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1. Introduction. Given a positive integer n, a global field K contain-
ing all 2nth roots of unity, and an irreducible, reduced root system Φ of
rank r, Weyl group multiple Dirichlet series are Dirichlet series in r com-
plex variables, with analytic continuation to Cr and a group of functional
equations isomorphic to the Weyl group of Φ. Such series have applications
in analytic number theory and arise, for example, in the study of moments
of L-functions [12].

We will be concerned with a class of Weyl group multiple Dirichlet series
that arise as Fourier–Whittaker coefficients of metaplectic Eisenstein series
(Eisenstein series on covers of reductive groups). Because the coefficients
involve Gauss sums, in general, such series are not Eulerian. However, they
do satisfy a twisted analogue of an Euler product: each prime p of K corre-
sponds to a local factor, and like classical Euler factors, the local p-parts are
generating functions for the p-power coefficients of the series. In particular,
the p-parts completely determine the global series.

Due to the complexity inherent in computing on metaplectic groups,
significant effort has been devoted to the combinatorial problem of how to
define p-parts in a way such that the resulting series coincide with those
coming from Eisenstein series. At present, there are two main approaches
for which the resulting series have been shown to yield the desired ana-
lytic properties of meromorphic continuation and Weyl group of functional
equations. The first, of Brubaker, Bump, and Friedberg, defines the p-parts
term by term via Gelfand–Tsetlin patterns, crystal graphs, or related com-
binatorial devices. This approach produces the desired analytic properties
for all Φ when n is sufficiently large [2, 3], for all n when Φ = Ar [4], and
in various other cases for classical types (e.g. [10]). The second, of Chinta
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and Gunnells, defines the p-parts all at once with an averaging technique
analogous to the Weyl character formula. This approach produces a global
object with the desired analytic properties for all Φ and all n [7].

In this paper we study the structure of p-parts of Weyl group multiple
Dirichlet series defined using the Chinta–Gunnells technique [7]. Our main
goal is to show that the methods of [2, 3] and [7] give rise to the same series,
in the situation where both are applicable. For Φ = Ar and n = 1, the result
follows from Tokuyama’s formula [17], which expresses a deformation of a
Weyl character as a sum over a crystal graph. For Φ = Ar and general n,
the result follows from the combined works of Chinta and Offen [9] and
McNamara [15], who compare the two methods via local Whittaker func-
tions. For Φ simply laced and n = 2, Chinta, Friedberg, and Gunnells [6]
provide further evidence by showing that the stable (see Section 4) coeffi-
cients of the local p-parts agree. We extend the results of [6] to all Φ and n.

Our main tool to understand the structure of the p-parts is an explicit
set of recurrence relations on the coefficients, which we state in Theorem 3.1.
These relations allow us to prove Theorem 3.2, which extends [6, Theorem
3.2] on the support of the p-parts to all Φ and all n. With Theorem 3.2,
we compare the stable coefficients of [2, 3] and [7]; Theorem 4.1 extends
[6, Theorem 4.1] and shows they do indeed agree. Finally, Theorem 5.1
addresses the extent to which the recurrence relations uniquely determine
the p-parts.

In addition to analyzing the p-parts, we explore the structure of modi-
fied p-parts (obtained by multiplying the p-parts by a rational factor) that
have applications to the case when K is a function field over a finite field.
When K is the rational function field, up to a variable change the modified
p-parts coincide with the global Weyl group multiple Dirichlet series. This
phenomenon was first noticed in [5, 8] and mirrors the similarity between the
zeta function of the rational function field and its Euler factors. As a comple-
ment to Theorem 3.2, Theorem 3.5 describes the support of these modified
p-parts. Just as in the case of the zeta function of a function field, we expect
the associated multiple Dirichlet series to encode much information about
the arithmetic of the defining curve. The first step is to understand the sup-
port of the series, which the author will pursue in a forthcoming paper. (See
also [11].)

This paper proceeds as follows. In Section 2, we review the Chinta–
Gunnells construction of the p-parts [7]. In Section 3, we derive an explicit
set of recurrence relations on the coefficients of the p-parts, allowing us to
prove Theorem 3.2 on the support of the p-parts. At the end of Section 3
we also prove Theorem 3.5 on the support of the modified p-parts. Section 4
compares the stable coefficients of [2, 3] and [7], and Section 5 details what
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is known about the unstable coefficients and the extent to which the p-parts
are uniquely determined.

2. Preliminaries. The p-parts of Weyl group multiple Dirichlet series
are built from combinatorial and number-theoretic data. In this section, we
review essential definitions related to root systems and Gauss sums and then
describe the construction of the p-parts.

2.1. Root systems. Let Φ be an irreducible, reduced root system of
rank r and {α1, . . . , αr} the simple roots. The root lattice Λ of Φ is the
Z-span of the simple roots. For α =

∑
kiαi ∈ Λ, define the generalized

height function d : Λ→ Z as

d : α 7→
∑

ki.

