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ON THE GLOBAL LIPSCHITZ CONTINUITY OF THE
BERGMAN PROJECTION ON A CLASS OF CONVEX
DOMAINS OF INFINITE TYPE IN C?

BY

LY KIM HA (Ho Chi Minh City)

Abstract. The main purpose of this paper is to prove the global Lipschitz continuity
of the Bergman projection in a class of smoothly bounded, convex domains admitting
maximal type F in C2. The maximal type F here is a geometric condition which includes
all cases of finite type and many cases of infinite type in the sense of Range (1978). Let 2
be such a domain. We prove that the Bergman projection P maps continuously A** (2)
to A92(£2) for 0 < a < 1, where g, is a function depending on F.

1. Introduction. Let {2 be a smooth, bounded domain in the com-
plex Euclidean space C". Let the class of square integrable functions in {2
with the Lebesgue measure dV for C" denoted by L?(2), and let O({2)
be the class of holomorphic functions in §2. The Bergman projection P is
the orthogonal projection L2(§2) onto the Bergman space L?(§2) N O(£2).
From functional analysis, the following facts are well-known in the theory
of Bergman projections:

(1) P ( ) = u(z) for all u € L*(2) N O(N);

(2) P* = P, where P* is the dual operator in L?(12);
(3) HPuHLz ) < llull 2 for all u € L?(£2);

(4) for all u 6 L%(2) and z € 2,

Plul(z) = (u, P(-,2)) = § u(Q)P(¢,2) dV(Q);
N

(5) the Bergman kernel function P((,z) is holomorphic with respect to
z € {2 and independent of w.
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The Bergman projection plays an important role in the theory of partial
differential equations in several complex variables. In particular, let 0* be
the Hilbert adjoint of 9 in L?(£2) and A be the 9-Neumann operator dis-
covered by J. J. Kohn. If u is an arbitrary square integrable function in {2,
then

Plu] = u — 0*N[0u).

Note that Kohn’s solution 9*A/ to the 0 equation exists on all weakly pseu-
doconvex domains in C" [2].

In this paper, we deal with the global Lipschitz continuity in a class of
smoothly bounded, convex domains in C2. For this purpose, we recall its
long and well-known history. For 0 < o < 1, let us define

A ()

_ {u € L) : [|ullse = |[ull (o) + sup Julz + h)a w2l oo}.
z,2+hesf? |h|

When (2 is a strongly pseudoconvex or strongly convex domain in C" with
smooth boundary b2, the Bergman projection P maps continuously A** (£2)
to A’ (£2). This is a fundamental and significant result proved, applying the
theory of singular integrals, by Phong and Stein [16], and by Ahern and
Schneider [I] via the Boutet de Monvel expression. Applying the Cauchy—
Fantappie theory, Ligocka [14] showed that the Bergman projection P maps
A" () to Ata/Q(Q) continuously.

More generally, let 2 C C? be a weakly pseudoconvex domain of fi-
nite type m > 2 in the sense of commutators. Nagel et al. [I5] proved that
P A (2) — A (£2) continuously. They introduced a class of singular inte-
gral operators associated with non-isotropic distances, named non-isotropic
smooth operators. The result is that P is a non-isotropic smooth operator
of order zero. A typical domain here is

Q" ={(z1,22) € C* : Im(22) > P(z1)},

where P is a subharmonic, non-harmonic polynomial in the complex plane.

Recently, Halfpap et al. [4] have described singularities of the Bergman
kernel function associated to weakly pseudoconvex domains of infinite type
in C2. A special model in this work is

2% = {(21,22) € C%: Im(29) > exp(—|Re(z1)|™)} fora > 1.

Lanzani and Stein [I3] have recently studied the Bergman operator on do-
mains with minimal smoothness. Khanh and Raich [I0] have also estab-
lished local Lipschitz estimates for the Bergman projection on a class of
weakly pseudoconvex domains admitting a good dilation and satisfying the
Bell-Ligocka condition.
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In the present paper, the main goal is to study the global Lipschitz
continuity of the Bergman projection in a class of smoothly bounded, convex
domains of infinite type in C2. In particular, we have:

THEOREM 1.1 (Main Theorem). Let 2 C C? be a smoothly bounded, con-

vex domain. Assume that 2 admits mazximal type F at all boundary points,
for some function F (see Definition . Then for every 0 < a < 1, the
Bergman projection P maps continuously A (£2) into A9« (£2), where
d A -1
gald ™) = <§ [VFt(t” dt) :
0
and F* is the inverse of F.

Here, Af(£2) is the f-Lipschitz space on £2: for f an increasing function
such that limy_,~ f(t) = 00,

A ()
={ueL°°<rz>:||u|f:=||u||mm+ sup f<|h|-1>|u<z+h>—u<z>|<oo}.
z,2+hesf?

