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Abstract

This article unifies the theory for Hardy spaces built on Banach lattices on Rn satisfying certain
weak conditions on indicator functions of balls. The authors introduce a new family of func-
tion spaces, named the ball quasi-Banach function spaces, to define Hardy type spaces. The
ones in this article extend classical Hardy spaces and include various known function spaces,
for example, Hardy–Lorentz spaces, Hardy–Herz spaces, Hardy–Orlicz spaces, Hardy–Morrey
spaces, Musielak–Orlicz–Hardy spaces, variable Hardy spaces and variable Hardy–Morrey spaces.
Among them, Hardy–Herz spaces are shown to naturally arise in the context of any function
spaces above. The example of Hardy–Morrey spaces shows that the absolute continuity of the
quasi-norm is not necessary, which is used to guarantee the density of the set of functions having
compact supports in Hardy spaces for ball quasi-Banach function spaces, but the decomposition
result on these Hardy-type spaces never requires this absolute continuity of the quasi-norm.
Moreover, via assuming that the powered Hardy–Littlewood maximal operator satisfies certain
Fefferman–Stein vector-valued maximal inequality as well as it is bounded on the associate space,
the atomic characterizations of Hardy type spaces are obtained. Although the results are based
on the rather abstract theory of function spaces, they improve and extend the results for Orlicz
spaces and Musielak–Orlicz spaces. Moreover, local Hardy type spaces and Hardy type spaces
associated with operators in this setting are also studied.
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1. Introduction

One of the techniques in harmonic analysis is to replace the function with the grand

maximal function. We apply this approach to investigate the properties of many function

spaces. Among them, we show that the Herz space K
−n/p
p,q (Rn), defined by (2.21) below,

plays a crucial role. We unify the results on Hardy spaces built on general function spaces

by proposing the notion of ball quasi-Banach spaces in Definition 2.2. Our main contri-

bution in this article is to establish the theory without assuming the absolute continuity

of the quasi-norm (see Definition 2.5).

Recall that Stein and Weiss [122] as well as Fefferman and Stein [36] introduced

classical Hardy spaces. The family of classical Hardy spaces naturally generalizes and

substitutes the one of Lebesgue spaces. Moreover, the works in [36, 122] also inspire

many new ideas for the theory of function spaces. The characterizations of classical Hardy

spaces show the connections among some important notions in harmonic analysis, such as

harmonic functions, the Hardy–Littlewood maximal function (see (2.5)) and the square

function (see Definition 3.16). One of the prominent examples is the boundary value of

various harmonic functions.

As we have mentioned, Fefferman and Stein introduced an important notion on Hardy

spaces, the grand maximal function (see (2.13)), which plays a key role in [36]. It is worth

noticing that it is one of the convenient ways to handle operators acting on function spaces

appearing in partial differential equations or potential analysis, whenever these function

spaces possess the grand maximal function characterization. Morrey spaces [65], Orlicz

spaces [102] and Lorentz spaces are examples of such spaces. Most recently, Herz spaces,

variable Lebesgue spaces [28, 101] and Musielak–Orlicz spaces are some other important

examples (see Section 7).

There are several extensions of classical Hardy spaces to those spaces built on general

Banach lattices via various maximal functions. A series of studies on Hardy type spaces

motivates us to establish a unified theory for Hardy spaces built on general function

spaces. Orlicz spaces, Lorentz spaces and variable Lebesgue spaces are quasi-Banach

function spaces; they are often ingredients of Hardy type spaces. We refer the reader to

[10, Chapter 1] and [26, Section 2.10.3] for more details on quasi-Banach function spaces.

However, Morrey spaces and weighted Lebesgue spaces are not necessarily quasi-Banach

function spaces (see [117] for Morrey spaces, and Subsection 7.1 for weighted Lebesgue

spaces). Therefore, the notion of quasi-Banach function spaces is restrictive. We aim to

extend it further so that Morrey spaces are included in this generalized framework. This

new notion is a little more restrictive than the one of Banach lattices.

[5]



6 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

We find that the difficulty lies in the role of Lebesgue measurable sets appearing in the

definition of quasi-Banach function spaces. Roughly speaking, in the example of Morrey

spaces, the characteristic function of Lebesgue measurable sets is not necessarily in the

associate space (Köthe dual) of Morrey spaces. Therefore, to overcome this difficulty,

we introduce a new family of function spaces, the ball quasi-Banach function spaces.

Their definition is similar to that of quasi-Banach function spaces. All we have to do is

to replace Lebesgue measurable sets with balls in Rn. The precise definition is given in

Definition 2.2.

For a ball quasi-Banach function space X, we actually introduce the Hardy space

HX(Rn) via the grand maximal functions (see Subsection 2.3). One of the methods to

define HX(Rn) employed in this article is the maximal operator of Peetre type appearing

in [36, Lemma 1]. A reduction to the classical grand maximal operator given by (2.12)

is to require the boundedness of the Hardy–Littlewood maximal function or at least its

weak variants. When it comes to local Hardy spaces, we can replace the assumption of

the boundedness of the Hardy–Littlewood maximal function with the weaker one of the

translation operator (see (5.6) for the details). Whenever the Hardy–Littlewood maximal

function is bounded on the p-convexification of X, then different choices of admissible

functions to define HX(Rn) yield equivalent quasi-norms (see Definition 2.6). That is,

several different types of quasi-norms defined in terms of different maximal functions are

equivalent. We give the precise statement of this result in Theorem 3.1.

Although we introduce the Hardy space HX(Rn) via the grand maximal function,

we also characterize HX(Rn) by using the Lusin-area function (see Theorem 3.21 for the

details). Indeed, there exist several different approaches to the characterization of general

function spaces in terms of the Lusin-area function (see, for example, [48, 50, 86, 90]).

Furthermore, one of the major breakthroughs in the theory of classical Hardy spaces

is atomic characterization. Coifman and Latter found an atomic characterization of the

classical Hardy space [23, 82]. One of the big advantages of atomic characterizations is

the separation of the quality of functions (atoms) and the quantity of functions (sequence

norms). However, there does not exist a unified theory for this direction of research: the

study of the generalized function space and the grand maximal operator. Another aim of

this article is to unify the existing theories by means of ball quasi-Banach function spaces

so as to include Morrey spaces, which are not necessarily quasi-Banach function spaces.

More precisely, we establish an atomic characterization for the Hardy space HX(Rn) in

Theorems 3.6 and 3.7. Moreover, we find that these atomic characterizations rely on the

Fefferman–Stein vector-valued maximal inequality and its boundedness on the associate

space of the powered Hardy–Littlewood maximal operator (see (2.8) and (2.9)), although

we do not have to depend on this inequality to a large extent, as is seen from Lemma

2.13 below. We have already demonstrated the relation between atomic decompositions

and the Fefferman–Stein vector-valued maximal inequality in [58, 101, 102].

In addition, as the example of Hardy–Morrey spaces shows, we still have another diffi-

culty regarding the convergence of the atomic decomposition. It arises from the failure of

the absolute continuity of quasi-norms (see Definition 2.5 or [10, Chapter 1, Definition 3.1]

for the definition of the absolute continuity of quasi-norms). Comparing with [121], we
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cannot use the same argument as in [121, Section 2.3.2]. We do not impose any assump-

tion on the (quasi-)norm of the ball (quasi-)Banach function spaces in our main results

(see Theorems 2.9 and 2.21). The Herz space K
−n/p
p,q (Rn), with some p, q ∈ (0, 1], re-

moves the obstacle arising from the failure of the absolute continuity of quasi-norms,

which is also a ball quasi-Banach function space. It appears naturally from the standing

assumption. With this Herz space, it turns out that there is no need to assume that the

(quasi-)norm is absolutely continuous. It is known that there exist many attempts to

replace the functions in X with their grand maximal functions in many concrete spaces.

In the present article, what is different from the cases of Orlicz–Hardy spaces [102],

variable Hardy spaces [28, 101, 115], Hardy–Morrey spaces [65, 71] and variable Hardy–

Morrey spaces [58] is that we need to extract some concrete and quantitative information

from the vector-valued inequality (2.8) (see Lemma 2.14 and (2.26) for more details).

More precisely, as we have mentioned, our key space is the Herz space K
−n/p
p,q (Rn) with

p, q ∈ (0, 1). In a word, we can embed X continuously into K
−n/p
p,q (Rn), and moreover

K
−n/p
p,q (Rn) does not contain the constant function 1, which is crucial to the application

of Whitney’s decomposition theorem in the proof of Proposition 4.9.

The layout of the remainder of this article is as follows.

Section 2 contains the definitions of the ball (quasi-)Banach function spaces as well as

of the corresponding Hardy spaces. In Proposition 2.3, we show that ball Banach spaces

are closed under taking the associate spaces. Moreover, we also formulate an atomic

characterization for the ball (quasi-)Banach function spaces in Theorems 2.9 and 2.21.

Section 3 consists of some fundamental properties of the Hardy type space HX(Rn). In

Subsection 3.4, we formulate our results in full generality. The additional assumption

of the absolute continuity of the (quasi-)norms guarantees the density of the set of all

elements which are represented by L∞(Rn) functions in Hardy type spaces (see Corol-

lary 3.11). We postpone the proofs of the results of Sections 2 and 3 until Section 4;

more precisely, we prove Theorems 2.9 and 2.21 and the results of Section 3 together

with some related assertions in Section 4. Whenever we are not able to use the absolute

continuity of the quasi-norms of the function spaces, we need to prove some truncation

results (see Lemma 4.4 and Corollary 4.6 for the details). In particular, we consider the

Herz space K
−n/[θ+ε(X)]
θ+ε(X),s (Rn) in Lemma 2.14 and use it to obtain the convergence of the

atomic decomposition as we mentioned above.

Based on the model case obtained in Sections 2 through 4, we consider some appli-

cations of our results in Sections 5 and 6. More precisely, we deal with the local Hardy

type space hX(Rn) in Section 5, and also show that our techniques are applicable to the

setting of the Hardy type space associated with operators in Section 6.