Denote by W the Weyl group of Φ, and choose a W -invariant symmetric
bilinear inner product (·, ·) on Λ⊗R normalized so that all short roots have
length one (1). This normalization implies that for any α, β ∈ Λ, we have

(α, β) ∈ 1
2Z. For α, β ∈ Λ, further define 〈α, β〉 = 2 (α,β)

(β,β) . Then the simple

reflections

(2.1) σαj (αi) = σj(αi) := αi − 〈αi, αj〉αj
generate W , and the Cartan matrix (cij) of Φ is defined by cij := 〈αi, αj〉.

Define the simple coroots α̌i = 2αi/(αi, αi) for i = 1, . . . , r. The dual
lattice to Λ with respect to the coroot basis is the weight lattice L of Φ
whose basis is given by the fundamental weights {$1, . . . , $r} defined by
($i, α̌j) = δij . There is a partial order on the weights: for λ, µ ∈ L, we say
λ � µ if λ− µ =

∑
ki$i with all ki nonnegative. The weight λ ∈ L is said

to be dominant if 〈λ, αi〉 ≥ 0 for all i = 1, . . . , r, and strongly dominant if
the inequality is strict. For instance ρ :=

∑
i$i is strongly dominant.

2.2. Gauss sums. Let n be a positive integer and K a global field
containing all 2nth roots of unity. Denote by OK the ring of integers of K.
Let p be a prime of K of norm |p|. With any c ∈ OK and t ∈ Z, one
may associate a Gauss sum gt(c, p) ∈ C modulo p. Gauss sums have a rich
arithmetic structure, but here we will only require that they are complex
numbers that satisfy the relations below. The interested reader may consult
[1, Section 2] for precise definitions. In particular we note that the Gauss
sums we describe are generalizations of traditional finite field Gauss sums,
whose properties are detailed in, for example, [14, Chapter 8].

(1) Our choice of inner product is different from that of our main reference [6], which
follows the standard Bourbaki convention that the short roots have length 2, except in
the case when Φ = Br, in which the short roots are taken to have length 1.
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We have

(2.2) gt(p
k, pl) =


|p|kgtl(1, p) if l = k + 1,

φ(pl) if n | tl and k ≥ l,
0 otherwise,

where φ(pl) is the size of the residue field associated with pl. Further, define

(2.3) gt(1, p) = −1 if n divides t.

Finally, if t does not vanish modulo n, then

(2.4) gt(1, p)g−t(1, p) = |p|.
As we will most often deal with the situation when c = 1, we denote gt(1, p)
by gt(p).

2.3. Construction of p-parts. We now review the Chinta–Gunnells
construction [7] of p-parts of Weyl group multiple Dirichlet series. The idea is
to use averaging in a way analogous to the Weyl character formula to define
a rational function supported on Λ that is invariant under a certain Weyl
group action. We first define this action and then explain the relationship
between the p-parts and the invariant function.

Fix an r-tuple ` = (l1, . . . , lr) of nonnegative integers. The tuple ` is a
twisting parameter that determines a strongly dominant weight θ = θ(`) :=∑r

i=1(li + 1)$i (also referred to as the twisting parameter) and a W -action
on Λ:

(2.5) w • λ = w(λ− θ) + θ.

In particular, when w = σj is a simple reflection, we have σj • λ = σjλ +
(lj + 1)αj .

Consider A = C[Λ], the ring of Laurent polynomials on Λ. It consists
of all expressions f of the form f =

∑
β∈Λ cβx

β with cβ ∈ C almost all

zero. Multiplication in A is defined by addition in Λ: xβxλ = xλ+β, and we
identify A with C[x1, x

−1
1 , . . . , xr, x

−1
r ] via xαi 7→ xi.

Our goal is to define a Weyl group action on Ã, the field of fractions
of A. First, define a change of variables action on A by

(σj(x))i = |p|−cijxix
−cij
j .

This action is essentially a reformulation of the standard action of W
on Λ. One can check that if fβ(x) = xβ is a monomial, then fβ(wx) =

|p|d(w−1β−β)xw
−1β.

For α ∈ Φ, let n(α) = n/gcd(n, ‖α‖2), and consider the sublattice Λ′ ⊂ Λ
generated by {n(α)α}α∈Φ. Define Ãλ as the set of functions f/g ∈ Ã such
that the support of g lies in the kernel of the map ν : Λ→ Λ/Λ′ and ν maps
the support of f to λ. Then we have the decomposition Ã =

⊕
λ∈Λ/Λ′ Ãλ.
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We are ready to define the Chinta–Gunnells action. Fix k ∈ {1, . . . , r}.
For λ ∈ Λ, define δ`,k = δk(λ) := d(σk • λ− λ). Let g∗t (p) be the normalized
Gauss sum

(2.6) g∗t (p) =

{
−1 if t ≡ 0 mod n,

gt(p)/|p| otherwise.