It is clear that if f(t) = t* for 0 < a < 1, the space Af(£2) coincides with
the classical Lipschitz space of order «. For convenience, we also recall

AL () := Lip!(2)
u(¢) — u(z)] }
=<qu € L®(02) : ||ully; = ||u||zeo(0) + su < 00 .
{ (92) : lullpipr oy = llulle (o) S e

ExAMPLE 1.1. Let £2 C C? be a smoothly bounded, convex domain of
finite type 2m in the sense of Range, where m > 1 is an integer. Then,
for all 0 < a < 1, the Bergman projection maps continuously A*(£2) into

AP (),

ExaMPLE 1.2. Let

Q= {(21,22) € C?: p(2) :=exp(l+2/s) - exp<’js> +lmlP-1< 0}

for some 0 < s < 1/2. Since F(t) = exp(—1/32t*), we have

ga(t) = W(“nﬂ)a/(%)—l,
S

for 2s < a < 1. Thus, for all 2s < a < 1, the Bergman projection maps
continuously A" (£2) into A9 (£2).

The paper is organized as follows. In Section 2, we briefly recall needed
notions from Cauchy—Fantappié theory and the geometric notion of maximal
type F. Section 3 is devoted to the proof of the Main Theorem [I.1} The proof
is based on Kerzman—Stein—Ligocka’s setup [8, [14].
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2. Preliminaries

2.1. On a Cauchy—Fantappié form. In this subsection, we recall
one of Cauchy—Fantappie forms which is applied to construct an integral
representation for the Bergman projection. For more details, the reader is
referred to [19] or [13].

Let {2 be a bounded convex domain in C" (n > 2) with smooth boundary
bf2. Let p be a defining function for 2 so that 2 = {z € C" : p(z) < 0}
and b2 = {z € C" : p(z) = 0}, Vp # 0 on bf2, and Vp L bf2. For z; =
zj++v—1anyj, j =1,...,n, the convexity means

2n

0%p
2 5w, (x)aja; >0 on be2,
4,7=1
for every nonzero a = (a1, ..., as,) € R?>" with Z] La ]gxp () =0 on bf2.

For ¢ € 2 and z € £2 define
(2.1) 69 =2 5% 0P ()¢ = 2).
The convexity of £ implies
Re(f; G =) #0

and so @((, z) # 0 as well, for all { € b2 and z € 2. Moreover, we also have:
LEMMA 2.1. There are positive constants 6, c such that for all { € bf2:

(1) @ is of class C in ((, 2);

(2) @(¢,-) is holomorphic in z € B((,0);

(3) for some A >0, |P((,z)| > A forall z € 2 and |z — (| > ¢/2.

DEFINITION 2.2. Under the above notation, let

1
¢,z = o [Z ] 3¢, 2) for ( € b§2, z € 2,

be a (1,0)-form in (-variables. The Cauchy kernel on 2 is defined to be the
Cauchy—Fantappie (n,n — 1)-form in (-variables for C((, z), that is

20(C(¢,2)) = C((,2) AMIC(C, )"
where (5<C(C, 2))" 1 is the (n—1)-wedge product 5<C(C, Z)A-- -AéCC(C, 2).
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More explicitly, we have
(22) 2(C(¢,2) = C(, ) (00, 2)"
_ Z? 1 agj (C)de 5 <Z? 1 agj (C)d@>

o ) A )
. (Zy 1 8<7 (C)de) (Z?k 1 ac ac (Qde A de)
B " (C, 2)
= X ;I(‘JC(% dG A=+ A dGy N dCry,

finite sum over Iy
[Io|=n—1
where Iy denotes an increasing multi-index of order n — 1, and Ay, (¢) is a
polynomial involving first and second (-derivatives of p. Since {2 is smooth,
Ay, (€) is smooth in ¢ on a neighborhood of (2, for all I in the finite sum.
In the case n = 2, the Cauchy kernel is

20(C(¢,2)) = C(C,2)ANOC(¢,2) = Z ;(C(Q) d¢i NG NdC, .

finite sum
over a single index Io

dCr,€{d1,dla}
A fundamental property of the Cauchy-Fantappie form is: if u is holomor-
phic on a neighborhood of (2, then

u(z) = S u(C)20(C(¢,2)) for z € £2.
be?
It is clear that this definition is a natural extension of the Cauchy kernel
in C. In particular,

e - L BQdC 1 dc
’ 2mflé’ O —2) 2mi¢—2
and so L
DO = 5 2

2.2. Maximal type F. The geometric notion of maximal type F' is a
natural extension of the notion of finite type in the sense of Range. Moreover,
it also covers many convex domains of infinite type in which the classical
methods (e.g., by Henkin [5l 6], Range [19], Shaw [21I], 22], etc.) cannot be
applied. Maximal type F' was introduced in [3] to obtain LP and Lipschitz
estimates for the Oy-equation on pseudoconvex boundaries of infinite type
in C2.

