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On algebraic integers in short intervals
and near smooth curves

by

FRIEDRICH GOTZE and ANNA GUSAKOVA (Bielefeld)

1. Introduction. Many problems in the theory of Diophantine approx-
imation are related to the distribution of algebraic numbers and algebraic
integers [I5 25]. In this paper we wish to investigate the distribution of
algebraic integers on the real line and the distribution of the points with
algebraic conjugate integer coordinates in the Euclidean plane.

Let P(t) = ant™+- -+ a1t + ag be a polynomial with integer coefficients
of degree n. By the height of P we mean H(P) = maxo<j<n |a;j|. Suppose
P is irreducible with coprime coefficients. Its roots « are algebraic numbers
of degree n and height H(a) = H(P). When a,, = 1, these roots are called
algebraic integers of degree n and height H(a) = H(P).

Let # S denote the cardinality of a finite set S and uiD the Lebesgue
measure of a measurable set D C R¥, k € N. We define the following class
of polynomials:

Pn(Q) = {P € Z[t] : deg P <, H(P) < Q}.

We emphasize that we restrict our attention to the case when QQ > Qg is
a sufficiently large integer. Furthermore, we will denote by ¢; > 0, j € N,
positive real numbers independent of H(P) and Q.

The first part of this paper is devoted to the study of the one-dimensional
case, namely algebraic integers. Over the last 20 years, new results provid-
ing a deeper insight into the distribution of algebraic numbers have been
obtained. In particular, lower and upper bounds for the distances between
algebraic conjugate numbers and the roots of different integer polynomials
were obtained in [3| 10} 14} 20].
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Let us consider an interval I C [—1/2;1/2] of length |I| = c;Q~ L. Tt is
of interest to know whether I contains algebraic numbers o with dega < n
and H(a) < Q. In case of a positive answer we are also interested in finding
a lower bound for the number of such a’s. These problems were solved for
n = 3 by V. Bernik, N. Budarina and H. O’Donnell [9], and a general result
for all integer n was proved by V. Bernik and F. Gétze [6]. The result of [6]
states that for any integer () > 1 there exists an interval I of length %Q‘l
which contains no algebraic number « of height < ). On the other hand,
for Q > Qo(n) sufficiently large any interval I with [I| > ¢1Q~! contains
at least c2Q"*!|I| real algebraic numbers of degree < n and height < Q.
Furthermore, these algebraic numbers form a regular system [13].

Our purpose is to obtain a similar result in the case of algebraic integers.

THEOREM 1.1. For any integer Q > 1 there exists an interval I of length
%Qfl which contains no algebraic integers of height < QQ and degree > 2.

It is easily seen that Theorem follows from the results in [6], since
the algebraic integers form a subset of the set of algebraic numbers.

THEOREM 1.2. For any integer n > 2 there exist constants cs and cq such
that any interval I of length c3Q™' contains at least c4Q*|I| real algebraic
integers of degree n and height < Q with @ > Qp(n).

REMARK 1. It should be mentioned that the condition I C [—1/2;1/2]
is not essential to the proof and can be dropped (see [2, [12] for more details).

REMARK 2. Another way of stating Theorem [1.2]is to say that the set
of real algebraic integers of degree n forms a regular system.

DEFINITION. Let I" be a countable set of real numbers and N : I' — R™
be a positive-valued function. The pair (I, N) is called a regular system
if there exists a constant ¢s = ¢5(I, N) > 0 such that for every interval
I C R the following property is satisfied: for a sufficiently large number
To = To(I', N, I) > 0 and every integer T' > T} there exist v1,...,w € ['NI
satisfying

e N(vi) <T,1<i<t,
o [vi—vl>TH1<i<j<t,
o t>csT|I|

A simple example of a regular system is the set of non-zero rational
numbers p/q together with the function N(p/q) := ¢*. Similarly, the set of
real algebraic numbers « of degree n forms a regular system with respect
to the function N(a) = (H(a)/(1 + |a])™)" "L, and the set of real algebraic
integers « of degree n forms a regular system with respect to the function
N(a) = (H(a)/(1+ |a))" 1" (see [1 2, 12]). The interest of Theorem
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is that in contrast to the result of [12] it allows one to clarify the relation
between the parameter Ty and the length of the interval I.