For positive integers a and m, let (a)m := a − mba/mc be the remainder
of a upon division by m. Also define (−a)m = 0 if (a)m = 0 and (−a)m =
m− (a)m otherwise. Define the following rational functions:

(2.7)

Pβ,`,k(xk) = (|p|xk)lk+1−(δk(β))n(αk)
1− 1/|p|

1− (|p|xk)n(αk)/|p|
,

Qβ,`,k(xk) = −g∗−‖αk‖2δk(β)(p)(|p|xk)
lk+1−n(αk) 1− (|p|xk)n(αk)

1− (|p|xk)n(αk)/|p|
.

Then the simple reflection σk ∈W acts on f(x) ∈ Aβ by

(2.8) (f |`σk)(x) = (Pβ,`,k(xk) +Qσ•β,`,k(xk))f(σkx)

and this action respects the defining relations for W [7, Theorem 3.2].

Finally, we average this action applied to f(x) = 1 over the Weyl group
to obtain the invariant function whose numerator yields the p-parts. First
for w ∈ W , let l(w) be the number of σj in any reduced expression and set
sgn(w) = (−1)l(w). Also, let Φ(w) = {α ∈ Φ+ : wα ∈ Φ−} be the set of
positive roots made negative by w. Then define polynomials

j(w,x) = sgn(w)
∏

α∈Φ(w)

|p|n(α)d(α)xn(α)α,

∆(x) =
∏
α>0

(1− |p|n(α)d(α)xn(α)α).

The invariant function we seek is

F (x; `) :=
1

∆(x)

∑
w∈W

j(w,x)(1|`w)(x).

In particular, for D(x) =
∏
α>0(1− |p|n(α)d(α)−1xn(α)α) the product N(x; `)

:= F (x; `)D(x) is polynomial in the xi [7, Theorem 3.5]. For each `, the
p-part is the polynomial N(x; `). For details on how the p-parts determine
the global series coefficients, see [7, Section 4].

Remark 2.1. We think of the p-parts as “metaplectic” symmetric func-
tions. Indeed, when n = 1, we recover a deformation of the Weyl character
formula from N(x; `) = F (x; `)D(x).
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3. The support of N(x; `). The main goal of this section is to describe
the support of the p-parts N(x; `). The key tool will be an explicit set of
recurrence relations on the coefficients of N(x; `).

3.1. A recurrence relation. The invariance of F (x; `) under the W -
action (2.8) induces a recurrence relation on the coefficients of N(x; `). This
recurrence relation is summarized in the following theorem, which extends
[6, Theorem 3.1] from Φ simply laced and n = 2 to all Φ and n.

Theorem 3.1. Let N(x; `) =
∑
aλx

λ; fix a simple reflection σ= σk ∈W .
Let µ = σk • λ, α = αk, m = n(αk), δ = δk(λ), and ν = m− (δ)m. Then, if
δ ≡ 0 mod m, we have

(3.1) − |p|1+maλ−mα + aλ = −|p|1−δ(aµ − |p|−(1+m)aµ+mα).

Otherwise,

(3.2) g∗−‖α‖2δ(p)|p|
1+νaλ−να + aλ

= g∗−‖α‖2δ(p)|p|
1−δ(aµ + (g∗−‖α‖2δ(p))

−1|p|−(1+ν)aµ+να
)
.

Proof. Set l = lk. Let f ∈ Ã and g(x) ∈ Ãβ with β ∈ Λ′. For all w ∈W ,
by [7, Lemma 3.4] we have

(3.3) (fg|`w)(x) = g(wx)(f |`w)(x).

It follows from D(x) ∈ Ã0 that (F |`σ)(x; `) = (N |`σ)(x; `)/D(σx). The
W -invariance of F (x; `) yields

(3.4) N(x; `) =
D(x)

D(σx)
(N |`σ)(x; `)

and one checks that

(3.5)
D(x)

D(σx)
=
|p|m+1xmα(1− |p|m−1xmα)

|p|m+1xmα − 1
.

For λ ∈ Λ, we calculate the xλ coefficient in (2.8). To isolate the terms
on the right-hand side that contribute, we define new functions

Pλ(x) = (1− 1/|p|)(|p|x)l+1−(δ(λ))m ,

Qλ(x) = −g∗−‖α‖2δ(λ)(p)(|p|x)l+1−m,

Rλ(x) = g∗−‖α‖2δ(λ)(p)(|p|x)l+1.

Substituting (3.5) into (3.4) using (2.8), we obtain

(3.6)
∑

(aλ−mα|p|m+1 − aλ)xλ

=
∑

aλ[Pλ(x) +Qλ(x) +Rλ(x)]|p|m−l+δ(λ)xmα+σλ,

where we have used the facts that the change of variables action under σ
takes xλ to |p|d(σλ−λ)xσλ and that d(σλ− λ) = δ(λ)− l − 1.
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A straightforward calculation shows that the terms on the right-hand
side that contribute to the xλ coefficient are

aγPγ(x)|p|m−l+δk(γ)xmα+σγ with γ = σ • λ+ να,

aγQγ(x)|p|m−l+δk(γ)xmα+σγ with γ = σ • λ,
aγRγ(x)|p|m−l+δk(γ)xmα+σγ with γ = σ • λ+mα.

