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Summary. We adress the problem of qualitative properties of multipeakons, particular
solutions of the Camassa–Holm equation. Our approach makes use of the well-known
fact that the evolution of multipeakons is governed by the geodesic motion of a particle
on an N -dimensional surface whose metric tensor is given via the inverse matrix to the
one defining the Hamiltonian. Our approach yields some properties of twopeakons in a
very simple way. We classify initial shapes of twopeakons according to the occurrence of
collision. Moreover we extend the class of matrices that are invertible for similar reasons
to the one occurring in the Hamiltonian. We get exact formulas for the inverses.

1. Introduction. We consider the motion of multipeakons as weak so-
lutions of the Camassa–Holm equation. This motion is described via the
Hamilton equations with the following (singular) Hamiltonian:

(1) H(p1, . . . , pn, q1, . . . , qn) =
1

2

n∑
i,j=1

pipje
−|qi−qj |

where pi, qi are respectively amplitudes and positions of troughs and peaks
of the multipeakon

(2) u(x, t) =

n∑
i=1

pi(t)e
−|x−qi(t)|.

In other words, the Hamiltonian is given as

H(p, q) = 1
2p
TE(q)p,
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where

(3) E(q) = (e−|qi−qj |)i,j

is a symmetric matrix, and p = (p1, . . . , pn), q = (q1, . . . , qn) are vectors
in Rn.

Multipeakons are important particular weak solutions of the Camassa–
Holm equation (see [5] and [11] for the global-in-time existence of weak solu-
tions). Multipeakons have been extensively studied (see for instance [2], [4],
[9], [10], [7]). As already noticed in [5], the positions qi(t) obey the geodesic
equation with the metric tensor being the inverse of E(q) given in (3). This
is due to the fact that one can pass to the Lagrange description with the La-
grangian given by the Legendre transform of H which is given by the bilinear
form defined by E−1 as long as it is invertible (see [1]). It is well-known that
H(q) is invertible if and only if qi 6= qj for all i 6= j. Indeed, the Hamiltonian
H is actually given by

(4) 2H(p, q) =
1

2

∞�

−∞
(u2 + u2x) dx,

for u as in (2). Formula (4) is a consequence of

1

2

∞�

−∞
(u2 + u2x) dx =

1

2

n∑
i,j=1

pipj

min{qi,qj}�

−∞
e−|x−qi|−|x−qj | dx

+
1

2

n∑
i,j=1

pipj

∞�

max{qi,qj}

e−|x−qi|−|x−qj | dx

=
1

2

n∑
i,j=1

2pipje
min{qi,qj}−max{qi,qj} =

n∑
i,j=1

pipje
−|qi−qj |

as long as qi 6= qj . Hence, we see that H(p, q) ≥ 0, with H = 0 only if u = 0.
The latter is equivalent to p1 = · · · = pn = 0. Thus E is a positive definite
(in particular invertible) matrix.

In the next section we give an alternative proof of this fact. As a conse-
quence we shall see that a wider class of matrices containing E as a special
case is invertible. Moreover, we shall give a formula for the inverse of E. We
shall use it to compute the Lagrangian associated to the Hamiltonian H.

In the last section we study the properties of twopeakons, interpreting
them as trajectories of the Lagrange formulation of the problem. This allows
us to arrive at very precise results concerning collisions of twopeakons.

Since multipeakons are solutions of a fully integrable Hamiltonian system
before collision, much is known about their behavior (see for instance [5],
[2], [9], [10]). However, the formulas obtained in those papers are rather
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complicated, so that listing the properties of solutions in the last section
seems useful.

2. Invertibility of matrices and Lagrangian. There are many ways
of demonstrating that E is positive definite. One of them is presented in the
Introduction. As noticed by the referee, another way would follow from the
Bochner theorem. Indeed, the function e−|x| is the inverse Fourier transform
of 1

1+x2
which is supported on the whole real line, so in particular E is

positive definite.
In this section we present an elementary probabilistic approach. The

advantage of this method is that we directly obtain a formula for the inverse
matrix. Moreover, in our approach the matrix E is just a particular example
of a more general class of matrices A which are shown to be positive definite.
The inverses of A’s are found.

We start with the case where q1 < · · · < qn.

Lemma 2.1. Let ρ1, . . . , ρn−1 ∈ (−1, 1). Let A = [aij ], where aii = 1 for
i = 1, . . . , n and aij = aji =

∏j−1
k=i ρk for 1 ≤ i < j ≤ n. Then A is positive

definite.