Moreover, our results complement and reinforce those obtained in [85, 102, 130, 132].

We provide many examples in Section 7, where we discuss the relation between the

existing results and the results obtained in this article. In particular, the results for

Orlicz spaces (see Theorem 7.5) and Musielak–Orlicz spaces (see Theorem 7.14) are new.

Furthermore, we make some conventions on notation. Throughout the whole article,

we always denote by C a positive constant which is independent of the main parameters,

but it may vary from line to line. We also use C(γ,β,...) to denote a positive constant
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depending on the indicated parameters γ, β, . . . . The symbol A . B means that A ≤ CB.

If A . B and B . A, then we write A ∼ B. When we need to emphasize or keep in mind

that the positive constant C does depend on the indicated parameters α, β, γ, . . . :

• instead of A . B, we write A .α,β,γ,... B;

• instead of A & B, we write A &α,β,γ,... B;

• instead of A ∼ B, we write A ∼α,β,γ,... B.

The symbol bsc for s ∈ R denotes the maximal integer not greater than s. For any given

normed spaces A and B with the corresponding norms ‖·‖A and ‖·‖B, the symbol A ↪→ B
means that if f ∈ A, then f ∈ B and ‖f‖B . ‖f‖A. For each cube Q := Q(xQ, lQ) ⊂ Rn,

with center xQ ∈ Rn and side-length lQ ∈ (0,∞), and α ∈ (0,∞), let αQ := Q(xQ, αlQ).

Denote by Q the set of all cubes having their edges parallel to the coordinate axes. For

any subset E of Rn, we denote by E{ the set Rn\E, and by χE its characteristic function.

We also let N := {1, 2, . . .} and Z+ := N∪ {0}. For any θ := (θ1, . . . , θn) ∈ Zn+, let |θ| :=
θ1 + · · ·+θn. Furthermore, for any cube Q in Rn and j ∈ Z+, let Sj(Q) := (2j+1Q)\(2jQ)

with j ∈ N and S0(Q) := 2Q. Finally, for any q ∈ [1,∞], we denote by q′ its conjugate

exponent, with 1/q + 1/q′ = 1.

2. Definitions and preliminaries

In this section, we present some definitions and preliminary facts. As we have mentioned

in Section 1, we encounter certain problems in quasi-Banach spaces. One of them is

that the proof of the boundedness of operators becomes more and more complicated be-

cause we need to handle more and more delicate quasi-Banach function spaces; it seems

that the proof of the boundedness of operators requires a remedy in each case. An-

other problem is that Morrey spaces and some other related spaces are not quasi-Banach

function spaces. These are the motivations for us to study ball quasi-Banach function

spaces.

2.1. Ball quasi-Banach function spaces. In this subsection, we give the definition

of the ball quasi-Banach function space. We use function spaces to describe the quantity

and the quality of functions. Among many function spaces, Banach function spaces are

used to describe the quantity of functions. Let us first recall the definition of Banach

function spaces from [10, Chapter 1, Definitions 1.1 and 1.3].

Denote by M the set of all measurable functions on Rn.

Definition 2.1. A Banach space Y ⊂M is called a Banach function space if it satisfies

(i) ‖f‖Y = 0 implies that f = 0 almost everywhere;

(ii) |g| ≤ |f | almost everywhere implies that ‖g‖Y ≤ ‖f‖Y ;

(iii) 0 ≤ fm ↑ f almost everywhere implies that ‖fm‖Y ↑ ‖f‖Y ;

(iv) χE ∈ Y for any measurable set E ⊂ Rn with finite measure;
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(v) for any measurable set E ⊂ Rn with finite measure, there exists a positive constant

C(E), depending on E, such that, for all f ∈ Y ,ˆ
E

|f(x)| dx ≤ C(E)‖f‖Y . (2.1)

However, it is worth pointing out that condition (2.1) is too restrictive. Indeed, the

Morrey space Mp
q(Rn) (see, for example, [100] or (7.1) below for its definition) with

1 ≤ q < p <∞ violates (2.1) (see, for example, [117]). Thus, although Morrey spaces and

related function spaces are important to describe the quality of functions, they are not

Banach function spaces in general. Moreover, Lebesgue spaces Lp(Rn) with p ∈ (0, 1) are

not Banach spaces.

With this in mind, we propose the following notion of ball quasi-Banach function

spaces. For x ∈ Rn and r ∈ (0,∞), let B(x, r) := {y ∈ Rn : |x− y| < r} and

B := {B(x, r) : x ∈ Rn and r ∈ (0,∞)}. (2.2)

We now extend the notion of Banach function spaces as follows.

Definition 2.2. A quasi-Banach space X ⊂ M is called a ball quasi-Banach function

space if it satisfies

(i) ‖f‖X = 0 implies that f = 0 almost everywhere;

(ii) |g| ≤ |f | almost everywhere implies that ‖g‖X ≤ ‖f‖X ;

(iii) 0 ≤ fm ↑ f almost everywhere implies that ‖fm‖X ↑ ‖f‖X ;

(iv) B ∈ B implies that χB ∈ X, where B is as in (2.2).

Moreover, a ball quasi-Banach function space X is called a ball Banach function space

if the norm of X satisfies the triangle inequality: for all f, g ∈ X,

‖f + g‖X ≤ ‖f‖X + ‖g‖X ,

and, for any B ∈ B, there exists a positive constant C(B), depending on B, such that, for

all f ∈ X, ˆ
B

|f(x)| dx ≤ C(B)‖f‖X . (2.3)

Obviously, every Banach function space is a ball Banach function space. On the other

hand, the family of ball Banach function spaces includes Morrey type spaces, which are

not necessarily Banach function spaces (see [117] for the details).

For any ball Banach function space X, the associate space (Köthe dual) X ′ is defined

by

X ′ :=
{
f ∈M : ‖f‖X′ := sup{‖fg‖L1(Rn) : g ∈ X, ‖g‖X = 1} <∞

}
(see [10, Chapter 1, Section 2] for the details). For any ball Banach function space X, we

prove that X ′ is also a ball Banach function space:

Proposition 2.3. Let X be a ball Banach function space. Then its associate X ′ is also

a ball Banach function space.

Proof. We need to show (i) through (iv) of Definition 2.2 and (2.3) with X replaced

by X ′. We concentrate on (iii) since the other assertions are easily proved.
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Indeed, by Lebesgue’s differentiation theorem and (2.3), we conclude that (i) of Defi-

nition 2.2 with X replaced by X ′ holds true. From Definition 2.2 and the definition of X ′,

it follows that (ii) of Definition 2.2 with X replaced by X ′ holds true. By (2.3) again, we

obtain (iv) of Definition 2.2 with X replaced by X ′. Moreover, from the fact that χB ∈ X
for all B ∈ B and the definition of X ′, we deduce that (2.3) with X replaced by X ′ holds

true.

Finally, we prove (iii) of Definition 2.2 with X replaced by X ′. Let {fn}n∈N ⊂ X ′,

let f ∈ X ′ satisfy 0 ≤ fn ↑ f almost everywhere, and let A ∈ (0, ‖f‖X′). Then, by the

definition of ‖f‖X′ , there exists a real-valued function g ∈ X with ‖g‖X = 1 such that

A <

ˆ
Rn
f(x)g(x) dx ≤

ˆ
Rn
f(x)|g(x)| dx,

which, combined with the monotone convergence theorem, implies that there existsN ∈ N
such that

A <

ˆ
Rn
fN (x)|g(x)| dx.

Thus, ‖fN‖X′ > A, which together with the arbitrariness of A ∈ (0, ‖f‖X′) implies (iii)

of Definition 2.2 with X replaced by X ′. This finishes the proof of Proposition 2.3.

The notion of ball quasi-Banach spaces extends the one of quasi-Banach spaces, which

we recall now.

Definition 2.4. A ball quasi-Banach function space Y ⊂ M is called a quasi-Banach

function space if, for all measurable sets E ⊂ Rn with finite measure, χE ∈ Y .

A typical example of all of these notions is, needless to say, the Lebesgue space Lp(Rn)

with p ∈ (0,∞].

We summarize the above notions in the table:

Triangle inequality Quasi-triangle inequality

(2.1) Banach function space quasi-Banach function space

(2.3) ball Banach function space ball quasi-Banach function space

As an analogy of the absolute continuity of the quasi-norm of quasi-Banach spaces,

we introduce the following notion.

Definition 2.5. A ball quasi-Banach function space X is said to have an absolutely

continuous quasi-norm if ‖χEj‖X ↓ 0 whenever {Ej}∞j=1 is a sequence of measurable sets

that satisfies Ej ⊃ Ej+1 for all j ∈ N and
⋂∞
j=1Ej = ∅.

For example, the Lebesgue space Lp(Rn) with p ∈ (0,∞) has an absolutely continuous

quasi-norm. On the other hand, the space L∞(Rn) and the Morrey space Mp
q(Rn) with

1 ≤ q < p <∞ do not have an absolutely continuous norm.

Now we recall the notions of convexity and concavity of ball quasi-Banach spaces.

Definition 2.6 ([106, Chapter 2], [91, Definition 1.d.3]). Let X be a ball quasi-Banach

function space and p ∈ (0,∞).

(i) The p-convexification Xp of X is defined by setting Xp := {f ∈ M : |f |p ∈ X}
equipped with the quasi-norm ‖f‖Xp := ‖ |f |p‖1/pX .
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(ii) The space X is said to be p-convex if there exists a positive constant C such that,

for any {fj}j∈N ⊂ X1/p, ∥∥∥ ∞∑
j=1

|fj |
∥∥∥
X1/p

≤ C
∞∑
j=1

‖fj‖X1/p .

In particular, when C = 1, X is said to be strictly p-convex.

(iii) The space X is said to be p-concave if there exists a positive constant C such that,

for any {fj}j∈N ⊂ X1/p,

∞∑
j=1

‖fj‖X1/p ≤ C
∥∥∥ ∞∑
j=1

|fj |
∥∥∥
X1/p

.

In particular, when C = 1, X is said to be strictly p-concave.