DEFINITION 2.3. Let F': [0,00) — [0,00) be a smooth, increasing func-
tion such that
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o F(0)=0;
. Sg lIn F(r?)|dr < oo for some small § > 0;
e F(r)/r is increasing.

Let {2 € C™ be a smoothly bounded, convex domain. Then {2 is said to
admit mazimal type F at P € bf2 if there are positive constants ¢, ¢ such
that, for all ¢ € b2 N B(P,c),

p(2) 2 F(|z—¢|*) for all z € B(¢,c) with &(¢, 2) = 0.

Here and in what follows, < and 2 denote inequalities up to a positive

’ o~

constant, and &~ means the combination of < and 2.

Now, the following examples show that the class of convex domains ad-
miting maximal type F' includes many convex domains of finite type and
infinite type in the sense of Range.

EXAMPLE 2.1. (1) Let {2 be a strongly pseudoconvex domain with strictly
plurisubharmonic defining function p. Then

~Re®((,2) 2 p(C) = p(2) + Aol¢ — 2
for |¢ — z| and |p(¢)| small, and Ao > 0. Hence, when ¢ € b2N{|¢ — 2| < ¢}
and &((, z) = 0, we have
p(2) 2 F(|z = ()
with F(t) = t. So, in this case 2 admits maximal type F.

(2) Let £2 C C™ be convex of strict type m(p) at every point p € b2,
as defined in [II], and generalized by Range [17, (18] and Shaw [2I]. From
this definition, the mapping p — m(p) is upper semicontinuous. Hence,
Mo 1= SUP,epn M(p) < oo.

From [21], Theorem 3.1], we have

p(2) 2 F(I¢ —2%)
for all ¢ € b2 with |z — ¢| < ¢ and &((, z) = 0, where F(t) = t™0/2, Hence,
{2 admits maximal type F.
A basic example is the complex ellipsoid
Q={(z1,...,20) €C": |2)*™ + - 4 |2, < 1}.
In this case, F(t) = t™ for m = max{my,...,my,}.

(3) Let
0% ={(21,...,2,) €C":

p(2) == exp(1 +2/s) -exp(—=1/|21°) + |z + - + |22 = 1 < 0}
Since

Re[#(6, )] S () + p(2) — expl1+2/3) exp 1o = |
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for 0 < s < 1/2, 2°° is a convex domain with maximal type F(t) =
exp(—1/32t%) [23].

The following result is the main contribution to our analysis.

LEMMA 2.4. Let 2 C C? be a smoothly bounded, convex domain. Assume
that 2 admits mazximal type F' at P € bS2 for some function F. Then there
is a positive constant ¢ such that the support function ®((,z) satisfies the
estimate

(2.3) (¢, 2)| 2 [p(2)] + [tm D(C, 2)] + F(l= — ¢),
for every ¢ € b2 N B(P,c) and z € 2 with |z — (| < c.

Proof. We use the technique of Range [17, [18]. Let §, ¢, p(z), and @((, 2)
be as above, and let (w', wy,) = (w1,...,wy—1,wy,). For any ¢ € b2NB(P,J),
we define the holomorphic map ¥¢ : z = w = (W', w,) = (2 — ', (¢, 2))
for z € B((, ¢). The Jacobian matrix of ¢ at ¢ is unitary by Lemma (4)
Hence, we can choose ¢,d > 0 sufficiently small so that ¢¢ : B(¢,¢) —
e(B(¢,c)) € B(0,0) is biholomorphic. Then the inverse map wgl exists
and it can be assumed that its Jacobian matrix is uniformly bounded on
B(0,6). As a consequence, |¢¢(2) —¢(Z)| = |z — Z| for all z,Z € B((,c).
We define p¢(w', wy) = p(wc_l(w’,wn)); then p¢ is a defining function for
Ye(2NB(¢,c)).

By Lemma (3) and maximal type F, after shrinking ¢, for some d

small we obtain
(2.4) pe(w',0) >0 for 0 < |u'| <d,
. pc(w',0) 2 F(lw'[?) for 0 < o] < d.