Proof. Let ε1, . . . , εn be independent random variables such that Eεi = 0
and Eε2i = 1 for i = 1, . . . , n. Let{

X1 = ε1,

Xi+1 = ρiXi +
√

1− ρ2i εi+1 for i = 1, . . . , n− 1.

From the construction of X = (X1, . . . , Xn) we have by induction, for i =
1, . . . , n,

Xi =
√

1− ρ2i−1 εi +
i−1∑
k=1

√
1− ρ2k−1

i−1∏
j=k

ρjεk.

From the above formula we can see that Xi and εj for j > i are independent
(by our choice of the vector ε = (ε1, . . . , εn)). Hence by induction VarX1 =
Var ε1 = Eε21 = 1 = aii and

VarXi+1 = Var(ρiXi +
√

1− ρ2i εi+1)

= ρ2i VarXi + (1− ρ2i )Var εi+1 = ρ2i VarXi + (1− ρ2i ) = 1.

Moreover, we can prove by induction that for j > i,

Xj =

j−1∏
k=i

ρkXi +

j−1∑
k=i

√
1− ρ2k

j−2∏
l=k

ρlεk+1.
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From this formula we obtain (for i < j)

Cov(Xi, Xj) = Cov
(
Xi,

j−1∏
k=i

ρkXi +

j−1∑
k=i

√
1− ρ2k

j−2∏
l=k

ρlεk+1

)

=

j−1∏
k=i

ρk VarXi︸ ︷︷ ︸
1

+

j−1∑
k=i

√
1− ρ2k

j−2∏
l=k

ρl Cov(Xi, εk+1)︸ ︷︷ ︸
0

=

j−1∏
k=i

ρk = aij .

This means that VarX = EXXT = A and A is non-negative definite, be-
cause for v ∈ Rn we obtain vTAv = E‖vTX‖22 ≥ 0. To prove that A is
positive definite, observe that (ρ0 = 0)

(5) X = L1X +Dε,

where

L1 =


0 . . . 0 0

ρ1 . . . 0 0
...

. . .
...

...
0 . . . ρn−1 0


n×n

, D =


√
1− ρ20 . . . 0
...

. . .
...

0 . . .
√
1− ρ2n−1


n×n

.

Hence for L := (I − L1)
−1 we have X = LDε and we see that

(6) A = VarX = LDVar ε︸ ︷︷ ︸
I

DTLT = LD2LT ,

so that vTAv = ‖DLT v‖22 > 0 for v ∈ Rn \ {0}. It follows that A is positive
definite.

A particular case of the above lemma concerns matrices E in the case of
ordered qi’s.

Lemma 2.2. Let v1, . . . , vn ∈ R with v1 < · · · < vn. Then the matrix
C = [cij ] ∈ Rn×n, where cij = cji = e−vj+vi for j ≥ i, is positive definite.

Proof. Let ρi = e−vi+1+vi for i = 1, . . . , n − 1. Then cij = e−vj+vi =∏j−1
k=i ρk for j ≥ i, and the matrix C has the same form as A in Lemma 2.1,

and the assumptions of that lemma are satisfied.

By a permutation of the random vector X we obtain the same result for
any order of qi’s.

Lemma 2.3. Let u1, . . . , un ∈ R be pairwise distinct. Then the matrix
E = [eij ] = [e−|ui−uj |] ∈ Rn×n is positive definite.

Proof. Let π : {1, . . . , n} → {1, . . . , n} be a permutation such that
uπ(i) < uπ(j) for i < j. Let vi = uπ(i) for i = 1, . . . , n. Then the matrix
C defined as in Lemma 2.2 is positive definite and we can construct the
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vector X = (X1, . . . , Xn) as in Lemma 2.1 in such a way that Cov(Xi, Xj) =
cij = e−vj+vi = e−|vj−vi|. Let V = Xπ−1 := (Xπ−1(1), . . . , Xπ−1(n)). Then

Cov(Vi, Vj) = Cov(Xπ−1(i), Xπ−1(j)) = e
−|vπ−1(i)−vπ−1(j)| = e−|ui−uj | = eij

and from the definition of V we have V = PX, where P = [pij ] ∈ Rn×n and

pij =

{
1, j = π−1(i), i = 1, . . . , n,
0, otherwise.