For convenience, we show the computation for the Pγ term in the case
(δ(λ))m 6= 0. For any γ ∈ Λ, the monomial contribution from Pγ(x)xmα+σγ

is xσ•γ+(m−(δ(γ))m)α. We need only check that the exponent is λ when γ =
σ•λ+να. This requires simplifying [σ•(σ•λ+να)]+[(m−(δ(σ•λ+να))m)α].
The first term is λ− να. Thus it suffices to show that the second term is να
or equivalently that (δ(σ • λ+ να))m = (δ(λ))m. We have ν = (δ(σ • λ))m.
It follows that σ • λ+ να = σ • λ+ (δ(σ • λ))mα, and(

δ(σ • λ+ (δ(σ • λ))mα)
)
m

=
(
d(λ− σ • λ− 2(δ(σ • λ))mα)

)
m

=
(
δ(σ • λ)− 2(δ(σ • λ))m

)
m

=
(
−δ(λ)− 2(m− (δ(λ))m)

)
m

= (δ(λ))m.

Checking the contributions from Qγ and Rγ is similar. For the Qγ term,
one must show that l + 1 + σγ = λ when γ = σ • λ. For the Rγ term, we
need that (m + l + 1)α + σγ = λ when γ = σ • λ + mα. These statements
are both clear from definition (2.5).

Collecting the xλ coefficients and moving all terms of (3.6) to the right-
hand side, we obtain a five-term recurrence relation:

(3.7) 0 = aλ − |p|m+1aλ−mα − (1− 1/|p|)|p|1+m+δ(γ)−δ(γ)maµ+να

+ g∗−‖α‖2δ(λ)(p)|p|
1−δ(λ)−maµ+mα − g∗−‖α‖2δ(λ)(p)|p|

1−δ(λ)aµ,

where we let γ = µ+ να. We note that (3.7) is a generalization of a relation
in [8], which applied to the case Φ = Ar and n� r.

We next apply (3.6) a second time, now with xµ+mα as the monomial
on the left-hand side. First, we calculate the contributions to the xµ+mα

coefficient on the right-hand side. We have

aγPγ(x)|p|m−l+δk(γ)xmα+σγ with γ = λ− να,
aγQγ(x)|p|m−l+δk(γ)xmα+σγ with γ = λ−mα,
aγRγ(x)|p|m−l+δk(γ)xmα+σγ with γ = λ.

Again, when we collect the coefficients, now moving all terms to the left-hand
side, we obtain a second five-term recurrence relation:

(3.8) g∗−‖α‖2δ(λ)(p)|p|
2−δ(λ)aµ − g∗−‖α‖2δ(λ)(p)|p|

1−δ(λ)−maµ+mα

+|p|1+maλ−mα−|p|aλ−(1−1/|p|)g∗−‖α‖2δ(λ)(p)|p|
2−δ(λ)+δ(γ)−δ(γ)maλ−να = 0,
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where γ = λ− να. Note that in comparison with (3.7), we have multiplied
each term by g∗−‖α‖2δ(λ)(p)|p|

1−δ(λ)−m.

Adding (3.7) and (3.8) and simplifying, we obtain the m recurrence re-
lations (3.1) and (3.2) stated in the theorem. For (δ(λ))m 6= 0, we note that
when γ = λ−να, we have 1−δ(λ)+δ(γ)− (δ(γ))m = 1+m− (δ(λ))m. Sim-
ilarly, when γ = µ+να, we have m+δ(γ)−(δ(γ))m = (δ(λ))m−δ(λ)−m.

3.2. Support of p-parts. We are now able to describe the support of
N(x; `). In particular, we show that N(x; `) is supported on a shifted weight
polytope for a lowest weight representation.

Recall that θ =
∑r

i=1(li + 1)$i. Let Πθ be the convex hull of the points
θ − wθ for w ∈ W . More precisely, Πθ is the weight polytope for the irre-
ducible representation of lowest weight −θ, shifted by θ. If Θ is the set of
dominant weights in the representation of highest weight θ, then all points
of Πθ have the form θ − wξ where w ∈W and ξ ∈ Θ.

Our result is that the only nonzero coefficients of N(x; `) are those asso-
ciated to the points in Πθ. The following theorem extends [6, Theorem 3.2]
to all Φ and all n.

Theorem 3.2. The support of N(x; `) is contained in Πθ.

Figures 1 and 2 illustrate Theorem 3.2 for n = 3 with Φ = A2 and
n = 2 with Φ = B2. The plotted points represent the nonzero coefficients
of N(x; `), where xk11 x

k2
2 corresponds to xk1α1+k2α2 , and α1 and α2 are the

indicated vectors. For B2, recall we take α1 as the long root.
We argue as in [6] using the recurrence relation of Theorem 3.1. We

require two geometric lemmas. Note that Πθ is cut out by the inequalities

(3.9) (w$i,x− (θ − wθ)) ≥ 0, w ∈W, i = 1, . . . , r.

This system of inequalities is redundant in the sense of the following lemma.