The results mentioned above have many interesting applications. For
example, regular systems of algebraic numbers are used to obtain lower
bounds for the Hausdorff dimension of various algebraic number sets [I}, 18]
and to prove Khinchin-type theorems in the case of divergence [2 [5, [11].

In the second part of our paper we study a two-dimensional analogue
of Theorem An interesting result related to the distribution of points
with algebraic conjugate coordinates in the Euclidean plane was obtained
in [8,[7]. Let us consider a rectangle E = I x I, where I, I5 are intervals
of lengths |I1| = Q™1 |I2] = Q%2 with 0 < s; + s2 < 1. Furthermore, from
now on we make the assumption that

(1.1) En{(z,y) eR?: |z —y| <e} =0,

where ¢ > 0 is a sufficiently small constant. Since the distance between
algebraic conjugate numbers is bounded below [14], 20], this condition is not
particularly restrictive, but it will simplify our argument. We call a point
(a, B) an algebraic point if o and [ are algebraic conjugate numbers, and an
algebraic integer point if v and 3 are algebraic conjugate integers. In [7] it is
shown that for Q@ > Qo(n,¢, s1, s2) any rectangle F of size uoE = Q51752
with 0 < s1 + so < 1 contains at least cg@Q" "2 E algebraic points (a, 3)
with dega =deg 5 <n,n >2and H(a) = H(S) < Q.

We prove that a similar estimate holds in the case of algebraic integer
points.

THEOREM 1.3. Let E = I x I3 be a rectangle with sides |I1| = Q@ and
|Is| = Q%2 satisfying . Then for any integern >4 and 0 < s1+82 < 1
there exists a constant cy such that E contains at least c;Q"uoE algebraic
integer points (a, f) with dega = deg 8 = n and H(a) = H(B) < Q with
Q > Qo(n, e, s1,52).

REMARK 3. It should be noted that the position of the rectangle E
is assumed to be fixed, namely its midpoint (d;,ds) is independent of Q.
Therefore, the values ¢7 and Qg may depend on d; and ds.

This theorem deals with a simple figure like a rectangle, but it allows one
to obtain analogous estimates for more complicated shapes. In particular,
a number of interesting problems arise when the distribution of algebraic
points in neighborhoods of smooth curves is investigated [22]. Let us mention
several recent results in this area. Upper and lower bounds of the same
order for the number of rational points near smooth curves have been
obtained in [4] and [26]. The 2014 paper [8] presents a lower estimate for the
number of algebraic points of arbitrary degree in neighborhoods of smooth
curves.
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Our main theorem is a restatement of the results of [§] in terms of alge-
braic integers.

THEOREM 1.4. Let y = f(x) be a continuous differentiable function on
an interval J = [a;b] such that sup,c; |f'(z)] < co. Denote

LJ(Qv)‘) = {(SU,y) € RQ 1T € Jv |y - f($)| < CSQ_A}

for 0 < A < 1/2. Then for any integer n > 4 there exists a constant cg such
that for Q > Qo(n,J, f,\) the set Ly(Q,\) contains at least cQ™ ™ alge-
braic integer points (o, ) with dega = degf =n and H(a) = H(B) < Q.

Proof. We give only the main ideas of the proof. For more details we
refer the reader to [7].

Consider the graph of y = f(z) and the strip L;(Q, ) for a fixed 0 <
A < 1/2. Divide the strip L;(Q,\) into segments

Ty ={(z,y) eR*:w € J;, [y — f(x) <Q},
where J; = [z;_1,2;], #; = 251 + c10Q™, 20 = @ and 1 < i < m. It is easy
to check that m > ¢1;Q” for Q > Qo. Let

fi= %(I;lea}gf(:ﬂ) + ggﬁf(w))-
Consider the rectangles
Ei = {(:U>y) € RQ VS Jia ‘y - ﬁ’ S CIQQ_A}7
where c19 is so chosen that E; C T;.
From Theorem it follows that every rectangle F;, i = 1,...,m, con-
tains at least ¢;3Q" 2} algebraic integer points of degree n and height at

most Q. Since m > ¢11Q*, there must be at least cgQ™ ™ algebraic integer
points (o, B) € Lj(Q,\). m

2. Auxiliary statements. In this section we collect some lemmas
which will be used to prove Theorems and The first paper dis-
cussing approximation by algebraic integers was written by H. Davenport and
W. M. Schmidt [I7]. Recently, their approach has been further developed by
Y. Bugeaud [12]. In our paper we are going to apply some of his ideas. The main
geometric ingredient is Minkowski’s theorems from the geometry of numbers.