Thus for every b ∈ Rn \ {0} we obtain

bTEb = bT Var(V)b = bTPCP T b = dTCd > 0,

where d = P T b ∈ Rn \ {0}. This ends our proof.

In the proof of Lemma 2.1, A is defined as the covariance matrix of a
random vector X. This vector is defined in the inductive way, but we can
also define it by means of a matrix equation. This is a key observation for
obtaining the inverse matrix to A.

Corollary 2.1. A−1 is the tridiagonal matrix
a1 b1 0 . . . 0

b1 a2 b2 . . . 0

0 b2 a3 . . . 0

· · · · · · · · · · · · · · · · · ·
0 0 0 . . . an

 ,

where

ai =
1

1− ρ2i−1
+

ρ2i
1− ρ2i

, bi =
−ρi

1− ρ2i
.

In particular, in the case of the matrix E with q1 < · · · < qn we have

ai =
sinh(qi+1 − qi−1)

2 sinh(qi+1 − qi) sinh(qi − qi−1)
, bi =

−1
2 sinh(qi+1 − qi)

.

Before proceeding with the proof let us remark that the matrix E−1 was
found in [7].

Proof. As noticed in (5), X is given by

(7) X = L1X +Dε,

where L1 and D are defined below (5). Hence

(I − L1)X = Dε,

and by taking the covariance matrix we obtain (see (6))

(I − L1)A(I − L1)
T = D2.
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Hence

A−1 = (I − L1)
TD−2(I − L1), D−2 = diag

{
1

1− ρ2i−1

}
.

Thus we get

(I − L1)
TD−2 =


1 − ρ1

1−ρ21
. . . 0 0

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 . . . 1

1−ρ2n−2
− ρn−1

1−ρ2n−1

0 0 . . . 0 1
1−ρ2n−1

 ,
and multiplying the above matrix by I−L1 on the right we obtain the claim
of the corollary.

To obtain a simplified form of ai and bi in the most interesting case of
the matrix E, we notice that on the one hand

2 sinh(qi+1 − qi) =
1− (eqi−qi+1)2

eqi−qi+1
,

and on the other
eqi+1−qi−1 − eqi−1−qi+1

(eqi+1−qi − eqi−qi+1)(eqi−qi−1 − eqi−1−qi)

=
1− e2(qi−1−qi+1)

(1− e2(qi−1−qi))(1− e2(qi−qi+1))
,

where for ρi := eqi−qi+1 the last quantity is exactly
1− ρ2i−1ρ2i

(1− ρ2i−1)(1− ρ2i )
=

1

1− ρ2i−1
+

ρ2i
1− ρ2i

.

As long as multipeakons do not collide, the inverse matrix is used to
compute the Lagrangian associated to the Hamiltonian H by the Legendre
transform,

(8) L(q, q̇) = 1
2 q̇
TE−1(q)q̇.

3. Equations of geodesics. Consider the N -peakon given by

u(x, t) :=
N∑
i=1

pi(t)e
−|x−qi(t)|.

We can write the Hamiltonian H in the form H = 1
2p
TEp, where

E = [e−|qi−qj |]Ni,j=1.

As we already know, E is strictly positive definite and invertible if qi 6= qj
for i 6= j. One can easily check that if qi = qj for some i 6= j then E is
singular. From the general theory we know that q is described by a geodesic
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in the metric E−1 wherever possible. In the case of N = 2 we will write the
equations of those geodesics. We start by considering a Riemannian manifold
(R2, g), where g is of the form

1

1− e−2|q1−q2|

[
1 −e−|q1−q2|

−e−|q1−q2| 1

]
.

We look at this problem in the coordinates

s1 :=
q1 + q2

2
, s2 :=

q1 − q2
2

.

Theorem 3.1. The equation for the geodesics in (s1, s2) coordinates is

(9)



ṡ1 = z1,

ṡ2 = z2,

ż1 = − sgn s2
2e−2|s2|

1 + e−2|s2|
z1z2,

ż2 = sgn s2
e−2|s2|(1− e−2|s2|)

(1 + e−2|s2|)2
z21 + sgn s2

e−2|s2|

1− e−2|s2|
z22 .