(a) A2, N(x; 0, 0) (b) A2, N(x; 1, 1)

Fig. 1
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(a) B2, N(x; 0, 0) (b) B2, N(x; 2, 4)

Fig. 2

Lemma 3.3 ([6, Lemma 3.4]). Let σk ∈ R(w) := {σi : l(wσi) < l(w)}
and let u = wσk. If k 6= j, then the inequalities

(w$j ,x− (θ − wθ)) ≥ 0 and (u$j ,x− (θ − uθ)) ≥ 0

are equivalent.

Moreover, Πθ has bounded support.

Lemma 3.4 ([6, Lemma 3.5]). Let µ = θ − wθ be a vertex of Πθ, and
suppose σk ∈ L(w) := {σi : l(σiw) < l(w)}. Then any lattice point of the
form µ+ bαk, where b is a positive integer, lies outside of Πθ. Similarly, let
u = σkw and let λ = θ − uθ. Then any point of the form λ − bαk, where b
is a positive integer, lies outside of Πθ.

Proof of Theorem 3.2. To avoid repetition, we summarize the key ideas
here and refer the reader to [6] for details. Recall that N(x; `) =

∑
aλx

λ

is a polynomial. The goal is to show that for λ /∈ Πθ we have aλ = 0.
Equivalently we show that if (w$i, λ− (θ − wθ)) < 0 for some w ∈ W and
i = 1, . . . , r, then aλ = 0. We induct on the length of w. If l(w) = 0 and λ
violates the inequalities active at the origin, then clearly aλ = 0. Otherwise
we would have polar terms, a contradiction since N(x; `) is polynomial.

Now suppose that l(w) > 0 and that we have verified the inequalities at
all vertices θ − uθ, where l(u) < l(w). It follows from Lemma 3.3 and the
induction hypothesis that it suffices to consider the case when R(w) = {σk}
for some k = 1, . . . , r and to prove aλ = 0 if λ violates the inequality

(3.10) (w$k,x− (θ − wθ)) ≥ 0.

For the sake of contradiction, let σj ∈ L(w) and choose µ ∈ Λ such that µ
violates (3.10), but aµ 6= 0. Further assume that aµ′ = 0 for all µ′ = µ+ bαj
with b > 0. In other words, µ is the final point of support on the ray µ+bαj .
By Lemma 3.4, such a µ exists.
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We apply Theorem 3.1 with σ = σj to aµ, where aµ is the first coefficient
on the right-hand side of relation (3.1) or (3.2), depending on the value of
δj(σ • µ) mod n(αj). Let λ = σ • µ, and set m = n(αj) and δ = δj(λ). We
have aµ+bαj = 0 for all b > 0, and if δ ≡ 0 mod m then g∗−‖α‖2δ(p) = −1.

Thus, the right-hand side yields g∗−‖α‖2δ(p)|p|
1−δaµ regardless of the value

of δ mod m.

In the case δ ≡ 0 mod m, the left-hand side is

−|p|1+maλ−mαj + aλ.

Otherwise, we have

g∗−‖α‖2δ(p)|p|
1+m−(δ)maλ−(m−(δ)m)αj + aλ.

One checks that aλ vanishes by the induction hypothesis, since l(σjw) <
l(w) implies λ = θ − σjwθ violates the inequalities active at θ − σjwθ.
Again by Lemma 3.4 this implies that aλ−mα and aλ−(m−(δ)m)αj also vanish.
Therefore, the left-hand side is identically zero and aµ vanishes. It follows
that aµ = 0 unless µ satisfies (3.10).

3.3. Support of modified p-parts. We now take a slight detour from
our main goal to consider the support of the modified p-parts f(x; `) :=
∆(x)F (x; `) = ∆(x)N(x; `)/D(x). As mentioned in the introduction, the
f(x; `) coincide, up to a change of variables, with Weyl group multiple
Dirichlet series associated to the rational function field over a finite field.
We expect that Weyl group multiple Dirichlet series associated to func-
tion fields over finite fields encode arithmetic data about the arithmetic of
the defining curve, much like zeta functions. Theorem 3.5 has applications
toward understanding the support of these series, which the author will ex-
plore in a forthcoming paper. We include the result here as a complement
to Theorem 3.2.

Theorem 3.5. The support of f(x; `) lies outside the interior of the
polytope Πθ.

Figures 3 and 4 illustrate Theorem 3.5 for n = 3 with Φ = A2 and
n = 2 with Φ = B2. The plotted points represent the nonzero coefficients
of f(x; `) = ∆(x)F (x; `), where as before xk11 x

k2
2 corresponds to xk1α1+k2α2 ,

and α1 and α2 are the indicated vectors. For B2, recall we take α1 as the
long root.

Before giving a proof, we recall the following. For Φ(w) the set of positive
roots made negative by w, one can show that #Φ(w) = l(w). If l(σkw) =
l(w) + 1, then by [13, Section 5.6] we get

Φ(σkw) = Φ(w) ∪ {w−1αk}.
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(a) A2, f(x; 0, 0) (b) A2, f(x; 1, 1)

Fig. 3

(a) B2, f(x; 0, 0) (b) B2, f(x; 2, 4)

Fig. 4

In particular, if l(wσk) = l(w) + 1, then

(3.11) Φ(σkw
−1) = Φ(w−1) ∪ {wαk}.