For example, it is easy to see that, for any p ∈ [1,∞), (L1(Rn))p = Lp(Rn) with

equivalent norms; here and hereafter, for any p ∈ (0,∞), Lp(Rn) denotes the space of all

measurable functions f on Rn such that

‖f‖Lp(Rn) :=

[ˆ
Rn
|f(x)|p dx

]1/p

<∞.

2.2. Convolution estimates. In what follows, for any L ∈ Z+, PL denotes the set of

all polynomials on Rn of degree no more than L; for any a ∈ L1(Rn) satisfyingˆ
Rn

(1 + |x|)L|a(x)| dx <∞,

we write a ⊥ PL if ˆ
Rn
a(x)xα dx = 0

for all α ∈ Zn+ with |α| ≤ L; the symbol CL(Rn) denotes the set of all functions on Rn
which have continuous derivatives up to order L. The next lemma is our starting point

here; its proof can be found in [43, p. 466].

Lemma 2.7. Let y, z ∈ Rn, ν, µ ∈ Z with ν ≥ µ, M ∈ (0,∞), L ∈ N and N ∈ (M + L+

n,∞). Suppose that ϕ is a CL(Rn)-function such that, for all x ∈ Rn,

|∇Lϕ(x)| ≤ 2µ(n+L)

(1 + 2µ|x− y|)M
,

where ∇L denotes the gradient operator of order L, namely, ∇L := ∇(∇L−1) and ∇0

denotes the identity operator. Assume, in addition, that ψ is a measurable function such

that ψ ⊥ PL−1 and, for all x ∈ Rn,

|ψ(x)| ≤ 2νn

(1 + 2ν |x− z|)N
.

Then there exists a positive constant C, independent of y, z, ϕ and ψ, such that∣∣∣∣ˆ
Rn
ϕ(x)ψ(x) dx

∣∣∣∣ ≤ C 2µn−(ν−µ)L

(1 + 2µ|y − z|)M
.
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Denote by S(Rn) the space of all Schwartz functions and by S ′(Rn) its dual space

(namely, the space of all tempered distributions). Let F and F−1 be the Fourier transform

and its inverse, respectively: for any f ∈ S(Rn) and ξ ∈ Rn,

Ff(ξ) := (2π)−n/2
ˆ
Rn
f(x)e−ix·ξ dx and F−1f(ξ) := (2π)−n/2

ˆ
Rn
f(x)eix·ξ dx.

By [125, (2.66)] and the argument in [125, proof of Theorem 2.8], we have the following

estimate, the details being omitted here. In what follows, let ~0n denote the origin of Rn.

Lemma 2.8. Let Φ ∈ S(Rn) satisfy

FΦ(~0n) 6= 0 (2.4)

and f ∈ S ′(Rn). Then, for all t ∈ [1, 2], 0 < b ≤ N , r ∈ (0,∞) and x ∈ Rn,

sup
y∈Rn

|Φt ∗ f(y)|r

(1 + |x− y|)br
≤ C

∞∑
k=0

2k(n−Nr)
ˆ
Rn

|Φ2−kt ∗ f(y)|r

(1 + |x− y|)br
dy,

where, for all t ∈ (0,∞) and y ∈ Rn, Φt(y) := t−nΦ(y/t), and the positive constant C is

independent of Φ, f , x and t, but depends on r.

Denote by L1
loc(Rn) the set of all locally integrable functions on Rn. Recall that the

Hardy–Littlewood maximal operator M is defined by setting, for all f ∈ L1
loc(Rn) and

x ∈ Rn,

Mf(x) := sup
r∈(0,∞)

1

|B(x, r)|

ˆ
B(x,r)

|f(y)| dy. (2.5)

We now present a statement on atomic decompositions for ball Banach function

spaces, whose proof is given in Subsection 4.1.

Theorem 2.9 (Reconstruction). Let r ∈ (1,∞] and X be a ball Banach function space

such that the M in (2.5) is bounded on (X ′)1/r′ . Assume that {Qj}∞j=1 ⊂ Q, {aj}∞j=1 ⊂
Lr(Rn) and {λj}∞j=1 ⊂ [0,∞) are such that, for any j ∈ N,

‖aj‖Lr(Rn) ≤
|Qj |1/r

‖χQj‖X
, supp(aj) ⊂ Qj ,

∥∥∥∥ ∞∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

<∞. (2.6)

Then f :=
∑∞
j=1 λjaj converges in S ′(Rn) and has the property that there exists a positive

constant C, independent of f and depending on X and r, such that

‖f‖X ≤ C
∥∥∥∥ ∞∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

. (2.7)

For any θ ∈ (0,∞), the powered Hardy–Littlewood maximal operator M (θ) is defined

by setting, for all f ∈ L1
loc(Rn) and x ∈ Rn,

M (θ)(f)(x) := {M(|f |θ)(x)}1/θ.

In order to obtain a variant of Theorem 2.9 on any given ball quasi-Banach function

space X, we need the following additional assumption: For some θ, s ∈ (0, 1], there exists
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a positive constant C such that, for any {fj}∞j=1 ⊂M,∥∥∥{ ∞∑
j=1

[M (θ)(fj)]
s
}1/s∥∥∥

X
≤ C

∥∥∥{ ∞∑
j=1

|fj |s
}1/s∥∥∥

X
. (2.8)

We point out that it is crucial to use (2.8) to establish an atomic characterization of the

Hardy spaces studied in this article. The inequality (2.8) is called the Fefferman–Stein

vector-valued maximal inequality, and its version with X := Lp(Rn) for p ∈ (1,∞),

θ = 1 and s ∈ (1,∞] was originally established by Fefferman and Stein [37, Theorem 1].

Observe that, by [37, Theorem 1], we know that (2.8) also holds true when θ, s ∈ (0, 1],

θ < s, X := Lp(Rn) and p ∈ (θ,∞).

Using Theorem 2.9, we obtain its variant on strictly s-convex ball quasi-Banach func-

tion spaces as follows.

Theorem 2.10 (Reconstruction). Let s ∈ (0, 1] and q ∈ (1,∞]. Assume that X is a

strictly s-convex ball quasi-Banach function space satisfying (2.8) for some θ ∈ (0, 1] and

that, for all f ∈ (X1/s)′,

‖M ((q/s)′)(f)‖(X1/s)′ ≤ C‖f‖(X1/s)′ , (2.9)

where C is a positive constant independent of f . Let {Qj}∞j=1 ⊂ Q, {aj}∞j=1 ⊂ Lq(Rn)

and {λj}∞j=1 ⊂ [0,∞) be such that, for any j ∈ N,

‖aj‖Lq(Rn) ≤
|Qj |1/q

‖χQj‖X
, supp(aj) ⊂ Qj

and ∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

<∞.

Then f :=
∑∞
j=1 λjaj converges in S ′(Rn) and has the property that there exists a positive

constant C, independent of f , such that

‖f‖X ≤ C
∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

.

Theorem 2.10 follows directly from Theorem 2.9 together with∥∥∥ ∞∑
j=1

λj |aj |
∥∥∥
X
≤
∥∥∥{ ∞∑

j=1

(λj |aj |)s
}1/s∥∥∥

X
.

Moreover, we can also consider the case when aj is not compactly supported. In this case,

we can extend Theorem 2.10 as follows.

Theorem 2.11 (Reconstruction). Let τ ∈ (0,∞), θ ∈ (0, 1] and q ∈ (1,∞] be such that

τ > n(1/θ − 1/q). (2.10)

Assume that X is a strictly s-convex ball quasi-Banach function space satisfying (2.8) for

some s ∈ (0, 1] and (2.9). Let {Qj}∞j=1 ⊂ Q, {mj}∞j=1 ⊂ Lq(Rn) and {λj}∞j=1 ⊂ [0,∞) be
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such that, for any j ∈ N and k ∈ Z+,

‖χSk(Qj)mj‖Lq(Rn) ≤ 2−τk
|Qj |1/q

‖χQj‖X
and ∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

<∞.

Then f :=
∑∞
j=1 λjmj converges in S ′(Rn) and has the property that there exists a

positive constant C, independent of f , such that

‖f‖X ≤ C
∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

.

The proof of Theorem 2.11 is also given in Subsection 4.1.

2.3. Grand maximal operators. In this subsection, we recall the definitions of various

maximal functions. To formulate our results, we first recall the following fundamental

notion.

Topologize the space S(Rn) by norms {pN}N∈N given by setting, for any N ∈ N and

ϕ ∈ S(Rn),

pN (ϕ) :=
∑

α∈Zn+, |α|≤N

sup
x∈Rn

(1 + |x|)N |∂αϕ(x)|. (2.11)

Then, for any N ∈ N, define FN := {ϕ ∈ S(Rn) : pN (ϕ) ≤ 1}. We also endow S ′(Rn)

with the weak-∗ topology.

Definition 2.12. Let f ∈ S ′(Rn), N ∈ N, a, b ∈ (0,∞), Φ ∈ S(Rn) and Rn+1
+ :=

Rn × (0,∞).

(i) The radial maximal function M(f,Φ) is defined by setting, for all x ∈ Rn,

M(f,Φ)(x) := sup
t∈(0,∞)

|(Φt ∗ f)(x)|. (2.12)

(ii) The grand maximal function MN (f) is defined by setting, for all x ∈ Rn,

MN (f)(x) := sup{|t−nψ(t−1·) ∗ f(y)| : t ∈ (0,∞), |x− y| < t, ψ ∈ FN}. (2.13)

(iii) The non-tangential maximal function M∗a (f,Φ), with aperture a ∈ (0,∞), is defined

by setting, for all x ∈ Rn,

M∗a (f,Φ)(x) := sup
t∈(0,∞)

{
sup

y∈Rn, |y−x|<at
|Φt ∗ f(y)|

}
.

(iv) The maximal function M∗∗b (f,Φ) of Peetre type is defined by setting, for all x ∈ Rn,

M∗∗b (f,Φ)(x) := sup
(y,t)∈Rn+1

+

|(Φt ∗ f)(x− y)|
(1 + t−1|y|)b

. (2.14)
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(v) The grand maximal function M∗∗b,N (f) of Peetre type is defined by setting, for all

x ∈ Rn,

M∗∗b,N (f)(x) := sup
ψ∈FN

{
sup

(y,t)∈Rn+1
+

|(ψt ∗ f)(x− y)|
(1 + t−1|y|)b

}
.