Proof. In the new coordinates the tensor metric has the form

g =
1

1− e−2|q1−q2|
(dq1 ⊗ dq1 − e−|q1−q2|dq1 ⊗ dq2

− e−|q1−q2|dq2 ⊗ dq1 + dq2 ⊗ dq2)

=
1

1− e−4|s2|
(
2(1− e−2|s2|)ds1 ⊗ ds1 + 2(1 + e−2|s2|)ds2 ⊗ ds2

)
=

2

1 + e−2|s2|
ds1 ⊗ ds1 +

2

1− e−2|s2|
ds2 ⊗ ds2.

And the matrix of g is [ 2
1+e−2|s2|

0

0 2
1−e−2|s2|

]
.

Observe that Christoffel’s symbols are easy to compute: First,

Γ 1
11 = Γ 1

22 = Γ 2
12 = 0.

Since

∂g11
∂s2

= sgn s2
4e−2|s2|

(1 + e−2|s2|)2
,

∂g22
∂s2

= − sgn s2
4e−2|s2|

(1− e−2|s2|)2
,
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the other symbols are

Γ 1
12 =

∂g11
∂s2

1 + e−2|s2|

4
= sgn s2

e−2|s2|

1 + e−2|s2|
,

Γ 2
11 = −

∂g11
∂s2

1− e−2|s2|

4
= − sgn s2

e−2|s2|(1− e−2|s2|)
(1 + e−2|s2|)2

,

Γ 2
22 =

∂g22
∂s2

1− e−2|s2|

4
= − sgn s2

e−2|s2|

1− e−2|s2|
.

Hence, we can write the equations of the geodesics in the form (9).

Analysis of (9) gives us some insight into when twopeakons can collide.
Let us start with the following observation.

Lemma 3.1. If

(q1(t0)− q2(t0))(p1(t0)− p2(t0)) > 0,

then there is no collision.

Proof. Observe that ż2 always has the same sign as s2. So in case s2 > 0
we see that if z2 = α > 0 then z2 is always greater than α. From the equation
we see that ṡ2 = z2 ≥ α and a collision cannot occur. The same happens if
s2 < 0 and z2 < 0.

Let (q1, q2) describe the geodesic in the previous coordinates. Our con-
siderations show that if

(10) (q1(t0)− q2(t0))(q̇1(t0)− q̇2(t0)) > 0,

then there is no collision.
Moreover, with the Hamiltonian H one can associate the Lagrangian L

given by

L(q, q̇) =
1

2(1− e−2|q1−q2|)
q̇T
[

1 −e−|q1−q2|

−e−|q1−q2| 1

]
q̇.

Using L we can obtain p from q̇ via

pi =
∂L

∂q̇i
.

This gives

p1 =
1

1− e−2|q1−q2|
(q̇1 − e−|q1−q2|q̇2),

p2 =
1

1− e−2|q1−q2|
(q̇2 − e−|q1−q2|q̇1).

Since
p1 − p2 =

q̇1 − q̇2
1− e−|q1−q2|

,
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(10) implies
(q1(t0)− q2(t0))(p1(t0)− p2(t0)) > 0.

Using the equations for the geodesics one can also study the well-known
peakon-antipeakon case.

Lemma 3.2. Let p1 + p2 = 0 and q1 > q2, p2 > p1. Then a collision
occurs in finite time.

Proof. Now suppose that in (9), z1 = 0, s2 > 0 and z2 < 0. Then

(11)

ṡ2 = z2,

ż2 =
e−2s2

1− e−2s2
z22 .

The assumption z1 = 0 implies that q̇1+ q̇2 = 0. In terms of p we can rewrite
this as

p1 + p2 =
q̇1 + q̇2

1 + e−|q1−q2|
= 0.

One can check that

(12) z2 = C
√
1− e−2s2

for C < 0. Now it is enough to solve

ṡ2 = C
√
1− e−2s2 .

The solution is

s2 = −
1

2
ln

(
1−

(
De2Ct − 1

De2Ct + 1

)2)
,

where D > 0. Hence for t1 = − lnD
2C we see that s2 = 0.

Using the equations of geodesics one can determine whether there is a
collision in the general case. However, this requires some more advanced
tools of differential geometry and will be given elsewhere, together with the
analysis of prolongation of solutions past a collision. In [8], exact formulas
for twopeakon solutions are given; one can analyze the question of collision
using them. Below we fully classify the initial conditions from the point of
view of collisions.