LEMMA 2.1 (Minkowski’s 2nd theorem on successive minima). Let K be
a bounded centrally symmetric conver body in R™ with successive minima
Tl,...,Tn. Then
2"/nl <7 ..., V(K) <27

The best general references here are [16, p. 203], [21, p. 59].

LEMMA 2.2 (Bertrand postulate). For any integer n > 2 there exists a
prime p such that n < p < 2n.



Algebraic integers in short intervals 255

This was proved by P. Chebyshev in 1850 (see for instance [23 Theorem
2.4]).

LEMMA 2.3 (Eisenstein criterion). Let P(t) = a,t™ + -+ a1t +ap be a
polynomaial with integer coefficients. If there exists a prime number p such
that

an #Z 0 mod p,
(2.1) a;=0modp, i=0,...,n—1,
ag # 0 mod p?,
then P is irreducible over the rational numbers.
For a proof see [19].
LEMMA 2.4. Consider a point © € R and a polynomial P with zeros
a1y ...,0n, where |z — aq| = min; |z — ay|. Then
|z — a1| < n|P(x)] - [P'(2)| 7"
Proof. We have

|P'(z)| | P(x |1<Z]m—az| <nlzr—ai " =

LEMMA 2.5 (see [6]). Let I C R be an interval of length c14Q ™", where
c14 > co. Denote by L1 = LL(Q, 60, 1) the set of points x € I such that there
exists a polynomial P € P, (Q) satisfying

{ [P(x)] <@,
[P ()] < 60Q.
Then LY < 3|I| for 6o = do(n) > 0 sufficiently small and Q > Q.

REMARK 4. It suffices to take dp(n) = 27" ®n=2 (see [6] for more de-
tails).

This lemma is a base for the proof of Theorem
LEMMA 2.6 (see [7]). Let E = I x Iy be a rectangle with midpoint
(di,d2) and |I;] = Q™% with 0 < s1+s2 < 1. Given positive vy, ve satisfying
v +ve =n—1, let L2 = L2(Q, b, E,v1,v2) be the set of points (z,y) € E
such that there exists P € P, (Q) satisfying
{ [P(z)] <@, |P(y)] < hoQ™,
min{|P'(z)], [P (y)|} < 6@,

where h; = ((|d;| + 1)"™ — 1)|d;|7%, i = 1,2. Then pol? < 1uoE for
do = do(n,dy1,ds) > 0 sufficiently small and Q > Q.

(2.2)
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REMARK 5. An easy computation shows that for every (x,y) € E and
all P € P,(Q) we have

|P(z)| < mQ, [P(y)] < haQ.
Hence the values v; and vy lie between —1 and n.

REMARK 6. It is easily seen (for example from Lemma [2.4) that for a
fixed polynomial P the set of points (z,%) € R? satisfying (2.2)) is contained
in a rectangle op = Jy X Jo with peop < %,ugE (see [7]).If I; C Jy or I3 C Jo,
we consider the rectangle I; x Jo or J; X Io instead of op to estimate the
measure of £2.

3. Proof of Theorem Let L1 | = Ll ,(Q,d0,1) be the set of
x € I such that there exists P € P,,_1(Q) satisfying

P < —n+1
(3.1) { | /(fr)! Q"

|P'(z)] < 60Q-
From Lemma 2.5 it follows that

IUJL’I];,—]. < %’I ’
for Q > Qo and dp < 27" "(n —1)72.