The following lemma is the key to the definition of Hardy type spaces in this article.

Lemma 2.13. Let N be a large positive integer, b ∈ [n + 1,∞), and Φ ∈ S(Rn) sat-

isfy (2.4). Then there exists a positive constant C such that, for all f ∈ S ′(Rn) and

x ∈ Rn,

M∗∗b,N (f)(x) ≤ CM∗∗b (f,Φ)(x). (2.15)

Proof. Denote by δ the Dirac delta function at zero. Let L := b2b + 1c. Following the

argument in [111, Theorem 1.6], we see that there exist Θ, ρ ∈ S(Rn) such that

δ = Θ ∗ Φ +

∞∑
l=1

[2lnρ(2l·)] ∗ [2lnΦ(2l·)− 2(l−1)nΦ(2l−1·)] (2.16)

and ρ ⊥ PL.

Fix t ∈ (0,∞) and κ ∈ S(Rn) such that pN (κ) ≤ 1. Then, by (2.16), we find that, for

all x, y ∈ Rn,

κt ∗ f(x− y) = κt ∗Θt ∗ Φt ∗ f(x− y)

+

∞∑
l=1

κt ∗ ρ2−lt ∗ [Φ2−lt − Φ2−l+1t] ∗ f(x− y). (2.17)

Since N is a large positive integer and ρ ⊥ PL, it follows from Lemma 2.7 that, for all

x ∈ Rn,

|κ ∗Θ(x)| . 1

(1 + |x|)b+n+1

and

|κ ∗ [2lnρ(2l·)](x)| . 2−lL

(1 + |x|)b+n+1
,

which, combined with b ≥ n+ 1, implies that

|κt ∗ ρ2−lt ∗ [Φ2−lt − Φ2−l+1t] ∗ f(x− y)|
(1 + t−1|y|)b

. 2−lL
ˆ
Rn

|Φ2−lt ∗ f(x− y − z)|+ |Φ2−l+1t ∗ f(x− y − z)|
tn(1 + t−1|y|)b(1 + t−1|z|)b+n+1

dz

. 2−l(L−2b)

ˆ
Rn

|Φ2−lt ∗ f(x− y − z)|+ |Φ2−l+1t ∗ f(x− y − z)|
tn(1 + 2lt−1|y|)b(1 + 2lt−1|z|)b(1 + t−1|z|)n+1

dz

. 2−l(L−2b)

ˆ
Rn

|Φ2−lt ∗ f(x− y − z)|+ |Φ2−l+1t ∗ f(x− y − z)|
tn(1 + 2lt−1|y + z|)b(1 + t−1|z|)n+1

dz

. 2−l(L−2b) sup
0<v≤t, w∈Rn

|Φv ∗ f(x− w)|
(1 + v−1|w|)b

ˆ
Rn

1

tn(1 + t−1|z|)n+1
dz.
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From this, we conclude that, for all x, y ∈ Rn,

|κt ∗ ρ2−lt ∗ [Φ2−lt − Φ2−l+1t] ∗ f(x− y)|
(1 + t−1|y|)b

. 2−l(L−2b) sup
0<v≤t, w∈Rn

|Φv ∗ f(x− w)|
(1 + v−1|w|)b

. (2.18)

Furthermore, similarly to (2.18), we know that, for all x, y ∈ Rn,

|κt ∗Θt ∗ Φt ∗ f(x− y)|
(1 + t−1|y|)b

. sup
0<v≤t, w∈Rn

|Φv ∗ f(x− w)|
(1 + v−1|w|)b

. (2.19)

Therefore, it follows from (2.17)–(2.19), the definition of M∗∗b (f,Φ) and L > 2b that, for

any x, y ∈ Rn,

|κt ∗ f(x− y)|
(1 + t−1|y|)b

.
∞∑
l=0

2−l(L−2b)M∗∗b (f,Φ)(x) ∼M∗∗b (f,Φ)(x),

which, together with the arbitrariness of κ ∈ FN and x ∈ Rn, implies that (2.15) holds

true. This finishes the proof of Lemma 2.13.

2.4. Maximal estimates. In this subsection, we discuss what our standing assumption

(2.8) implies. Let w be a weight, that is, w is a measurable function on Rn such that

0 < w < ∞ almost everywhere. The weighted Lebesgue space Lqw(Rn) with q ∈ (0,∞) is

defined by setting

Lqw(Rn) :=

{
f ∈M : ‖f‖Lqw(Rn) :=

[ ˆ
Rn
|f(x)|qw(x) dx

]1/q

<∞
}
. (2.20)

Moreover, for p, q ∈ (0,∞) and a ∈ R, the Herz space Ka
p,q(Rn) is defined by setting

Ka
p,q(Rn) := {f ∈M : ‖f‖Ka

p,q(Rn) <∞},

where

‖f‖Ka
p,q(Rn) := ‖χQ(~0n,2)f‖Lp(Rn) +

{ ∞∑
j=1

[2aj‖χSj(Q(~0n,1))f‖Lp(Rn)]
q
}1/q

. (2.21)

For the spaces Ka
p,q(Rn) and X, we have the following significant conclusion.

Lemma 2.14. Let X be a ball quasi-Banach function space satisfying (2.8) for some

θ, s ∈ (0, 1] with θ < s. Then there exist positive constants C and ε(X), depending on X,

such that, for all f ∈ X,

‖f‖
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)
≤ C‖f‖X . (2.22)

Proof. As was proved in [83, p. 366], (2.8) implies that there exists a positive con-

stant ε(X), depending on X, such that, for any {fj}∞j=1 ⊂ X,∥∥∥{ ∞∑
j=1

[M (θ+ε(X))(fj)]
s
}1/s∥∥∥

X
.
∥∥∥{ ∞∑

j=1

|fj |s
}1/s∥∥∥

X
. (2.23)
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Moreover, by the definition of the powered Hardy–Littlewood maximal operator, we con-

clude that, for all x ∈ Rn,{ ∞∑
j=1

[M (θ+ε(X))(χSj(Q(~0n,1))f)(x)]s
}1/s

& ‖χRn\Q(~0n,2)f‖K−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

χQ(~0n,1)(x).

Likewise, we also know that, for all x ∈ Rn,

M (θ+ε(X))(χQ(~0n,2)f)(x) & ‖fχQ(~0n,2)‖K−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

χQ(~0n,1)(x).

Thus, we conclude that, for all x ∈ Rn,

‖f‖
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

χQ(~0n,1)(x)

.M (θ+ε(X))(χQ(~0n,2)f)(x) +
{ ∞∑
j=1

[M (θ+ε(X))(χSj(Q(~0n,1))f)(x)]s
}1/s

.

Since X is a ball quasi-Banach function space, it follows that χQ(~0n,1) ∈ X and

‖f‖
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

. ‖M (θ+ε(X))(χQ(~0n,2)f)‖X +
∥∥∥{ ∞∑

j=1

[M (θ+ε(X))(χSj(Q(~0n,1))f)]s
}1/s∥∥∥

X
,

which, together with (2.23), implies (2.22). This finishes the proof of Lemma 2.14.

When the Hardy–Littlewood maximal operator is bounded on X, we have the fol-

lowing estimates which are used when we relate the space X to the Hardy type space

HX(Rn).

Lemma 2.15. Assume that X is a ball quasi-Banach function space on which the Hardy–

Littlewood maximal operator M is bounded.

(i) There exists a positive constant C such that, for all R ∈ (1,∞) and f ∈ X,

1

|Q(~0n, R)|

ˆ
Q(~0n,R)

|f(y)| dy ≤ C‖f‖X . (2.24)

(ii) There exist a constant η ∈ (1,∞), depending on X, as well as a positive constant C,

depending on X and η, such that, for all f ∈ X,

‖M (η)(f)‖X ≤ C‖f‖X . (2.25)

(iii) Let η be as in (2.25). Then there exist a large positive constant N and a positive

constant C such that, for all f ∈ X,

‖f‖Lη((1+|·|)−N ) ≤ C‖f‖X .

Proof. We first prove (i). By the definition of M , we find that, for any R ∈ (1,∞),

1

|Q(~0n, R)|

ˆ
Q(~0n,R)

|f(y)| dy ≤ inf
z∈Q(~0n,1)

Mf(z),
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which, combined with the assumption that M is bounded on X, implies (2.24). The

conclusion of (ii) is well known (see, for example, [84]). The proof of (iii) is similar to

that of Lemma 2.14, the details being omitted here. This finishes the proof of Lemma

2.15.

In connection with Lemma 2.14, we have the following important estimate.

Lemma 2.16. Let p, s ∈ (0,∞). Then there exists a positive constant C, depending on p

and s, such that, for all L ∈ N,

C−1 s
√
L ≤ ‖χ[0,2L]n‖K−n/pp, s (Rn)

≤ C s
√
L. (2.26)

Proof. The proof is a direct calculation, the details being omitted here.

2.5. Boyd indices and the Hardy–Littlewood maximal function. In this subsec-

tion, we first extend the notion of Boyd indices to ball Banach function spaces. We then

apply them to establish the Fefferman–Stein vector-valued inequalities and a decomposi-

tion theorem on ball Banach function spaces.

Definition 2.17. Let Y be a ball Banach function space. Denote by M the Hardy–

Littlewood maximal function in (2.5), and by Y ′ the associate space of Y . The lower

generalized Boyd index lY and the upper generalized Boyd index uY of Y are, respectively,

defined by

lY := sup({l ∈ (1,∞) : M is bounded on Y 1/l} ∪ {1}) (2.27)

and

uY := inf({u ∈ (1,∞) : M is bounded on (Y ′)1−1/u} ∪ {∞}). (2.28)

Recall that we have the following Fefferman–Stein vector-valued maximal inequalities

for Y with 1 < lY ≤ uY <∞.