Proof of Theorem 3.5. By definition

∆(x)F (x; `) =
∑
w∈W

j(w,x)(1|`w)(x).

Thus, it is enough to show that the support of j(w,x)(1|`w)(x) is contained
in the cone determined by Φ(w) and shifted by θ − wθ.

We prove this claim by induction on l(w). When l(w) = 0, the state-
ment is clear. Now assume that l(wσk) = l(w) + 1. We wish to show that
j(wσk,x)(1|`wσk)(x) is supported on the cone determined by Φ(wσk) and
shifted by θ − σkwθ. By our assumption on the relative lengths of w and
wσk, we have Φ(wσk) = σk(Φ(w)) ∪ {αk}.

Since j(w,x) ∈ Ã0 for all w, it follows from (3.3) that [j(w,x)f |`σk](x) =
j(w, σkx)[f |`(x)]. By [7, Lemma 3.3], up to sign we have
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j(w, σkx) =
∏

α∈Φ(w)

|p|n(α)d(α)(σkx)n(α)α =
∏

α∈σk(Φ(w))

|p|n(α)d(α)xn(α)α

=
∏

α∈Φ(wσk)\{αk}

|p|n(α)d(α)xn(α)α = j(wσk,x)/|p|n(αk)d(αk)xn(αk)αk

where we have used n(α) = n(σkα). From the above equality, we see that

j(wσk,x)(1|lwσk)(x) = j(wσk,x)[(1|`w)|lσk](x)

= |p|n(αk)d(αk)xn(αk)αk(j(w, σkx)[(1|`w)|`σk](x))

= |p|n(αk)d(αk)xn(αk)αk([j(w,x)(1|`w)]|`σk)(x).

Our inductive hypothesis implies that j(w,x)(1|`w)(x) is supported on
the cone defined by Φ(w) and shifted by θ −wθ. Thus, we can assume that

j(w,x)(1|`w)(x) =
∑
β

fβ(x),

where each fβ(x) is a monomial supported on Φ(w) shifted by θ−wθ. Using
(2.8), we have

([j(w,x)(1|`w)]|`σk)(x) =
∑
β

[Pβ,`,k(xk) +Qσk•β,`,k(xk)]fβ(σkx),

where fβ(σkx) = aβ|p|d(σkβ−β)xσkβ up to constants aβ. By definition, we get

Pβ,`,k(xk)fβ(σkx) = xσk•βx−δk(β)n(αk)P̃ (xk),

Qσk•β,`,k(xk)fβ(σkx) = xσk•βx−n(αk)Q̃(xk),

where P̃ (xk) and Q̃(xk) are rational functions supported on the ray de-

termined by αk. After multiplying by x
n(αk)
k , each of these two terms is

supported on σk(Φ(w)) ∪ αk = Φ(wσk). Moreover, since the original cone
had been shifted to the vertex xw•0, which corresponds to w, the new cone is
shifted to the vertex xσk•w•0, which corresponds to a reflection under σk.

4. Stable coefficients. In this section we compare the methods of [2, 3]
and [7] to define p-parts of Weyl group multiple Dirichlet series. More specif-
ically, we compare these methods in the “stable” case n � r. In this case,
the only nonzero coefficients of N(x; `) are those attached to the vertices of
the polytope Πθ [2, 3]. We call these coefficients the stable coefficients. For
the precise stability condition, see [3, equation (20)]. When Φ is type A, it
is enough to have n ≥

∑r
i=1(li + 1).

As in [6], we caution the reader that we now make a slight change in
notation: the element w now corresponds to the coefficient of λ = θ−w−1θ.
This change is to aid the comparison of the sets Φ(w−1) and Φ(σkw

−1). For
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each θ, [2, 3] define the stable coefficients

(4.1) Aλ =
∏

α∈Φ(w−1)

g‖α‖2(pdθ(α)−1, pdθ(α)),

where λ = θ − wθ for some w ∈W and dθ(α) := 〈θ, α〉.

Theorem 4.1. Let θ − w−1θ =
∑
kiαi, and let N(x; `) =

∑
aλx

λ be
the p-part constructed via [7]. Then aλ = Aλ. In other words, the stable
coefficients of [2, 3] and [7] agree.