Therefore, by Taylor’s Theorem, for any |w| < d, we have

0
25 pelw'sun) = peu’,0) + 2R w010, ) + o)

> 2Rew, + AF(|Jw'|?) + o(1)|w,],
where the last inequality follows from 0,p¢(0) = dwy and o(1) — 0 when
|lw| — 0. Here, the convergence is uniform in the (-variables, since o(1)
in our case only depends on the modulus of continuity of the first or-
der partial derivatives of p¢(w’,wy). So, let 0 < d* < d be so small that
o(1)|wy| < |Rewy|+ |Im wy| for every |w| < d*. Hence, the above inequality
implies

—2Rewy, + [Rew,| > pe(w',w,) — Imwy,| + AF(Jw'[?)  for |w| < d*.
That means

Rewy| 2 pe(w',wy) — Tmw,| + AF(Jw'|?)  for |w| < d*.
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The last step is to convert p¢(w) to p(z). To do this, we choose ¢* < ¢ so
small that ¢¢(B(¢,c*)) C B(0,d*). Then, using Taylor’s formula and the
fact that F' is smooth, we have

F(lw'[?) = F(Jw?) + O(1)w|?,
SO
[Re®(C,2)| 2 —p(2) — [Im (¢, 2)| + AF(|¢ — 2[).
Replacing the left hand side by C|®|, for C' > 0 large enough, yields
(¢, 2)] Z [p(2)| + Im D¢, 2)| + F(l2 = ¢[*).
This completes the proof. m

REMARK 2.5. In [3], the uniform total pseudoconvexity is used to show
the existence of the support function &((, z). Therefore, in the same manner
but with more calculations applied in the z-variables, Main Theorem [I.1]and
its corollaries are also true for any uniformly totally pseudoconvex domain
of maximal type F, whose closure 2 has a Stein neighborhood basis.

3. Proof of the main theorem. Kerzman and Stein [§] were the first
to apply Cauchy—Fantappie theory to describe the singularities of the Szego
projection (the boundary version of the Bergman projection) on strongly
pseudoconvex domains. Then Ligocka [14] adapted this process to the Berg-
man projection. The following long proof is based on her work, but on convex
domains of infinite type in the sense of Range.

Let u belong to C''(£2) and be holomorphic on {2 (i.e., du = 0 on §2). By
the Stokes Theorem, we have

u(z) = | u(Q)d(20(C(¢,2), z€ R
2

By the smoothness of Ay, (¢) and @(C, 2), the form 0:(2(C((, 2))) is also
smooth on {2 x 2.

For § > 0, let 25 = {z € C" : p(z) < 6} and let P, be the Hormander
solution operator to the d-equation (see [7]) in the z-variables. Under this

notation we can choose d < ¢ (c is the constant in Lemma sufficiently
small such that 0,0.20(C((, z)) is smooth on §2 x (25

DEFINITION 3.1. For (¢,2) € §2 x §25, define
Q((,2) = —P=(9:0c20(C(¢, 2))),
G(C’ Z) = Q(Cv Z) + 8C(QO(C(C’ Z)))

LEMMA 3.2. Let u be a holomorphic function defined in 25. Then

u(z) = S u(C)G(C,z) forz € f2.

N
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Proof. Since
u(z) = §ulQ)0c(20(C(¢.2)), =€ 0,
2
it is sufficient to prove that
| u(Q)P:(0:020(C(¢. 2))) = 0.
19
Now, by the Stokes Theorem again,

J u(Q)P.(0:0:2(C(¢, 2))) = Px(§ (0
(9

where the vanishing of the last term was proved in [8, (1.4.2)]. =

LEMMA 3.3. Let 2 C C? be a smoothly bounded, convex domain admit-
ting maximal type F at all boundary points, for some function F. Define

Glu|(z) == S uw(()G(C, z) for z e £2.

Q
Then G : L?(02) — L?(2) N O(92) is a well-defined, continuous operator.

Proof. Tt is clear that G is well-defined and continuous on O({2s5) and on
C5°(£2). Thus we can define its formal adjoint G*. In particular,

G*ul(z) = | u(O)G(z, Q).
2
Let the difference of G and G* be
Blu](z) = G"[ul(2) — Glu](z)

with the kernel B((,z) = G(z,() — G((,z). We will now prove that B :
LY(2) — L'(£2) is bounded.
By the Tonelli Theorem, it suffices to prove that

V1Blul(2)] dV(z) < |} 1B 2)u(Q]dV (¢, 2) S [lull i) < oo

[0 2x82
Note that the kernel B((, z) is bounded from above by

¢ — 2|
[2(¢, 2)]?
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On the other hand, by Lemma the proof of the L' continuity is com-
pleted if we have the estimate

I |B(C, 2)u(Q)[dV (¢, 2) S [lull (o)
(2NB(0,c/2))?

Consider the change of variables (o, w) = (a1, ag, w1, w2) = ((1, (2, 21 — (1,
p(2) +iIm(P((, 2))) and its Jacobian

o O O =

o O O = O

o O O O = O O
o O O = O o O
S = O O O O
_ o O O O O
o O O o o O
o O O o o o

Op(2) 9p(2)
O(Re 22) O(Im z2)
OIm®(¢,z) OImP(¢,z)
O(Re z2) O(Im 22)

(the entries marked with - are irrelevant). Then

 OIn(@(¢,2)) 9p(z)  OTm(B(C,2)) Op()
N 83:4 8%2 8332 81’4 .
Since p(z) # 0, we can find § > 0 so small that dp/0x4 dominates the other
partial derivatives of p for |z — (| < §. As a consequence, we have det(J) # 0
on [ —z| <.