Lemma 2.18 ([53, Theorem 3.3]). Let p, q ∈ (1,∞). Assume that Y is a Banach function

space with 1 < lY ≤ uY < ∞. Then there exists a positive constant C such that, for all

{fj}∞j=1 ⊂M, ∥∥∥{ ∞∑
j=1

(Mfj)
q
}1/q∥∥∥

Y p
≤ C

∥∥∥{ ∞∑
j=1

|fj |q
}1/q∥∥∥

Y p
.

We improve this theorem in two different directions: p = 1 or lY = 1.

Theorem 2.19 (The case p = 1). Let Y be a ball Banach function space. If 1 <

lY ≤ uY < ∞ and q ∈ (1,∞], then there exists a positive constant C such that, for

all {fj}∞j=1 ⊂M, ∥∥∥{ ∞∑
j=1

(Mfj)
q
}1/q∥∥∥

Y
≤ C

∥∥∥{ ∞∑
j=1

|fj |q
}1/q∥∥∥

Y
.

Theorem 2.20 (The case lY = 1). Let Y be a ball Banach function space. If uY ∈ [1,∞),

p ∈ (1,∞) and q ∈ (1,∞], then there exists a positive constant C such that, for all

{fj}∞j=1 ⊂M, ∥∥∥{ ∞∑
j=1

(Mfj)
q
}1/q∥∥∥

Y p
≤ C

∥∥∥{ ∞∑
j=1

|fj |q
}1/q∥∥∥

Y p
.
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We prove Theorems 2.19 and 2.20 in Subsection 4.1.

Now we state the following decomposition result on the functions in ball quasi-Banach

function spaces, in which we answer the following question: given a function f in X, how

good functions can we use to express f? In what follows, let θ ∈ (0, 1] be the constant

from (2.8) and

dX := bn(1/θ − 1)c. (2.29)

Theorem 2.21 (Decomposition). Let X be a ball quasi-Banach function space satisfying

(2.8) for some θ, s ∈ (0, 1]. Assume that lX ∈ (1,∞] and f ∈ X. Then there exists a

triplet {λj}∞j=1 ⊂ [0,∞), {Qj}∞j=1 ⊂ Q and {aj}∞j=1 ⊂ L∞(Rn) such that f =
∑∞
j=1 λjaj

in S ′(Rn), for any j ∈ N, |aj | ≤ ‖χQj‖−1
X χQj almost everywhere, aj ⊥ Pd and∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

≤ C‖f‖X ,

where d ∈ N, d ≥ dX with dX as in (2.29), and the positive constant C depends on s, but

is independent of f .

Notice that Theorem 2.21 dates back to [70], where Janson and Jones proved Theorem

2.21 for the Lebesgue space Lp(Rn) from the viewpoint of martingales. The proof of

Theorem 2.21 is given in Subsection 4.3.

2.6. Hardy type spaces. With (2.14) in mind, we now introduce the Hardy type space

associated with X, which is denoted by HX(Rn).

Definition 2.22. Let X be a ball quasi-Banach function space. Then the Hardy space

HX(Rn) associated with X is defined as

HX(Rn) := {f ∈ S ′(Rn) : ‖f‖HX(Rn) := ‖M∗∗b (f,Φ)‖X <∞},

where M∗∗b (f,Φ) is as in (2.14) with b sufficiently large and Φ ∈ S(Rn) satisfyingˆ
Rn

Φ(x) dx 6= 0. (2.30)

When X := Lp(Rn) with p ∈ (0, 1], the Hardy type space HX(Rn) agrees with the

classical Hardy space Hp(Rn) (see, for example, [121]).

Later we prove that

‖M∗∗b (f,Φ)‖X ∼ ‖M∗∗b1 (f, Ψ)‖X (2.31)

as long as b, b1 are large positive real numbers and Φ,Ψ ∈ S(Rn) satisfy (2.30) (see

Theorem 3.1 below for the details), where the implicit positive constants are independent

of f .

2.7. Calderón–Zygmund decompositions. As we have demonstrated in the proof

of the atomic decomposition for classical Hardy spaces, we need to use the Calderón–

Zygmund decomposition to break down functions or distributions into atoms. Even

though the Calderón–Zygmund decomposition is well known, we recall it for completeness

(see, for example, [121] for the details). In what follows, C∞c (Rn) denotes the set of all

infinite differentiable functions with compact supports.
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Lemma 2.23. Let f ∈ S ′(Rn) and d ∈ Z+. For any j ∈ Z, let

Oj := {y ∈ Rn :MN (f)(y) > 2j}, (2.32)

where MN (f) is as in Definition 2.12 with N ∈ N large enough. Then:

(i) For any j ∈ Z, there exist a set Kj of indices and a family {Qj,k}k∈Kj of closed

cubes with disjoint interiors such that

Oj =
⋃
k∈Kj

Qj,k.

Moreover, there exists a positive constant D such that, for any j ∈ Z,

χOj ≤
∑
k∈Kj

χQj,k ≤
∑
k∈Kj

χ5Qj,k ≤ DχOj . (2.33)

(ii) There exist distributions {gj}j∈Z and {bj}j∈Z such that, for each j ∈ Z, f = gj + bj
in S ′(Rn).

(iii) For any j ∈ Z, the distribution gj is such that, for any x ∈ Rn,

MN (gj)(x) .MN (f)(x)χOjc(x) +
∑
k∈Kj

2j`n+d+1
j,k

(`j,k + |x− xj,k|)n+d+1
, (2.34)

where the implicit positive constant is independent of f and gj. Here and hereafter,

for each j∈Z and k∈Kj, xj,k and `j,k denote the center and the side-length of Qj,k,

respectively. Furthermore, if f ∈ L1
loc(Rn), then, for any j ∈ Z, gj ∈ L∞(Rn) and

‖gj‖L∞(Rn) . 2−j with the implicit positive constant independent of j.

(iv) If f ∈ HX(Rn), then, for any j ∈ Z, bj =
∑
k∈Kj bj,k in S ′(Rn) and, for each

k ∈ Kj, bj,k := (f − cj,k)ηj,k, where {ηj,k}k∈Kj is a partition of unity with re-

spect to {Qj,k}k∈Kj , namely, for each k ∈ Kj, ηj,k ∈ C∞c (Rn), supp(ηj,k) ⊂ Qj,k,

0 ≤ ηj,k ≤ 1, and ∑
k∈Kj

ηj,k = χOj ,

cj,k ∈ Pd is a polynomial satisfying, for any q ∈ Pd,

〈f − cj,k, qηj,k〉 = 0.

Moreover, for any j ∈ Z, k ∈ Kj and x ∈ Rn,

MN (bj,k)(x) .MN (f)(x)χQj,k(x) +
2j`n+d+1

j,k

(`j,k + |x− xj,k|)n+d+1
, (2.35)

where the implicit positive constant is independent of f , k and j.

(v) For any s ∈ (0,∞) and x ∈ Rn,
∞∑

j=−∞
[2jχOj (x)]s ∼

[ ∞∑
j=−∞

2jχOj (x)
]s

∼
[ ∞∑
j=−∞

2jχOj\Oj+1
(x)
]s
, (2.36)

where the equivalent positive constants are independent of f .
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Lemma 2.24. Let X be a ball quasi-Banach function space satisfying (2.8) for some

θ, s ∈ (0, 1] and {Qλ}λ∈Λ a family of cubes having the bounded overlapping property.

Assume, in addition, that d ∈ Z+ with d ≥ bn(1/θ − 1)c and

χO ∈ X, where O :=
⋃
λ∈ΛQλ.

Then ∑
λ∈Λ

[`(Qλ)]n+d+1

[`(Qλ)]n+d+1 + | · −c(Qλ)|n+d+1
∈ L1

loc(Rn);

here and hereafter, for each λ ∈ Λ, `(Qλ) and c(Qλ) denote the side-length and the center

of the cube Qλ, respectively.

Proof. Let K ⊂ Rn be a compact set of the form K := Q(~0n, 2R), where R ∈ (0,∞).

Define

Λ1 :=
{
λ ∈ Λ : 1

2Qλ ⊂ Q(~0n, 20R)
}
,

Λ2 :=
{
λ ∈ Λ \ Λ1 : 1

2Qλ ∩Q(~0n, 2R) 6= ∅
}
,

Λ3 := {λ ∈ Λ \ (Λ1 ∪ Λ2) : `(Qλ) ≤ R},
Λ4 := {λ ∈ Λ \ (Λ1 ∪ Λ2) : `(Qλ) > R}.

By the definition of Λ2, we know that, for any λ ∈ Λ2, Q(~0n, 2R) ⊂ Qλ, which, together

with the bounded overlapping property of {Qλ}λ∈Λ, implies that Λ2 is a finite set. From

this and the definition of Λ1, it follows thatˆ
Rn

∑
λ∈Λ1∪Λ2

[`(Qλ)]n+d+1

[`(Qλ)]n+d+1 + |x− c(Qλ)|n+d+1
dx ∼

∑
λ∈Λ1

|Qλ|+
∑
λ∈Λ2

|Qλ|

∼ Rn +
∑
λ∈Λ2

|Qλ| <∞. (2.37)

Moreover, by the definition of Λ3, for any λ ∈ Λ3 and x ∈ Qλ, we have |x| ∼ |c(Qλ)|,
|c(Qλ)| > 8R and `(Qλ) ≤ R, which further implies that

ˆ
Q(~0n,2R)

∑
λ∈Λ3

[`(Qλ)]n+d+1

[`(Qλ)]n+d+1 + |x− c(Qλ)|n+d+1
dx

.
ˆ
Q(~0n,2R)

∑
λ∈Λ3

Rd+1[`(Qλ)]n

Rn+d+1 + |x− c(Qλ)|n+d+1
dx

.
∑
λ∈Λ3

Rn+d+1|Qλ|
Rn+d+1 + |c(Qλ)|n+d+1

.
∑
λ∈Λ3

ˆ
Qλ

Rn+d+1

Rn+d+1 + |x|n+d+1
dx

.
ˆ
Rn

Rn+d+1

Rn+d+1 + |x|n+d+1
dx <∞. (2.38)

Finally, we handle Λ4. From the definition of Λ4, we deduce that, for any λ ∈ Λ4 and
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x ∈ Q(~0n, 2R),

|x− c(Qλ)| ∼ |c(Qλ)|, (2.39)

which implies that
ˆ
Q(~0n,2R)

∑
λ∈Λ4

[`(Qλ)]n+d+1

[`(Qλ)]n+d+1 + |x− c(Qλ)|n+d+1
dx ∼

∑
λ∈Λ4

[`(Qλ)]n+d+1Rn

|c(Qλ)|n+d+1
. (2.40)

Furthermore, by (2.39), we know that, for any x ∈ Q(~0n, 2R),[
`(Qλ)

|c(Qλ)|

]n+d+1

.

