{1} dν = f(1). Applying the same arguments to the sequence

f̃(n) = f(kn) where k is an arbitrary integer, we obtain f̃(1) = f(k) = 0.
This completes the proof (5).

Remark 1. Since Z = (ZT )∗, we have

{0} = kerZT = ⊥(ranZ) = (ranZ)⊥ ∩ `1
(see e.g. [5, p. 168]). In other words, ranZ is weak∗-dense in `∞. Also, the
well known fact `∗∞ 6= `1 implies that Z∗ is not represented by ZT . Note

(5) Alternatively, the fact that kerZT = {0} may be deduced from the Dynkin π-λ
Theorem.
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that this can be easily deduced from Theorem 3.1 without a reference to the
classical result.

Remark 2. The fact that Z is not surjective, which is weaker than
statement (ii) in Theorem 3.1, can be proved by a general argument. Indeed,
by virtue of Pitt’s compactness theorem every bounded operator from c0 to
l1 is compact (see e.g. [1], [7]). In particular ZT : l1 → c0 has no inverse.
Further, recall that an operator is invertible if and only if its adjoint is
invertible (see e.g. [5, Proposition 1.9, p. 169]). Therefore, Z : l1 → l∞ has
no inverse either. Since, as we have seen, Z is injective, it follows from the
open mapping theorem that it is not surjective.

Remark 3. It is known that `1 with the Dirichlet product (6) is a unital
commutative Banach algebra. Indeed, using the notation adopted above, we
have g ∗ f = Gf , where G = [(g(1), g(2), g(3), . . .)] for all f, g ∈ `1. Next,
observe that every column of G has the same `1 norm (namely, ‖g‖ = ‖g‖1),
which implies G : `1 → `1 with ‖G‖ ≤ ‖g‖; for a proof see [12, Example 2.3,
Chapter III]. It follows that ‖g ∗f‖ ≤ ‖g‖ · ‖f‖, and hence (`1, ∗) is indeed a
Banach algebra. In light of this it is natural to ask if ZT : `1 → c0 preserves
the Dirichlet multiplication. The answer is negative. Indeed, it is easily seen
that δ2 ∗ δ6 = δ12, while

ZT δ12 =
∑
d|12

δd 6=
∑
d|2

δd ∗
∑
d|6

δd = ZT δ2 ∗ ZT δ6.

However, interestingly, if GCD(k, l) = 1, then

ZT [δk ∗ δl] =
∑
d|kl

δd =
∑
d|k

δd ∗
∑
d|l

δd = ZT δk ∗ ZT δl.

3.3. ZT : `1,m → `1,m and Z : `∞,m−1 → `∞,m−1 are bounded. It is

interesting whether Z and ZT give rise to operators in a (single) Banach
space. An affirmative answer is supplied by a weighted `1. Indeed, let us
introduce a weight function m : N→ N via recurrence as follows:

m(1) = 1, m(n) =
∑

d|n, d<n

m(d) (n > 1).

Note the obvious identity

(5)
∑
k|n

m(k) = 2m(n).

Next, it is easily seen that

`1,m =
{
f : N→ C : ‖f‖1,m :=

∑
n∈N
|f(n)|m(n) <∞

}
(6) See footnote (1).
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is a Banach space. In addition

`∞,m−1 =

{
f : N→ C : ‖f‖∞,m−1 := sup

n∈N

|f(n)|
m(n)

<∞
}

is the dual of `1,m. Moreover, we have the following:

Proposition 3.2. The action of the matrix ZT (resp. Z) defines an
operator in `1,m (resp. `∞,m−1) with the following properties:

(i) ZT : `1,m → `1,m is bounded with ‖ZT ‖ ≤ 2.
(ii) Z : `∞,m−1 → `∞,m−1 is bounded with ‖Z‖ ≤ 2.

Proof. It is easily seen that Z : `∞,m−1 → `∞,m−1 is the adjoint of

ZT : `1,m → `1,m. Therefore, the second statement is a consequence of the
first (see e.g. [5]).

In order to prove the first statement let f ∈ `1,m and g = ZT [f ], i.e.

g(n) =

∞∑
k=1

f(nk).

It suffices to show ‖g‖1,m ≤ 2‖f‖1,m. Taking into account (5) we observe

‖g‖1,m =
∑
n∈N
|g(n)|m(n)

≤ m(1)

∞∑
k=1

|f(k)|+ m(2)

∞∑
k=1

|f(2k)|+ m(3)

∞∑
k=1

|f(3k)|+ · · ·

=
∞∑
n=1

|f(n)|
∑
k|n

m(k) = 2
∞∑
n=1

|f(n)|m(n) = 2‖f‖1,m.

This completes the proof.

Remark. In the above proof the norm of ZT is determined by iden-
tity (5). One might redefine m by setting m(n) = C

∑
d|n, d<n m(d) (n > 1)

for any positive real C. In the consistently redefined `1,m one would then
have ‖ZT ‖ ≤ 1 + C.
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