Now, let & > 0 depend on 2, ¢, § and p and u € L'(2). In the new
variables, by Lemma [2.4, we have

det(J)

I\ B 2uQldv(c, =)

(2NB(0,¢/2))2

< }
(2NB(0,8"))x B(0,8'

|u(e)]
) (lw2l? + F2(jwn )| |

dV(a,w)

8¢
r1r2
S llullzye dra dry
o\ Gre e
5/

S lullzr o) S In F(r?)dry < oo (by the hypothesis on u and F).

[e=]

That means the operator B : L'(£2) — L'(£2) is bounded and it extends to
an operator mapping L?(£2) — L?(§2) continuously.
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Let u € C§°(£2) be such that Glu] € O(£25). We get
IG[u][17 20y = (Glul, Glu]) = (u, (G + B)G[u])
< lullz22) (197 [l z2(2) + 1Bl r2(0)— 22 161Ul 2(2))
(since G?[u] = G[u])
= llull L2 (o) (I91ulllL2(2) + 1Bl L2(2) s r2(2) 1G1ulll L2(2))
= llull L2 191l | 22 (1 + HBHL2<Q)—>L2( )
and thus [|G[u]llz2(0) < ullL2o)(X + 1Bllr2(2)»r22)-

Applying Hérmander’s techmque in L2-estimates for  problem (see [7]
or [2]), it is not hard to prove that the space of all holomorphic functions
on 25 is dense in L?(2) N O(£2) in the corresponding norm (on strictly
convex domains, this density result is trivial). From the above inequality, G
is a continuous operator on L?(£2) N O(£2) and so it is equal to the identity
on L%(£2) N O(2). Hence, G?[u] = G[u] for all u € C5°(£2) Therefore, G :
L3(2) — L?(2) N O(£2) is a well-defined and continuous operator. This is
our claim. m

Now let u € L?(£2). Then the Bergman image P[u] is in L?(£2) N O($2).
By definition, we have

Plul(z) = | Plul( = | Plu €)= | Plul(Q)B(¢, 2)
2 (0] 2
S u( S Plu ,2)  (since P is Hermitian)
2 (0]

u, PlG](2,)) 2 — (Plu), B(-, 2)) 2
u, G(2,-)) 2 = (Plul, B(-,2)) 2

(since G(z, () is holomorphic in (-variables)
= G*[ul(2) = Bo Plu](2),

or for short P = G* — B o P. This identity and the above technique are ap-
plied to deduce the following decomposition on convex domains of maximal
type F":

THEOREM 3.4 (Ligocka’s decomposition). Let 2 C C? be a smoothly
bounded, conver domain. Assume that {2 admits mazimal type F at all
boundary points for some function F. Then

Pu(z) = G(I — B)[u](z) = (I + B)7'G*[u](z)  for all z € 12.

Proof. The main step in this proof is that B : L?(£2) — L*(§2) is com-
pact. Indeed, the compactness of B and the equality B* = —B imply that
the eigenvalues of B belong to ¢R. Therefore, the kernels of the operators
I — B and I + B are {0}. Then, as a consequence of the Fredholm theory of
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compact operators [20], (I + B)~! and (I + B)~! exist and are bounded on
L2(0).

By [19, Theorem in Appendix C], to prove the compactness of B it suffices
to show that

| [B(¢,2)[dV(¢) 1 forall z € 2,
(3.1)

D=

|B 2)|dV(z) 1 forall z € 2.

Since |¢ — z|* < |Q5(C,z)|, we have
(3.2)  |G(2,0) — G(¢,2)| S B¢, 2)| 7% for (¢, 2) € 2 x 2 close to bS2.

Therefore,

av
S ©)

(3.3) VBV S GBI

(e, p(¢)=—4 CeN,p(¢

for all z € 2. Let (a1, ag, w1, ws) be the new variables as before. We have

dV(wl,wg)
[B(C,2)[dV(C) S
oo iy (T ol Fn PP
< S dty dty dts dty

i eics U+ Tl + Ttal + F (8 + B)2[ (1, 1)1

(Where wy =1 +vV—1to, w9 =t3+v—1 t4)
S dtq dto dts
(Ip(2)] + [ts| + F(tF + 83))[(ta, t2)[ /2

[(t1,t2,t3)|<5
é
< SF(T2) dr <1 (by the hypothesis on F).

0
Finally, the first inequality of (3.1) immediately implies the second since
B(Zv C) - _B(C7 Z) u

LEMMA 3.5. Let £2 C C? be a smoothly bounded, convexr domain. Assume
that 2 admits maximal type F at all boundary points for some function F.
Then the operator B maps continuously L= (£2) into AT(£2), where

Fd) = (ilm”dt)_l,

t
0

and F* is the inverse of F'.
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As a consequence, [+8B,1—B : L>(§2) — L*>({2) are invertible Fredholm
operators [20, Chapter 4]. Before proving the lemma, we recall the General
HardyLittlewood Lemma for Af(2)-continuity, which was established by
Khanh [9].