[
`(Qλ)

|x− c(Qλ)|

]n+d+1

. [M(χQλ)(x)](n+d+1)/n . [M (θ)(χQλ)(x)]s,

which, combined with (2.8), further implies that{ ∑
λ∈Λ4

[
`(Qλ)

|c(Qλ)|

]n+d+1}1/s

.

∥∥∥∥{ ∑
λ∈Λ4

[
`(Qλ)

|c(Qλ)|

]n+d+1}1/s

χQ(~0n,2R)

∥∥∥∥
X

.
∥∥∥{ ∑

λ∈Λ4

[M (θ)(χQλ)]s
}1/s∥∥∥

X

.
∥∥∥ ∑
λ∈Λ4

χQλ

∥∥∥
X

. ‖χO‖X <∞.

From this, (2.37), (2.38), (2.40) and the arbitrariness of the compact set K ⊂ Rn, it

follows that the conclusion of Lemma 2.24 holds true.

3. Fundamental properties of HX(Rn)

In this section, we present the main results for the Hardy type space HX(Rn). More pre-

cisely, we characterize the spaceHX(Rn) via various maximal functions, atoms, molecules,

Poisson integrals and Lusin-area functions, while the proofs of these results are postponed

until Section 4.

3.1. Characterizations by means of various maximal operators. In this sub-

section, we present maximal function characterizations of HX(Rn). More precisely, we

compare the quantities

‖M(f,Φ)‖X , ‖M∗a (f,Φ)‖X , ‖MN (f)‖X , ‖M∗∗b (f,Φ)‖X , ‖M∗∗b,N (f)‖X

for any f ∈ S ′(Rn).

Recall that ‖f‖HX(Rn) := ‖M∗∗b (f,Φ)‖X (see Definition 2.22). The main theorem of

this subsection is as follows.

Theorem 3.1. Let a, b ∈ (0,∞), let X be a ball quasi-Banach function space and let

Φ ∈ S(Rn) satisfy
´
Rn Φ(x) dx 6= 0.
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(i) Let N ≥ bb+ 2c be an integer. Then, for all f ∈ S ′(Rn),

‖M(f,Φ)‖X . ‖M∗a (f,Φ)‖X . ‖M∗∗b (f,Φ)‖X , (3.1)

‖M(f,Φ)‖X . ‖MN (f)‖X ≤ ‖Mbb+2c(f)‖X . ‖M∗∗b (f,Φ)‖X , (3.2)

‖M∗∗b (f,Φ)‖X ∼ ‖M∗∗b,N (f)‖X , (3.3)

where the implicit positive constants are independent of f .

(ii) Let r ∈ (0,∞). Assume that b ∈ (n/r,∞) and M is bounded on X1/r. Then, for all

f ∈ S ′(Rn),

‖M∗∗b (f,Φ)‖X . ‖M(f,Φ)‖X , (3.4)

where the implicit positive constant is independent of f . In particular, when N ≥
bb+ 2c, if one of the quantities

‖M(f,Φ)‖X , ‖M∗a (f,Φ)‖X , ‖MN (f)‖X , ‖M∗∗b (f,Φ)‖X , ‖M∗∗b,N (f)‖X

is finite, then the others are also finite and mutually equivalent with the implicit

positive constants independent of f .

The proof of Theorem 3.1 is given in Subsection 4.2.

We learn much more than (2.31) from Theorem 3.1. Denote by et∆f the heat extension

of f ∈ S ′(Rn) for t ∈ (0,∞), namely, for any t ∈ (0,∞) and x ∈ Rn,

et∆f(x) :=

〈
f,

1

(4πt)n/2
exp

(
−|x− ·|

2

4t

)〉
.

Then, as a corollary of Theorem 3.1, we immediately obtain the following conclusion, the

details being omitted.

Corollary 3.2. Let X be a ball quasi-Banach function space such that M is bounded

on Xr for some r ∈ (0,∞). Then, for any f ∈ HX(Rn),

‖f‖HX(Rn) ∼
∥∥∥ sup
t∈(0,∞)

|et∆f |
∥∥∥
X
,

where the implicit positive constants are independent of f .

Thanks to Corollary 3.2, we can define the Hardy type space HX(Rn) to be the set

of all f ∈ S ′(Rn) for which the quasi-norm ‖supt∈(0,∞) |et∆f | ‖X is finite.

3.2. Poisson integral characterization. In this subsection, we give a characterization

of the space HX(Rn) by means of the Poisson integral.

Recall that f ∈ S ′(Rn) is said to be a bounded tempered distribution if, for any

ϕ ∈ S(Rn), ϕ ∗ f ∈ L∞(Rn). Moreover, for any bounded tempered distribution f , the

Poisson semigroup of f is defined by setting, for any t ∈ (0,∞),

Ptf := e−t
√
−∆f := F−1(e−t|·|Ff)

(see, for example, [121, p. 89] for the details). Then we have the following characterization

for the space HX(Rn).
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Theorem 3.3. Let X be a ball quasi-Banach function space such that M is bounded on

Xr for some r ∈ (0,∞) and there exists a positive constant C satisfying

inf
x∈Rn

‖χB(x,1)‖X ≥ C. (3.5)

Assume that f ∈ S ′(Rn). Then the following are equivalent:

(i) f ∈ HX(Rn);

(ii) f is a bounded distribution and supt∈(0,∞) |Pt ∗ f | ∈ X.

The proof of Theorem 3.3 is given in Subsection 4.2.

3.3. Relation between X and HX(Rn). In this subsection, we discuss the relation

between the spaces X and HX(Rn). More precisely, we have the following assertion.

Theorem 3.4. Let X be a ball quasi-Banach function space with lX ∈ (1,∞]. Then:

(i) X ↪→ S ′(Rn), the space X embeds continuously into S ′(Rn).

(ii) If f ∈ X, then f ∈ HX(Rn).

(iii) If f ∈ HX(Rn), then there exists a locally integrable function g ∈ X such that g

represents f , which means that f = g in S ′(Rn) and ‖g‖HX(Rn) = ‖f‖HX(Rn).

Theorem 3.4 is a bridge connecting X and HX(Rn), which generalizes the classical

result that Hp(Rn) = Lp(Rn) with p ∈ (1,∞). The proof of Theorem 3.4 is given in

Subsection 4.3.

3.4. Atomic characterization. In this subsection, we present an atomic decomposition

of HX(Rn). We first give the notion of atoms.

Definition 3.5. Let X be a ball quasi-Banach function space satisfying (2.8) and let

q ∈ [1,∞]. Assume that d ∈ Z+ satisfies d ≥ dX , where dX is as in (2.29). Then the

function a is called an (X, q, d)-atom if there exists Q ∈ Q such that supp(a) ⊂ Q,

‖a‖Lq(Rn) ≤
|Q|1/q

‖χQ‖X
(3.6)

and a ⊥ Pd.

We use the Lq(Rn)-norm in the size condition (3.6) for atoms. Notice that, for the

classical Hardy spaces, we also have atoms with size conditions defined in terms of Banach

function spaces. The reader is referred to [49, 51, 52, 68] for details.

We now state an atomic characterization for the space HX(Rn): Similar to Theorems

2.9 and 2.21, there are atomic and molecular decompositions for HX(Rn). We first present

a reconstruction theorem.

Theorem 3.6 (Reconstruction). Let s ∈ (0, 1], q ∈ (1,∞] and dX be as in (2.29). Assume

that X is a strictly s-convex ball quasi-Banach function space satisfying (2.8) for some

θ ∈ (0, 1] and, for any f ∈M,

‖M ((q/s)′)(f)‖(X1/s)′ . ‖f‖(X1/s)′ , (3.7)

where the implicit positive constant is independent of f . Let {aj}∞j=1 be a sequence of

(X, q, dX)-atoms, supported on the cubes {Qj}∞j=1 ⊂ Q, and {λj}∞j=1 ⊂ [0,∞) be such
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that ∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

<∞. (3.8)

Then the series

f :=

∞∑
j=1

λjaj (3.9)

converges in S ′(Rn), f ∈ HX(Rn) and

‖f‖HX(Rn) .

∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

,

where the implicit positive constant is independent of f .

The proof of Theorem 3.6 is given in Subsection 4.3. Theorem 3.6 can be seen as a

counterpart of Theorem 2.9. Now we formulate a decomposition theorem.

Theorem 3.7 (Decomposition). Let X be a ball quasi-Banach function space satisfying

(2.8) for some θ, s ∈ (0, 1], d ≥ dX be a fixed integer, where dX is as in (2.29), and

f ∈ HX(Rn). Then there exist a sequence {aj}∞j=1 of (X,∞, d)-atoms, supported on the

cubes {Qj}∞j=1 ⊂ Q, and a sequence {λj}∞j=1 ⊂ [0,∞) such that

f =

∞∑
j=1

λjaj in S ′(Rn) (3.10)

and ∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

.s ‖f‖HX(Rn),

where the implicit positive constant is independent of f , but depends on s.

The proof of Theorem 3.7 is given in Subsection 4.3. Now we consider the molecular

decomposition of HX(Rn). We begin with the notion of molecules.

Definition 3.8. Let X be a ball quasi-Banach function space satisfying (2.8) for some

θ, s ∈ (0, 1], q ∈ [1,∞], d ∈ N satisfy d ≥ dX , with dX as in (2.29), and τ ∈ (0,∞).