Consider the set B! = I'\ £1_,. Since for any = € I there exists P €
Pr—1(Q) satisfying |P(x)| < Q ™", we conclude that for any zo € B! and
P e ?,1(Q), the system

{ |P(x0)| < Q7"
[P’ (0)] = 0@
is satisfied, and p1 B > 3|1|.
Pick zp € B! and examine the successive minima 71, ..., 7, of the com-
pact convex set K defined by the inequalities
|an—1w8_1 + - arzo +apl < QY
(3.2) |(n — 1)an_1x8_2 + o 4 2a920 + a1] < Q,
an il s < Q.
Suppose 11 < dg. Then for §g sufficiently small there exists a non-zero Py €
Pr-1(Q) satisfying
| Po(0)] < 60Q " < Q7"
[Po(zo)| < 60Q,

H(PR) <Q.
This contradicts zg € B! =T \ L}l_l, implying that 7,1 > --- > 7 > Jp.

Since the volume V(K) of the set K is equal to 2", we deduce from
Lemma that 71...7, < 1, and hence 7, < §; "+l Therefore we can
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choose n linearly independent polynomials with integer coefficients P;(t) =
T L a;1t + a;0, 1 < i < n, satisfying

|Pi(o)| < 6" QT
(3.3) P! (w0)] < 67710,

laijl <6,"Q, 2<j<n-1
Applying well-known estimates from the geometry of numbers (see [10,
p. 219]) we obtain

A= \det((ai’j_l) )| < nl.

n
ij=1
Moreover, from Lemma [2.2]it follows that there exists a prime p which does
not divide A and satisfies

(3.4) n! <p<2nl

Our next goal is to construct an irreducible monic polynomial of degree n
using the polynomials P;. Consider the following system of linear equations
in n variables 01, ..., 0,:

n
x+p Y 0:Pi(w) = p(n + 1)5, "1 Q"
=1

(3.5) naf ' +pY 0:P/(z0) =pQ+pY_ |Pl(x0)],

i=1 =1

n
Zﬁiamzo, 2§j§n—1.

\ =1

In order to find the determinant A of this system, it is convenient to
transform it as follows. Multiply the kth equation, where k = 3,...,n, by
p- xlg_l and subtract it from the first equation. Similarly, multiply the kth
equation, where k = 3,...,n, by p- (k — 1)x§72 and subtract it from the
second equation. After making these transformations the determinant A
may be written as

a11%9 +a1,0 --- Gnp1%o+ Gno
N ai,1 Gn,1
A=p*.
a1,n—1 e Gnp,n—1

Since the P; are linearly independent, we conclude that A = p2A # 0.
Hence, there exists a unique solution (61, ...,6,) of the system ({3.5).
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For integers k1, . .., k,, consider the following polynomial of degree n with
integer coefficients:

n
P(t) =t"+pY_ kiPi(t) = t" + plan_1t""' + -+ + art + ap),
i=1

where aj =Y " kia;;, 0 <j <n—1,and k;, 1 <1 <n, satisfy
(36) 0, kil < L

We next show that there exist k; such that P is irreducible. From (3.6)) w
have two possible values for every k;, which will be denoted by k:l and k2
k:1+1 Therefore, by Lemmaﬂ, 2.3 it suffices to show that we can choose k; such
that all a; satisfy (2.1} . It is easily seen that the first and second conditions of
. 2.1)) hold for any k;. It remains to show that ag = k1a10+- - -+ kpan,o is not
divisible by p. Since p does not divide A, there exists 1 < ¢ < n such that a;
is not divisible by p and hence either a(l) =kiaio+---+ ai’okil +- -+ anokn
or a% = ka0 + -+ amk:f + -+ + an,oky is not divisible by p. Therefore,
choosing k; in this manner yields an irreducible polynomial P.

We now proceed to estimate |P(z9)|, |P'(x0)| and H(P). Combining
and with the system we obtain the following inequalities.