LEMMA 3.6 (General Hardy-Littlewood Lemma). Let £2 be a smoothly
bounded domain in R™ and let p be a defining function of 2. Let G :
RT — Rt be an increasing function such that G(t)/t is decreasing and

Sg (G(t)/t)dt < oo for d > 0 small enough. If u € C1(£2) is such that
V()| < G(lp(@))/|p(x)| for every x € £2,
then
Fllz =y Hlu(@) = uly)] < oo
uniformly in x,y € 2, x # vy, and where f(d~') := (Sg (G(t)/t)dt)~1L.

REMARK 3.7. If G(t) = t*, for 0 < o < 1, then f(t) = at® and so
Lemma traces back to the classical Hardy—Littlewood Lemma [12].

Proof of Lemmal[3.5 Let u € L>(§2). Then the gradient of Blu] satisfies

A < oo | L2
VBlu)(2)| < Ilullz (”’é B E V@

For a small ¢ > 0 and 0 < ¢/12 (c is the constant in Lemma [2.4), we
choose a cutoff function ¢ € C°°(C? x C?) such that ¥(¢,z) = 1 on the
set {|p(2)] + Im®((, 2)| + F(|z — ¢|*) < 0/2} and ¥(¢,2) = 0 on the set
{1p(2)] + (¢, )] + F(z — ([2) > .
Hence,
¢ — 2|

IVBlul(2)] S [Jull oo () S 11 —(¢, Z>|W dVv(¢)
p ,

non-singular by the construction of ¢

Tl | w<<,z>|m av(0)
.Q )

singular for ¢ near z

< lullay (1 e zwm dv<<>).
) ,

To estimate the singular integral term in (...), for 0 < ¢ < o, by recall-
ing the new variables (aq, a9, wi,w2) as before (with a modification) and
applying Lemma we have
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¢~ 2] AV (s, w2)
)= gy
YCANGeop YOS ) G sl + i P
_ S dty dto dts dty

i euts (P Tt Tl + P + B)I(Er, Eo)

(Where wy =1t +V—1to,ws =t3+v—1 t4)
S dty dtsy

|(t1t <6 (Ip(2)] + F (|7 + t3D))[(t1, t2)]

§) |p(2) | + F (r?)
Now, for the last integral, we split it into two parts
c F*(lp(2 c
S - (Slp( )] dr . S dr
o ln(z !+F (r?) o e[+ F(r?) T p(2)| + F(r?)
p(z

difficult part

It is clear that the easy part is bounded from above by /F*(|p(2)])/|p(2)
For the “difficult” part, if » > \/F*(|p(z)|), then

easy part

F(TQ) F(F*(\p(z)|))_ ()| since F' is increasin
22 TG e e g)
F(r2) r2
@) = F(p)])
Therefore,
§ dr < 1 § dr
PN+ F0D) = [o(2)] T+ 72/ F(p(2)])
F*(|p(2)| F*(p(2)])
VEGEDT 4 5 VEE)
= el {1+ 4 p(zx)]
Thus,

= F ()
JWC g O £ 0

Next the operator B : L>®(£2) — Af(£2) is continuous if the function
/ F*(t)/t satisfies all conditions in the General Hardy-Littlewood Lemma.
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The fact that \/F*(t)/t is decreasing is trivial.
Now, for some positive, sufficiently small d, by the change of variables
y =/ F*(t), we have

d - VF*(d)
Sth(t)dt: S

y(In F(y?))' dy
0 0 J@
= VF(d)Ind = limtn F() = | (nF@)dy.
0

finite by hypothesis

Since [In(F*(t?))] is decreasing when 0 < t < 4, for § > 0 small enough we
have

n 6
n F(n?)n < | In F(£2)| dt < | |In F(£*)| dt < oo
0 0

uniformly in 0 < n < §. Hence, \/F*(t)|lnt| < oo for all 0 < ¢t < /F*(9),
and lim;_,o t|In F(¢?)| = 0. These results imply

d
F*(t
(0,
0
as desired. Hence, the proof of Lemma [3.5 is complete. m

LEMMA 3.8. Let 2 C C? be a smoothly bounded, convex domain. Assume

that 2 admits mazimal type F at all boundary points for some function F.
Then the operators G and G* map A" () — A92(£2) continuously for 0 <
a <1, where

d * (67 —
ga(d™h) = (S VENUl Ft(t)] dt) |
0

Proof. Since §,G(¢,2)dV(¢) =1, for u € A (£2) (with 0 < a < 1) we
have

(I = 9l(z) = | (u(z) = u(Q)G(C, 2)-

0
Hence, in the distributional sense, for j = 1,2, we get
ou 0Gu] ou oG
- (2) — =\ 5-(2)G(( 2) = Y (u(z) — u(€) 5 (C, 2)-
aZj BZ]' §2 aZj §2 aZj
[ —
:(%;(z)