Proof. We follow [6] and induct on l(w). Assume that a0 = 1. If l(w) = 0,
we have an empty product on the right-hand side of (4.1) and the statement
holds trivially. Suppose that aλ = Aλ on all v ∈ W with l(v) ≤ l(w). Let
µ = θ − σjw−1θ, with l(σjw

−1) = l(w−1) + 1. In other words, we assume
µ = σj • λ and µ < λ. If we apply (3.1) or (3.2) with aµ on the right-hand
side, the outer terms vanish by Lemma 3.4. We have aµ = −|p|δ(λ)−1aλ if
δ(λ) ≡ 0 mod n(αj) and aµ = (g∗−‖αj‖2δ(λ)(p))

−1|p|δ(λ)−1aλ otherwise. On

the other hand, it follows from (3.11) and our induction hypothesis that

Aµ =
∏

α∈Φ(σjw−1)

g‖α‖2(pdθ(α)−1, pdθ(α))

=
∏

α∈Φ(w−1)

g‖α‖2(pdθ(α)−1, pdθ(α))× g‖wαj‖2(pdθ(wαj)−1, pdθ(wαj))

= aλ × g‖wαj‖2(pdθ(wαj)−1, pdθ(wαj)).

It remains to show

g‖wαj‖2(pdθ(wαj)−1, pdθ(wαj))

=

{
−|p|δ(λ)−1 if δ(λ) ≡ 0 mod n(αj),

(g∗−‖αj‖2δ(λ)(p))
−1|p|δ(λ)−1 otherwise.

When δ(λ) ≡ 0 mod n(αj), we have g∗−‖αj‖2δ(λ)(p) = −1. Otherwise, we

use (2.4) and (2.6) to rewrite

(g∗−‖αj‖2δ(λ)(p))
−1|p|δ(λ)−1 = g‖αj‖δ(λ)(p)|p|

δ(λ)−1.

From (2.2), it suffices to show that δj(λ) = dθ(wαj). By definition

δj(λ) = d(µ− λ) = d
((∑

i

kic(i, j)
)
αj − (lj + 1)αj

)
=
∑
i

kic(i, j)− lj − 1.



314 H. Friedlander

Also

dθ(wαj) = 〈θ, wαj〉 = 〈σjw−1θ,−αj〉 =
〈
θ −

∑
i

kiαi,−αj
〉

= −lj − 1 +
〈∑

i

kiαi, αj

〉
=
∑
i

kic(i, j)− lj − 1.

This implies the result.

We remark that in the stable case n� r, the only coefficients of N(x; `)
are those associated to the vertices of Πθ. Thus Theorem 4.1 shows that in
the stable case the p-parts of [2, 3] and [7] agree.

5. Unstable coefficients. In this section we address the extent to
which Theorem 3.1 determines N(x; `) =

∑
aλx

λ. Specifically, in Theorem
5.4 we find the dimension of the space of polynomials satisfying the recur-
rence relations of Theorem 3.1. Throughout this section, for ` = (l1, . . . , lr) ∈
(Z≥0)r we let θ =

∑r
i=1(li+1)$i. Recall that we have defined Θ to be the set

of all dominant weights in the irreducible representation of highest weight θ.
We now let Θ+ be the subset of regular dominant weights.

The following theorem is a generalization of [6, Theorem 5.7] and gives
an upper bound on the dimension of the space of polynomials satisfying
Theorem 3.1.

Theorem 5.1. Suppose that the coefficients aθ−ξ of N(x; `) are known
for all ξ ∈ Θ+. Then N(x; `) is completely determined by the relations of
Theorem 3.1 after setting a0 = 1.

Our argument follows [6]. We consider w-orbits of the coefficients. Recall
that by Theorem 3.2, the support of N(x; `) =

∑
aλx

λ is contained among
all λ = θ − wξ such that w ∈ W and ξ ∈ Θ. For any ξ ∈ Θ, define
Oξ := {θ − wξ : w ∈ W} as the W -orbit of the coefficient aθ−ξ under the
• action. Let O = {Oξ : ξ ∈ Θ} be the set of all such orbits. There is a
natural partial order on O given by the poset relation on the weights: we
say Oξ ≤ Oξ′ if and only if ξ � ξ′. Under this identification of ξ with θ − ξ,
the condition ξ � ξ′ becomes θ − ξ � θ − ξ′.

Proof of Theorem 5.1. We induct on the poset O. First, we know all the
points in the orbit Oθ by Theorem 4.1. Now fix ξ ∈ Θ such that ξ 6= θ and
suppose that we have determined the coefficients attached to all orbits O
with O > Oθ. We consider two cases: ξ regular or not.

Assume that ξ is regular and let λ = θ − ξ. By assumption, the value
of the coefficient aλ associated with ξ is known. We must show that we can
determine aδ for all δ ∈ Oξ. Any such δ is of the form θ − wξ = w • λ
for w ∈ W and thus can be obtained from successive application of simple
reflections σj . From relation (3.1) or (3.2), when we apply σj to aλ, the outer
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term on the left-hand side is either θ − (ξ + ναj) or θ − (ξ + nαj), where
m = n(αj) and ν = m− (δ(λ))m. In both cases, [6, Lemma 5.3] implies that
these terms come from a previously determined orbit Oξ′ with Oξ′ > Oξ.
Under the action σj • (θ − ξ′) we obtain the outer term on the right-hand
side, so this term also belongs to Oξ′ and hence is previously determined.
Since we know three out of four terms of the relation, aδ is determined.