From the first equation of the system it follows that

(3.7) pS " HIQTH < |P(wo)| < p(2n + 1)65 QT
Similarly, from the second equation we have
(3.8) pQ < |P'(z0)| < (p+2pndy ™)@,
and the remaining equations give
(3.9) laj| < néy"TQ, 2<j<n-—1.
Finally, applying (3.7)—(3.9) and the inequality |zg| < 1/2 yields
n—1
(3.10) jar| < |P'(wo)| + nlwo[* ™" + > jlwol " ay|
=2
Ck+1
< (p+2pndy"™HQ + <n5 ”+1Z + )Q
k=1
< (p+ (2pn +3n)5,"HQ,
n .
(3.11) jaol < [P(wo)| + [xol™ + larzo| + D ol ay]
j=2
< 3pQ+ (3p+ (pn + 3n) 3" Q + 5ndy @

IN

(p+ (pn +4n)5; " H)Q.
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From (3.9)—(3.11]) and (3.4)) we conclude that

(3.12) H(P) < 2n!(2n5; "t + 1)Q =: Q1.
Consider the roots aq,...,a, of P, where |xg — a;| = min; |29 — «;]. In
view of Lemma
(3.13) w0 — a1| < nl P(x0)| |P'(z0)| .
Substituting and into we obtain
(3.14) |20 — 1] <n(2n+1)5; "M Q™" = c15Q 7™

If o is a complex root of P, then its complex conjugate is also a root
of P. Hence, by (3.12), (3.14)) and well-known estimates for the roots, namely
lai] < H(P)+ 1,1 <4 <n (see |24, Theorem 1.1.2]), we deduce that

1P(x0)] = [] lzo — ail < 5Q72"(2+ 202085 + 1)Q)" .

i=1
This inequality contradicts (3.7)) for @ > Qo. Thus, all roots of P are real.
Finally, take a maximal system I" = {71,...,7n,} of real algebraic inte-

gers such that |y; — ;| > c15Q™", 1 < i # j < m. Let us show that for any
ro € B! there exists v € I' such that |zg — 7| < 2¢15Q~". By the above
arguments and , for any xo € B! there exists a real algebraic integer
ay € I such that |xg — a1]| < c15Q ™. If ag € I', then we can take v = ay;
otherwise, there exists v; € I" such that |a; — ;| < ¢15Q ", and hence

lzo — il < lzo — 1] + | — | < 2e1;Q7™.

In this case, we can take v = ~;. Therefore, B C U"{z € I : |z — | <
2015Q7n} and

m
dmesQ" > g (U{x el:|x—y < 2015Q_”}) > B > %m.
=1

This implies that the number of algebraic integers o € I with dega = n
and H(«a) < @ is no smaller than

m > 3 QM| = Berd (201200 1)) T Q| = caQY 1|
for Q1 > o, and the proof is complete.

From the proof of Theorem it follows that the set of algebraic in-
tegers of degree n forms a regular system with respect to the function
N(a) = (H(a)/(1+ o))" 1" and Ty = c16/I|~™", where the constant cig
is independent of ||.

4. Proof of Theorem The proof of Theorem uses the same
method as the proof of Theorem but it contains some non-trivial ele-
ments which require special attention.
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The proof applies Lemma [2.6, which is a two-dimensional analogue of
Lemma [2.5] Given positive v; and vg satisfying vq +ve = n— 2, consider the
system of inequalities

(41) ’P($)| < iLlinl, ’P(y” < iLQQiUQa

min{| P'(2)|, |P'(y)[} < 6@,
where h; = max{((|d;| + 1)" — 1)|ds| %, 3|d1 — d2| 2}, i = 1,2. Lemma
implies that the measure of the set £2 ; = £2 (Q, 0, F,v1,vs) of

points (z,y) € E such that there exists P € P,_1(Q) satisfying (4.1) can be
estimated as

M2L31—1 < %#ZE

for @ > @y and Jg sufficiently small.

It is easy to check, using for example Minkowski’s theorem on linear
forms [16] p. 73], that for any (z,y) € E there exists P € P,,_1(Q) satisfying
|P(z)| < hiQ™" and |P(y)| < ho@Q 2. From this it follows that for any
(z,y) € B> = E\ £L2_| we may choose P € P,,_1(Q) such that

[P(z)| < Q™™ [P(y)] < haQ",
[P'(x)] = 60Q,  |[P'(y)] = 0@,
and ,LLQB2 2 %,UQE

As in the proof of Theorem choose (zg,10) € B? and examine the
successive minima 71, ..., 7, of the compact convex set K defined by

ap 1207 4 - 4 armo + ag) < Q™
|an—1y8 " 4+ aryo + ao| < haQ 02,
[(n— Dap—12§ >+ + 20220 + a1| < Q,
[(n— Dan—1yg >+ + 2a2y0 + a1] < Q,
;] <Q, 4<i<n-—1.