That means

V:Glul(2) = | (u(z) —u(¢)V:G((, 2).
2
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By recalling the cutoff function ¢ ((, z) as before, we have

(3.4) V.Gul(z) = § (1= 9(¢2))(u(z) = u(Q) V.G, 2)

2

Vv
non-singular part

+ 1 0(¢ ) (u(z) —u(Q)V=G((,2).

2

/

-~
singular part

Now define
Qlul(z) = [ u(Q)¥(¢. 2)G(¢, 2).
17)

Then

(3.5) u(2)h(z,2) = Qul(2) = | [¥(z, 2)u(z) — ¥ (¢, 2)u(Q))G(C, 2).
2

Similarly, we get

(3.6) V. Qul(2) = | [¥(z, 2)u(z) = ¥ (¢, 2)u(Q)]V-G(( 2)

2

= the singular part of V.G
and
(3.7) V=Q[u(2) = | Vz1p(¢, 2) u(¢)G(C, 2).
2

Since u € A (£2), in the new variables wy = t1 +/—1tg, wo = t3 +/— 114
we get

V2 Q[u](2)] S llull ge= )

S |wi|*
2\\4
QQB(O,&) (|p(z)’ + |w2’ + F(|U}1| ))
S |(t1,2)|® dty dto dts dty
(Ip(2)] + [ta] + [ta| + F(|(t1,t2)]))

dV(wl, ’wz)

S lull aee (2
[(t1,t2,t3,t4)| <8’
o' a—1
r
S\ ———————dr.
e
Applying the same calculations in the case a =1 (g1 = f) to the right hand
integral, together with the property that
T 1

T <
§ Ty =

we also obtain

IV2Qu)(2)] S [V F*(Ip(=)D]"/10()]-
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On the other hand,

V=Qu(2)] < [lull ye ) | v (¢)
9]

(¢, 2)?
< (n(lp(2))))* 5 [VF(p(2)D]"/lp(2)]-

For 0 < y < 1, we have 1/y'~® > 1. By the same reasoning as in the case
o = 1, it is not hard to show that the function [/F* (t)]a/t satisfies all con-
ditions in the General Hardy—Littlewood Lemma. Thus these estimates im-
ply that Q maps continuously A** (£2) to A9 (£2), and hence so G does as well.
By duality, we have the same assertion for G*, which completes the proof. m

Since go < f, Lemma [3.5] implies that the operators I + B,1 — B :
A9 (§2) — A9«((2) are bounded. Thus, by the Ascoli-Arzela Theorem, the
embedding A9~ (§2) — L°°(§2) is compact and thus

B: A% () — A% ()

is also compact. Again, by the Fredholm property, the fact that the kernel
of I — B on A% () is exactly {0} implies (I — B)~! : A% () — A9=(02)
exists and is bounded, and similarly for (I + B)~!. Therefore, Lemma
and Ligocka’s Decomposition [3.4 show that the Bergman projection maps
AP (£2) — A92(£2) continuously for any 0 < a < 1.

We end the paper with another corollary of the Main Theorem.

COROLLARY 3.9. Let £2 C C? be a smoothly bounded, convex domain.
Assume that (2 admits maximal type F at all boundary points for some
function F. Then, for each zy € {2, the Bergman kernel function P((,zo)
belongs to A/ (£2), where

fa) = (ST(%Q_I,

and F* is the inverse of F.
For example:

o If F(t) =t™, then f(t) = tY/™.
o If F(t) = exp(%), then f(t) = %ﬁ(untbl/(%)—l_

Acknowledgements. This article was written while the author was a
visiting member at the Vietnam Institute for Advanced Study in Mathemat-
ics (VIASM), Ha Noi, Summer 2016. He would like to thank this institution
for hospitality and support. The author is grateful to the referee(s) for care-
ful reading of the paper and valuable suggestions and comments.



204

L. K. HA

This research is funded by Viet Nam National Foundation for Science

and Technology Development (NAFOSTED) under grant number 101.02-
2017.06.

(1]

REFERENCES

P. Ahern and R. Schneider, Holomorphic Lipschitz functions in pseudoconvex do-
mains, Amer. J. Math. 101 (1979), 543-565.

S. C. Chen and M. C. Shaw, Partial Differential Equations in Several Complex Vari-
ables, AMS/IP Stud. Adv. Math. 19, Amer. Math. Soc., 2001.