Now, assume that ξ is not regular. Since #Oξ < #W , there exists a
simple reflection σj such that aλ is taken to itself under (3.1) or (3.2). By
[6, Lemma 5.5], all other aλ′ involved in the recurrence are predetermined;
therefore we know aλ. We may now successively apply (3.1) or (3.2) to
determine the remaining coefficients θ − wξ in the orbit Oξ.

Corollary 5.2. When ` = (0, . . . , 0), N(x; `) is completely determined
by the relations from Theorem 3.1 after setting the constant term to 1.

Proof. See [6, Corollary 5.8].

We now show that any polynomial satisfying the recurrence relations of
Theorem 3.1 can be written as a weighted sum of C-linearly independent
shifted p-parts. The key to this result is the following lemma, which allows
us to shift the action (2.8).

Lemma 5.3 ([9, 16]). Let f(x) ∈ C[Λ] be a rational function. Write the |`
action described in (2.8) as |θ. Then for ξ ∈ Θ+, we have

(f |ξw)(x) = (fxθ−ξ|θw)(x)xξ−θ.

Consequently, f(x) satisfies the recurrence relations of Theorem 3.1 for ξ if
and only if f(x)xθ−ξ satisfies the recurrence relations of Theorem 3.1 for θ.

Proof. For Φ type A, Chinta and Offen [9] define a Weyl group action on
rational functions that is independent of θ. From [9, equation (9.2)] it follows
that this θ-independent action is equivalent to the action (2.8) after the shift
described in the statement of the lemma. In [16], McNamara generalizes the
action of [9] to all Φ. For the reader’s convenience, we demonstrate the case
when f(x) is a monomial.

Let fβ(x) = xβ ∈ Aβ. We claim (fβ|ξw)(x)xθ−ξ = (fβx
θ−ξ|θw)(x). To

see this, let σk be a simple reflection. Writing ξ =
∑

(ri + 1)$i, we set
(ξ)k = rk. Recall that Pβ,ξ,k and Qβ,ξ,k depend only on δξ,k(β) and (ξ)k.
Note that for w ∈W , definition (2.5) implies

w •ξ λ+ (θ − ξ) = w •θ (λ+ θ − ξ).
It follows that δθ,k(β + θ − ξ) = δξ,k(β). Let C = −

∑
i c(i, k). A simple

calculation shows that (|p|xk)C = (fβ+θ−ξ(σkx))/(fβ(σkx)xθ−ξ). Now let
θ − ξ =

∑
kiαi. Using the Cartan matrix to base change, we deduce that

(θ)k − (ξ)k =
∑
kic(i, k) = −C. The claim now follows from the definition

of the action in (2.8).
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Theorem 5.4. The dimension of the C-vector space of polynomials sat-
isfying the recurrence relations of Theorem 3.1 is equal to #Θ+.

Proof. Denote N(x; `) by N(x; θ). Let N (x) =
∑

λ bλx
λ be any polyno-

mial satisfying the recurrence relations of Theorem 3.1. By Theorem 5.1, the
coefficients bθ−ξ for ξ ∈ Θ+ completely determine N (x). Let mθ = b0 be the
constant coefficient of N (x); Theorem 4.1 shows that the stable coefficients
of mθN(x; θ) and N (x) agree. Write

N (x) = mθN(x; θ) + Eθ(x),

where Eθ(x) is a polynomial that also satisfies the recurrence relations of
Theorem 3.1 and is supported on the orbits Oξ′ = {xθ−wξ′ : w ∈W}. Let Sθ
denote the set of corresponding ξ′. Since θ is the unique maximal element
of Θ, all such ξ′ satisfy ξ′ ≺ θ. If Sθ is empty then we have expressed N (x)
as a sum of shifted p-parts, so assume Sθ is nonempty.

Choose ξ ∈ Sθ∩Θ maximal with respect to the partial order on L. If ξ is
not regular, then there exists a simple reflection taking ξ to itself. It follows
again from Theorem 5.1 that the xξ coefficients of both N (x) and N(x; θ)
are completely determined by the coefficients associated to the orbits Oξ′′
where ξ′′ satisfies ξ′′ � ξ. If the xξ coefficient of Eθ(x) is zero, then so are
all coefficients of Eθ(x) in the ξ-orbit and we contradict ξ ∈ Sθ. Otherwise,
we contradict the maximality of ξ. Thus, ξ is regular.

By Lemma 5.3, the polynomial Eθ(x)xξ−θ satisfies (3.1) and (3.2) for
the twisting parameter ξ. Let mξ be the constant coefficient of Eθ(x)xξ−θ

and write

Eθ(x) = mξN(x; ξ)xθ−ξ + Eξ(x),

where Eξ(x) is supported on the orbits Oξ′ with ξ′ ≺ ξ. By the same ar-
gument as above, a maximal such ξ′ is regular. Continuing in this fashion,
after at most #Θ+ iterations, we obtain

N (x) =
∑
ξ∈Θ+

mξN(x; ξ)xθ−ξ, mξ ∈ C.

Note that the N(x; ξ)xθ−ξ have disjoint supports, and thus are clearly
C-linearly independent.
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