Assume 71 < §p. Then for 0y sufficiently small there exists Py € P,_1(Q)
satisfying
| Po(@0)| < 60h1Q@™" < Q™",  [Po(yo)| < SohaQ "2 < hoQ "2,
|Po(z0)| < 60Q,  |Py(yo)| < d0@,
H(P) < Q.
contrary to (zo,y0) € B2 Thus, 74 > &. This fact and the estimate
V(K) > 2™ allow us to use Lemma namely the inequality 71 ...7, <1,

to conclude that 7, < ¢y ntl Hence, there exist n linearly independent
polynomials P;(t) = ai,n,ltn_l + -+ a; 1t +ajp, 1 <7 <n, with integer
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coefficients satisfying

|Pi(z0)| < 85" hi Q7

(4.2) |P!(x0)| < 6, 1Q,

|Pi(yo)| < 65" ha@2,
|P/(y0)| < 6" @,

laij| < 6" HQ, 4<j<n-—1

Analysis similar to that in the proof of Theorem [I.2] shows that there exists
a prime p which does not divide A =

|det((ai,j—1);;=1)| and satisfies

(4.3) n! <p < 2nl
Next, consider a system of linear equations in n variables 01, ...,60,,

( n

2 +p Y 0:Pi(w) = p(n + 1)5; " @1,
’L‘il

w5 +p Y 0:Pi(yo) = p(n + 1)5," 1 haQ ™2,
=1

(4.4) ny~ +pZ€P xo) Q+pZ|P xo)|

=1 =1

=1

\ =1

n
nyg "t +p Y 6P (yo)

=pQ+p>_ P (y)l

i=1

n
ZQiai,j:O, 4§]§n71

Our goal is to show that the determinant A of this system does not van-
ish. Let us transform as follows. Multiply the kth equation, where
k=5,6,...,n, by pxlg_ (respectlvely pg/g 1) and subtract the result from
the first (respectively second) equation of (4.4]). Similarly, multiply the kth
equation, where k = 5,6,...,n, by p(k — 1)1'({2 (respectively p(k — 1)y§72)
and subtract the result from the third (respectively fourth) equation. After
these transformations the determinant of may be written as

a1,3x3 + al,ﬂ% +a1,120 + a1,0

a1,3Y6 + a1,2y5 + a1,1y0 + a1
3a173x(2) + 2a1 070 + a1

P 3a1,3Y3 + 2a1,290 + a11

ai4

a1n—1

We proceed to show that Ais equal to A up to a multiple depending only
on xg, yo and p. Multiply the third (respectively fourth) row by %l’o (re-

an,sxg + an,2x% + ap, 170 + an,o

an3Yg + an25 + an,1Y0 + an,o
3an, 373 + 205,270 + An 1
3an,3y3 + 2an,2y0 + an1

an,4

Gn.n—1
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spectively %yo) and subtract the result from the first (respectively second)
row. Then subtracting the first (respectively third) row from the second

(respectively fourth) row gives

aLng + 2(1171$0 + 3(117()
a12(yo + o) + 2a1,1
3a1,3x3 + 2a172x0 + a1

4 2
N -
A P (g0 = z0)” 3a1,3(yo + xo) + 2a1 2

aj4

a1,n—1

amgx% + 2an170 + 3an
an2(Yo + o) + 2an 1

3an,3x% + 2an,270 + Q1
3an3(yo + o) + 2an,2

Gn 4

Gnp n—1

Now subtract the second row multiplied by zg from the first row and the
fourth row multiplied by 1/2 from the third row. Then subtract the third
row multiplied by (yo + x0)/z3 from the fourth row, and finally subtract the
fourth row multiplied by zgyo, yo + xo and %1‘0 — %yo from the first, second
and third row respectively. Finally, we obtain

ai,o R Qan,0
4 .