A measurable function m on Rn is called an (X, q, d, τ)-molecule centered at a cube

Q ∈ Q if, for any j ∈ Z+,

‖χSj(Q)m‖Lq(Rn) ≤ 2−τj
|Q|1/q

‖χQ‖X
and m ⊥ Pd. In analogy, one defines an (X, q, d, τ)-molecule centered at a ball B.

It is easy to see that, for any (X, q, d)-atom α with q ∈ [1,∞] and d ∈ N, α is also an

(X, q, d, τ)-molecule for any τ ∈ (0,∞). With this in mind, let us formulate a molecular

characterization of the space HX(Rn) as follows.

Theorem 3.9 (Molecular characterization). Assume that X is a strictly s-convex ball

quasi-Banach function space satisfying (2.8) for some θ, s ∈ (0, 1] and (3.7). Let q ∈
(1,∞] and τ ∈ (0,∞) satisfy

τ > n(1/θ − 1/q).



26 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

Then f ∈ HX(Rn) if and only if there exist a sequence {mj}∞j=1 of (X, q, dX , τ)-

molecules, centered at the cubes {Qj}∞j=1 ∈ Q, and {λj}∞j=1 ⊂ [0,∞) satisfying (3.8)

such that

f =

∞∑
j=1

λjmj in S ′(Rn).

Moreover,

‖f‖HX(Rn) ∼
∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

,

where the implicit positive constants are independent of f .

The proof of Theorem 3.9 is presented in Subsection 4.3. We have some standard

applications to atomic and molecular characterizations of mapping properties of some

singular integral operators. We refer the reader to [102, Section 5] for details.

The above atomic and molecular characterization theorems for HX(Rn) extend and

unify those for classical Hardy spaces [23, 82].

Before we go further, a helpful remark may be in order.

Remark 3.10. Let s ∈ (0, 1] and X be a strictly s-convex ball quasi-Banach function

space satisfying (2.8) for some θ ∈ (0, 1].

(i) For any cube Q ⊂ Rn, there exists a dyadic cube Q̃ such that |Q̃| ≤ |Q| and Q ⊂ 6Q̃.

Then, by (2.8), we find that ‖χQ‖X ∼ ‖χQ̃‖X with the equivalent positive constants

independent of Q and Q̃.

(ii) In Theorem 3.7, observing that there exists a dyadic cube Rj such that Rj ⊃ Qj and

`(Rj) ∼ `(Qj) as in (i) for each Qj with j ∈ N, with the implicit positive constants

are independent of j, we may assume that, for any j ∈ N, Qj is a dyadic cube.

(iii) Denote by D the set of all dyadic cubes in Rn. Since s ∈ (0, 1], one can rephrase the

conclusion of Theorem 3.7 as follows: for any f ∈ HX(Rn), there exist a sequence

{aj}∞j=1 of (X,∞, d)-atoms, supported on the dyadic cubes {Qj}∞j=1 ⊂ D, and a

sequence {λj}∞j=1 ⊂ [0,∞) such that f =
∑∞
j=1 λjaj in S ′(Rn) and∥∥∥{ ∞∑

j=1

(λj/‖χQj‖X)sχQj

}1/s∥∥∥
X

.s ‖f‖HX(Rn),

where the implicit positive constant is independent of f , but depends on s.

When X has an absolutely continuous quasi-norm, we find that the atomic decompo-

sitions in (3.9) and (3.10) converge in HX(Rn) (see Corollary 3.11 below for the details).

Corollary 3.11. Let X be as in Theorem 3.6. Assume further that X has an absolutely

continuous quasi-norm. Then:

(i) HX(Rn) ∩ L∞(Rn) is dense in HX(Rn).

(ii) The convergences of (3.9) and (3.10) hold true in HX(Rn).

Corollary 3.11 is proved in Subsection 4.3.
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Remark 3.12. Let X be as in Corollary 3.11, and let f ∈ HX(Rn), {λj}∞j=1 and {aj}∞j=1

be as in Theorem 3.7. For any N ∈ N, let fN :=
∑N
j=1 λjaj . Then, for any N ∈ N,

fN ∈ L2(Rn), which, together with Corollary 3.11(ii), implies that ‖f − fN‖HX(Rn) → 0

as N →∞. Thus, L2(Rn) ∩HX(Rn) is dense in HX(Rn).

3.5. Boyd indices and Hardy spaces. In this subsection, we rephrase our results in

terms of Boyd indices, as a direct consequence of Theorem 2.9; the details are omitted.

Theorem 3.13. Let Y be a ball Banach function space satisfying uY ∈ [1,∞), let

{λk}k∈N ⊂ [0,∞) and let {Qk}k∈N ⊂ Q be a sequence of cubes. Then, for any q ∈ (uY ,∞]

and sequence {bk}k∈N ⊂ Lq(Rn) such that, for any k ∈ N, supp(bk) ⊂ Qk and

‖bk‖Lq(Rn) ≤
|Qk|1/q

‖χQk‖Y
,

we have ∥∥∥∑
k∈N

λkbk

∥∥∥
Y
.

∥∥∥∥∑
k∈N

λk
‖χQk‖Y

χQk

∥∥∥∥
Y

,

where the implicit positive constant is independent of {λk}k∈N and {bk}k∈N.

Notice that, in Theorem 3.13, no moment condition on {bk}k∈N is necessary. Moreover,

we generalize Theorem 3.13 to the case when X := Y p with p ∈ (0, 1] as follows.

Theorem 3.14. Let Y be a ball Banach function space satisfying uY ∈ [1,∞), and

let s ∈ (0, 1], q ∈ (max{1, suY },∞], d ∈ N ∩ (bn/s − nc,∞) and X := Y s. Then,

for any sequence {aj}j∈N of (X, q, d)-atoms, supported on the cubes {Qj}j∈N ⊂ Q, and

{λj}j∈N ⊂ [0,∞) satisfying∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

<∞,

the series f :=
∑∞
j=1 λjaj converges in S ′(Rn), f ∈ HX(Rn) and

‖f‖HX(Rn) .

∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

,

where the implicit positive constant is independent of f .

Theorem 3.15. Let X be a ball Banach function space with 1 < lX ≤ uX < ∞, and

let f ∈ X and L ∈ N. Then there exists a triplet {λj}j∈N ⊂ [0,∞), {Qj}j∈N ⊂ Q and

{aj}j∈N ⊂ L∞(Rn) such that f =
∑∞
j=1 λjaj in S ′(Rn) and, for some s ∈ (0, 1],

(i) |aj | ≤ χQj/‖χQj‖X ,

(ii) aj ⊥ PL,

(iii)
∥∥∥{∑∞j=1(λj/‖χQj‖X)sχQj

}1/s∥∥∥
X

.s ‖f‖X ,

where the implicit positive constant is independent of f , but depends on s.

The proofs of Theorems 3.14 and 3.15 are given in Subsection 4.3.
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3.6. Characterizations by means of Lusin-area functions. As Peetre established

in [109], Triebel–Lizorkin spaces cover classical Hardy spaces as a special case. Indeed,

in addition to the study of Hardy spaces built on general function spaces, there are some

general approaches to the study of Triebel–Lizorkin spaces built on general function

spaces (see, for example, [48, 50, 86, 90]). We seek the relation between Hardy spaces

built on general function spaces X and Triebel–Lizorkin spaces built on general function

spaces X.

In this subsection, we characterize the Hardy space HX(Rn) by means of the Lusin-

area function. We begin by introducing the tent space associated with the ball quasi-

Banach function space.

Definition 3.16. For x ∈ Rn, let Γ(x) := {(y, t) ∈ Rn+1
+ : |x − y| < t}, which is called

the cone of aperture 1 with vertex x ∈ Rn.

For a closed set F ⊂ Rn, denote by R(F ) the union of all cones with vertices in F ,

R(F ) :=
⋃
x∈F

Γ(x).

For an open set O ⊂ Rn, define the tent Ô over O by

Ô := {(x, t) ∈ Rn+1
+ : B(x, t) ⊂ O}.

It is easy to see that Ô = [R(O{)]{.

Let g : Rn+1
+ → C be a measurable function. Then the Lusin-area function of g is

defined by setting, for all x ∈ Rn,

A(g)(x) :=

{ ˆ
Γ(x)

|g(y, t)|2 dy dt
tn+1

}1/2

,

where Γ(x) for all x ∈ Rn is as in Definition 3.16. Coifman et al. [24] introduced the tent

space T p2 (Rn+1
+ ) for any p ∈ (0,∞). Recall that a measurable function g is said to belong

to the tent space T p2 (Rn+1
+ ), with p ∈ (0,∞), if ‖g‖Tp2 (Rn+1

+ ) := ‖A(g)‖Lp(Rn) <∞.

For a given ball quasi-Banach function space X, the X-tent space TX(Rn+1
+ ) is de-

fined to be the set of all measurable functions g : Rn+1
+ → C for which the quasi-norm

‖g‖TX(Rn+1
+ ) := ‖A(g)‖X is finite.

Definition 3.17. Let p ∈ (1,∞). A measurable function a : Rn+1
+ → C is said to be a

(TX , p)-atom if there exists a ball B ⊂ Rn such that

(i) supp(a) ⊂ B̂,

(ii) ‖a‖Tp2 (Rn+1
+ ) ≤ |B|1/p/‖χB‖X .

Furthermore, if a is a (TX , p)-atom for all p ∈ (1,∞), then a is called a (TX ,∞)-atom.

By the definition of (TX , p)-atoms, the following conclusion holds true, the details

being omitted.

Lemma 3.18. Let p ∈ (1,∞). Then, for any (TX , p)-atom a supported on B̂, A(a) is

supported on B and ‖A(a)‖Lp(Rn) ≤ |B|1/p‖χB‖−1
X .
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We write

Λ({λjαj}j∈N) :=

∥∥∥∥{ ∞∑
j=1

(
λj

‖χBj‖X

)s
χBj

}1/s∥∥∥∥
X

or

Λ({λjαj}j∈N) :=

∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

,

where {λj}∞j=1 ⊂ [0,∞) is a sequence, {αj}∞j=1 a sequence of atoms (resp. molecules)

supported on (resp. centered at) balls {Bj}∞j=1 or cubes {Qj}∞j=1, and s ∈ (0, 1]. The

main result on TX(Rn+1
+ ) is as follows.