Theorem 3.2. Let q1(0) < q2(0). Then a collision occurs if and only if
p1(0) > 0 > p2(0). Moreover, the time of collision T ∗ is given by

T ∗ =
1

a
ln

(
p2(0)− p1(0)− a
p2(0)− p1(0) + a

)
,

where a =
√

(p2(0)− p1(0))2 + 4p1(0)p2(0)e−(q2(0)−q1(0)).
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Proof. Recall the Hamiltonian system
ṗ1 = −p1p2e−|q2−q1|,
ṗ2 = p1p2e

−|q2−q1|,

q̇1 = p1 + p2e
−|q2−q1|,

q̇2 = p2 + p1e
−|q2−q1|,

and its first integrals

H0 = p1 + p2, H1 =
1
2(p

2
1 + p22) + p1p2e

−|q2−q1|.

Since q1(0) < q2(0), until the collision we have q1(t) < q2(t) and we may
drop the absolute value in the above equations. In the new variables,

x = e−(q2−q1), y = p2 − p1,

the system under consideration is

ẏ = ṗ2 − ṗ1 = 2p1p2e
−(q2−q1)

= 1
2((p1 + p2)

2 − (p1 − p2)2)x = 1
2(H

2
0 − y2)x,

ẋ = (q̇1 − q̇2)e−(q2−q1) = (p1 + p2e
−(q2−q1) − p2 − p1e−(q2−q1))x

= (p1 − p2)(1− e−(q2−q1))x = −x(1− x)y.

Moreover we have

H1 =
1
2(p

2
1 + p22) + p1p2e

−(q2−q1)

= 1
4((p1 + p2)

2 + (p1 − p2)2) + 1
4((p1 + p2)

2 − (p1 − p2)2)x
= 1

4(H
2
0 + y2 + (H2

0 − y2)x).

Hence
(H2

0 − y2)x = 4H1 −H2
0 − y2.

Because
4H1 −H2

0 = H2
0x+ y2(1− x) > 0

we may denote a2 = 4H1 −H2
0 and find that

ẏ = 1
2(a

2 − y2).

After integration we obtain∣∣∣∣y(t) + a

y(t)− a

∣∣∣∣ = eat
∣∣∣∣y(0) + a

y(0)− a

∣∣∣∣,
and finally the solution is

y(t) = a
(a+ y(0))eat − (a− y(0))
(a+ y(0))eat + (a− y(0))

.
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The blow-up occurs if and only if the denominator vanishes, and the blow-up
time is given by

T ∗ =
1

a
ln

(
y(0)− a
y(0) + a

)
=

1

a
ln

(
p2(0)− p1(0)− a
p2(0)− p1(0) + a

)
.

Observe that T ∗ > 0 if and only if y(0)−ay(0)+a > 1, which is equivalent to y(0) <
−a. The last inequality is equivalent to the system of inequalities{

y(0) < 0,

y(0)2 > a2.
Observe that

y(0)2>a2 ⇔ (p1(0)− p2(0))2 > x(p1(0) + p2(0))
2 + (1− x)(p1(0)− p2(0))2

⇔ −2p1(0)p2(0) > 2p1(0)p2(0)(x− (1− x))
⇔ 0 > p1(0)p2(0).

Finally, the condition for blow-up is{
p2(0)− p1(0) < 0,

p1(0)p2(0) < 0,

which is equivalent to
p1(0) > 0 > p2(0).

In Lagrangian coordinates the collision condition can be expressed as
follows:

Remark 3.1. If q1(0) < q2(0) then collision occurs if and only if one of
the following conditions is satisfied:

• q̇1(0) ≥ 0, q̇2(0) < 0,
• q̇1(0) > 0, q̇2(0) ≤ 0,
• q̇1(0) > 0, q̇2(0) > 0 and

q̇2(0)

q̇1(0)
< e−(q2(0)−q1(0)),

• q̇1(0) < 0, q̇2(0) < 0 and
q̇2(0)

q̇1(0)
> eq2(0)−q1(0).

Proof. Since[
p1

p2

]
=

1

1− e−2(q2−q1)

[
1 −e−(q2−q1)

e−(q2−q1) 1

][
q̇1

q̇2

]
,

the collision condition obtained in Theorem 3.2 can be formulated as{
q̇1(0)− e−(q2(0)−q1(0))q̇2(0) > 0,

−e−(q2(0)−q1(0))q̇1(0) + q̇2(0) < 0,

from which the claim follows.
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