A = p*(yo — m0) = p*(yo — w0)* A > 0,

aln—1 -+ OApnn-—1

because the polynomials P;, 1 < i < n, are linearly independent and |y — x|
> & > 0. Hence, the system (4.4 has a unique solution (64, ...,6,). More-
over, there exist integers k1, ..., k, satisfying

(4.5) ‘Qi—tilﬁl, izl,...,n,

such that the polynomial with integer coefficients

n
P(t)=t"+pY kPi(t) =t" + plan_1t""" + - + art + ap),
i=1
where a; = > kia;j, 0 < j < n — 1, is irreducible. This follows by the
same arguments as in the previouse section.
Let us estimate the values |P(x0)|, |P(vo)|, |P'(x0)| and |P’(yo)|. From
(4.2), (4.5) and the first four equations of (4.4) we see that

(4.6) poy " QT < [P(xo)| < p(2n 4 15y T QT
(4.7) Py " haQ 7 < |P(yo)] < p(2n + 1)6; " haQ 2,
(4.8) pQ < |P'(z0)| < (p+ 2pndy " 1)@,
(4.9) pQ < |P'(yo)| < (p + 2pndy ") Q.
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Finally, we need to estimate the height H(P). By the fourth to nth equations
of (4.4]) and inequalities (4.2)), (4.5)), we have
(4.10) laj| < ndy"Q, 4<j<n-—1.
It remains to estimate |a;|, 0 < j < 3. By (4.6)—(4.10) and the inequalities
|zo| < |di]| +1/2, |yo| < |d2| 4+ 1/2, for Q > Qp we have

n—1 4
‘agafg + agxg + a1z + ap| < |P(zo)| + Z \xomaj\ + |zo|"

j=4

n
< 3pn(50_"+1iL1Q_v1 + <n50_"+1 Z (|d1| + 1/2)j>Q < 4pn(50_”+1iL1Q,
j=4
and similarly
lasys + aayg + aryo + ao| < 4pn50_”+1h2Q.

Then
n—1 '
[8asaf + 2aszo + ar| < [P'(@o)| + Y jlaol~*|ay| + nlao|"~
j=4 .
< (p+2pndg ™ Q + (ndg ™ D3| +1/277)Q

j=4
< (p+2pndy ™™ +n2h6y"THQ,
and similarly
13azyd + 2a2y0 + a1| < (p + 2pndy "+ n2hady " THQ.

We emphasize that for simplicity we do not care about the accuracy of the
constants. Consider the following system of linear equations in ag, ay, ao
and as:

aszd + asxd + arzo + ag =y,

(4.11) asys + asyd + aryo + ag = la,

3asxd + 2a2x0 + a1 = I3,

3azyg + 2azyo + a1 = la.

According to the above computations the determinant of the system
does not vanish. Thus, the system has a unique solution, which may
be found by using Cramer’s rule. Combining this with the estimates above
one can easily verify that

la;] < cirndy"TQ,  0<j <3,

where ¢17 = 28pe™3(hy + ho)(max{|d1|, |d2|}). Applying (4.3) and (4.10)

now yields
H(P) < clgnéo_”“Q =: Qh

where ¢15 = max{1, ci7}.
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Consider the roots aq,...,a, of P, where |xg — a1 = min; |z — a4,
and let (31,...,0, be a permutation of these roots such that |yo — 81| =
min; |yo — Fi]. By Lemma and estimates (4.6)—(4.8)), we have

|zg — 1] < n(2n+ 1)50*n+1;L1Q—v1—1 _ ClginQ_”l_l,
Yo — b1 <n(2n+ 1)5()_71“%2627”271 = c19iL2Q7”2*1.

For Q > @, the roots o and S are real, as is easy to check.
Let I' = {(a1,51),- - -, (tm, Bm)} be a maximal system of real algebraic
integer points such that

la; — o] > c1oh1 Q™1 or [Bi — Bj| > c1ohoQ72TY, 1 <i#j<m.

By the same method as in the previous section, it follows that for any
(w0,10) € B? there exists an algebraic integer point (ay, 8;) € I satisfying

|0 — e < 2010 Q" 7, lyo — Bi| < 2c10hoQ VL.
This implies

m
B®C U{(:an) S |5L' - Oéi| < 2619;1162_7}1_1’ |y — ﬁz| < QCIQEQQ—UQ—I}’
i=1
where
m > & eighy hy ' Qe E = QY B,
which finishes the proof.
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