L. K. Ha, Tangential Cauchy—Riemann equations on pseudoconvex boundaries of finite
and infinite type in C2, Results Math. (online, 2016), 20 pp.

J. Halfpap, A. Nagel and S. Wainger, The Bergman and Szegd kernels near points of
infinite type, Pacific J. Math. 246 (2010), 75-128.

G. M. Henkin, Integral representations of functions holomorphic in strictly pseudo-
convex domains and some applications, Math. USSR Sbornik. 7 (1969), 597-616.

G. M. Henkin, Integral representations of functions in strictly pseudoconver domains
and applications to the O-problem, Math. USSR Sbornik 11 (1970), 273-281.

L. Hérmander, L? estimates and existence theorems for the & operator, Acta Math.
113 (1965), 89-125.

N. Kerzman and E. Stein, The Szegd kernel in terms of Cauchy—Fantappie kernels,
Duke Math. J. 45 (1978), 197-224.

T. V. Khanh, Supnorm and f-Hélder estimates for @ on conver domains of general
type in C?, J. Math. Anal. Appl. 430 (2013), 522-531.

T. V. Khanh and A. Raich, Local regularity of the Bergman projection on a class of
pseudoconver domains of finite type, arXiv:1406.6532 (2015).

J. J. Kohn, Boundary behaviour of & on weakly pseudo-convex manifolds of dimension
two, J. Differential Geom. 6 (1972), 523-542.

S. G. Krantz, Optimal Lipschitz and LP regularity for the equation Ou = f on strongly
pseudo-conver domains, Math. Ann. 219 (1976), 233-260.

L. Lanzani and E. Stein, Cauchy-type integrals in several complex variables, Bull.
Math. Sci. 3 (2013), 241-285.

E. Ligocka, The Hélder continuity of the Bergman projection and proper holomorphic
mappings, Studia Math. 80 (1984), 89-107.

A. Nagel, J.-P. Rosay, E. M. Stein and S. Wainger, Estimates for the Bergman and
Szegd kernels in C*, Ann. of Math. 129 (1989), 113-149.

D. H. Phong and E. Stein, FEstimates for the Bergman and Szegd projections on
strongly pseudoconvexr domains, Duke Math. J. 44 (1977), 695-704.

R. M. Range, The Carathéodory metric and holomorphic maps on a class of weakly
pseudoconvexr domains, Pacific J. Math. 78 (1978), 173-189.

R. M. Range, On Hoélder estimates for Ou = f on weakly pseudoconvexr domains,
in: Several Complex Variables (Cortona, 1976-1977), Scoula Norm. Sup. Pisa, 1978,
247-267.

R. M. Range, Holomorphic Functions and Integral Representations in Several Com-
plex Variables, Springer, Berlin, 1986.

W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

M. C. Shaw, Hélder and L? estimates for O, on weakly pseudoconvex boundaries in
C?, Math. Ann. 279 (1988), 635-652.


http://dx.doi.org/10.2307/2373797
http://dx.doi.org/10.2140/pjm.2010.246.75
http://dx.doi.org/10.1070/SM1969v007n04ABEH001105
http://dx.doi.org/10.1070/SM1970v011n02ABEH002069
http://dx.doi.org/10.1007/BF02391775
http://dx.doi.org/10.1215/S0012-7094-78-04513-1
http://dx.doi.org/10.1016/j.jmaa.2013.02.045
http://arxiv.org/abs/1406.6532
http://dx.doi.org/10.4310/jdg/1214430641
http://dx.doi.org/10.1007/BF01354286
http://dx.doi.org/10.1007/s13373-013-0038-y
http://dx.doi.org/10.2307/1971487
http://dx.doi.org/10.1215/S0012-7094-77-04429-5
http://dx.doi.org/10.2140/pjm.1978.78.173
http://dx.doi.org/10.1007/978-1-4757-1918-5
http://dx.doi.org/10.1007/BF01458533

BERGMAN PROJECTION 205

[22] M. C. Shaw, Optimal Hélder and L* estimates for 9y on the boundaries of real ellip-
soids in C", Trans. Amer. Math. Soc. 324 (1991), 213-234.

[23] J. Verdera, L°°-continuity of Henkin operators solving 0 in certain weakly pseudocon-
vex domains of C*, Proc. Roy. Soc. Edinburgh 99 (1984), 25-33.

Ly Kim Ha

Faculty of Mathematics and Computer Science

University of Science

Vietnam National University HoChiMinh City (VNU-HCM)
227 Nguyen Van Cu Street, District 5

Ho Chi Minh City, Vietnam

E-mail: Ikha@hcmus.edu.vn


http://dx.doi.org/10.2307/2001504
http://dx.doi.org/10.1017/S0308210500025932




	1 Introduction
	2 Preliminaries
	2.1 On a Cauchy–Fantappiè form
	2.2 Maximal type F

	3 Proof of the main theorem
	REFERENCES