Theorem 3.19. Let f : Rn+1
+ → C be a measurable function. Assume that X satisfies

(2.8) for some θ, s ∈ (0, 1], with θ < s, and (2.9) for some q ∈ (1,∞). Then f ∈ TX(Rn+1
+ )

if and only if there exist a sequence {λj}∞j=1 ⊂ [0,∞) and a sequence {aj}∞j=1 of (TX , ∞)-

atoms such that, for almost every (x, t) ∈ Rn+1
+ ,

f(x, t) =

∞∑
j=1

λjaj(x, t), |f(x, t)| =
∞∑
j=1

λj |aj(x, t)| (3.11)

and

Λ({λjαj}j∈N) <∞, (3.12)

where, for each j ∈ N, B̂j appears in the support of aj. Moreover,

‖f‖TX(Rn+1
+ ) ∼s Λ({λjαj}j∈N),

where the implicit positive constants are independent of f , but depend on s.

To relate Hardy spaces built on ball quasi-Banach function spaces to the square func-

tions, we recall a notion of distributions vanishing weakly at infinity. For any t ∈ (0,∞),

f ∈ S ′(Rn) and ψ ∈ S(Rn), let

ψ(tD)(f) := F−1[ψ(t ·)Ff ]. (3.13)

Recall that a distribution f ∈ S ′(Rn) is said to vanish weakly at infinity if limt↓0 ψ(tD)f=0

in S ′(Rn) for all ψ ∈ S(Rn).

Example 3.20. Let p ∈ (1,∞). Then, for any f ∈ Lp(Rn), f vanishes weakly at infinity.

Indeed, let ϕ ∈ S(Rn) be such that χB(~0n,4)\B(~0n,2) ≤ ϕ ≤ χB(~0n,8)\B(~0n,1). By the well-

known g-function characterization of Lp(Rn) (see, for example, [44]), we know that, for

all f ∈ Lp(Rn),

‖f‖Lp(Rn) .
∥∥∥{ ∞∑

j=−∞
|ϕ(2−jD)(f)|2

}1/2∥∥∥
Lp(Rn)

,

which, combined with the well-known fact that, for any ψ ∈ S(Rn),∥∥∥{ ∞∑
j=−∞

|ψ(tD)ϕ(2−jD)(f)|2
}1/2∥∥∥

Lp(Rn)
→ 0

as t ↓ 0, implies that f vanishes weakly at infinity.



30 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

Theorem 3.21 (Lusin-area function characterization). Assume that X is a ball quasi-

Banach function space satisfying (2.8) for some θ, s ∈ (0, 1] with θ < s, and (2.9) for

some q ∈ (1,∞). Let f ∈ S ′(Rn) and ϕ ∈ S(Rn) be such that

χB(~0n,4)\B(~0n,2) ≤ ϕ ≤ χB(~0n,8)\B(~0n,1).

Then f ∈ HX(Rn) if and only if f vanishes weakly at infinity and∥∥∥∥{ˆ
Γ(·)
|ϕ(tD)(f)(y)|2 dy dt

tn+1

}1/2∥∥∥∥
X

<∞,

where Γ(·) is as in Definition 3.16. Moreover,

‖f‖HX(Rn) ∼
∥∥∥∥{ˆ

Γ(·)
|ϕ(tD)(f)(y)|2 dy dt

tn+1

}1/2∥∥∥∥
X

,

where the implicit positive constants are independent of f .

The proofs of Theorems 3.19 and 3.21 are presented in Subsection 4.4.

4. Proofs of main results

In this section, we give the proofs of the main results stated in Sections 2 and 3. The proofs

of the equivalent characterizations of HX(Rn) via various maximal functions, atoms,

molecules and Lusin-area functions are presented in Subsections 4.1 through 4.4. To

be precise, in Subsection 4.1, we prove Theorems 2.19, 2.20, 2.9, 2.11 and 3.4; in Sub-

section 4.2, the proofs of Theorems 3.1 and 3.3 are given; in Subsection 4.3, we show

Theorems 3.6, 3.7, 3.9 and 3.13 and Corollary 3.11; finally, in Subsection 4.4, the proofs

of Theorems 3.19 and 3.21 are presented.

4.1. The maximal estimates. We begin with the proof of Theorem 2.19.

Proof of Theorem 2.19. Going through the same argument as in [27, proof of Theo-

rem 4.10], we prove Theorem 2.19. For completeness, we supply the details.

Recall that a function w on Rn is called an A1(Rn)-weight if there exists a positive

constant C such that Mw(x) ≤ Cw(x) for almost every x ∈ Rn. Moreover, a non-negative

function w on Rn is called an A2(Rn)-weight if

sup
Q⊂Rn

{
1

|Q|

ˆ
Q

w(x) dx

}{
1

|Q|

ˆ
Q

[w(y)]−1 dy

}
<∞,

where the supremum is taken over all cubes Q ⊂ Rn. It is well known that w ∈ A2(Rn)

if and only if w = w1w
−1
2 for some w1, w2 ∈ A1(Rn) (see, for example, [78, Theorem,

p. 511]).

Thanks to Definition 2.2(iii), to prove Theorem 2.19, it suffices to show that there

exists a positive constant C such that, for any N ∈ N,∥∥∥{ N∑
j=1

(Mfj)
q
}1/q∥∥∥

Y
≤ C

∥∥∥{ N∑
j=1

|fj |q
}1/q∥∥∥

Y
, (4.1)
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where M denotes the Hardy–Littlewood maximal function in (2.5). For any N ∈ N, let

F :=
{ N∑
j=1

|fj |q
}1/q

, G :=
{ N∑
j=1

(Mfj)
q
}1/q

, h :=
1

‖F‖Y
F +

1

‖G‖Y
G.

Assume that g ∈ Y ′ is a non-negative function. Define

G :=

∞∑
l=0

M lg

2l(‖M‖Y ′→Y ′)l
, H :=

∞∑
l=0

M lh

2l(‖M‖Y→Y )l
,

where, for any l ∈ N, M l := M(M l−1) and M0 denotes the operator given by M0h(x) :=

|h(x)| for all h ∈ L1
loc(Rn) and x ∈ Rn. Here and hereafter, ‖M‖Y ′→Y ′ and ‖M‖Y→Y

denote the operator norms of M from Y ′ to Y ′, respectively, from Y to Y . Then

g ≤ G, h ≤ H, G ∈ A1(Rn), H ∈ A1(Rn) (4.2)

(see, for example, [27, Chapter 4]). By (4.2), Hölder’s inequality and the weighted norm

inequality for A2(Rn)-weights (see, for example, [2]), we conclude that

‖Gg‖L1(Rn) ≤ ‖GG‖L1(Rn)

≤
{ˆ

Rn
[G(x)]2[H(x)]−1G(x) dx

}1/2

‖HG‖1/2L1(Rn)

.‖M‖Y→Y ,‖M‖Y ′→Y ′

{ˆ
Rn

[F(x)]2[H(x)]−1G(x) dx

}1/2

‖HG‖1/2L1(Rn),

which, combined with the facts that ‖G‖Y ′ ≤ 2‖g‖Y ′ and ‖H‖Y ≤ 2‖h‖Y ≤ 2, further

implies that

‖Gg‖L1(Rn) .‖M‖Y→Y ,‖M‖Y ′→Y ′ ‖F
2H−1‖1/2Y ‖g‖Y ′ . (4.3)

Moreover, from the definition of h and (4.2), it follows that F ≤ ‖F‖Y h ≤ ‖F‖YH, which

implies that F2H−1 ≤ ‖F‖Y F. From this and (4.3), we find that

‖Gg‖L1(Rn) .‖M‖Y→Y ,‖M‖Y ′→Y ′ ‖F‖Y ‖g‖Y ′ ,

which implies (4.1). This finishes the proof of Theorem 2.19.

Proof of Theorem 2.20. The proof is similar to that of [27, Theorem 4.6]. For complete-

ness, we give it here. Similarly to the proof of Theorem 2.19, it suffices to show that there

exists a positive constant C such that, for any N ∈ N,∥∥∥{ N∑
j=1

(Mfj)
q
}p/q∥∥∥

Y
≤ C

∥∥∥{ N∑
j=1

|fj |q
}p/q∥∥∥

Y
, (4.4)

where M denotes the Hardy–Littlewood maximal function in (2.5).

Let N ∈ N, let g ∈ Y ′ be non-negative and set

I :=

ˆ
Rn
g(x)

{ N∑
j=1

[Mfj(x)]q
}p/q

dx.

For any x ∈ Rn, define

G(x) :=

∞∑
l=0

M lg(x)

2l(‖M‖Y ′→Y ′)l
.
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Then g ≤ G and G ∈ A1(Rn), which further implies that

I ≤
ˆ
Rn
G(x)

{ N∑
j=1

[Mfj(x)]q
}p/q

dx.

From this, G ∈ A1(Rn) and the weighted Fefferman–Stein vector-valued maximal in-

equality (see, for example, [2]), we conclude that

I .
ˆ
Rn
G(x)

{ N∑
j=1

|fj(x)|q
}p/q

dx. (4.5)

By the definition of G, we find that ‖G‖Y ′ ≤ 2‖g‖Y ′ , which, together with (4.5), implies

that

I .
∥∥∥{ N∑

j=1

|fj |q
}p/q∥∥∥

Y
‖g‖Y ′ .

From this, we know that (4.4) holds true. This finishes the proof of Theorem 2.20.

Proof of Theorem 2.9. We argue by duality. Let the notation be as in Theorem 2.9. With-

out loss of generality, we may assume that, for all j ∈ N, aj is non-negative; otherwise,

we consider a+
j := max{aj , 0}, respectively, a−j := max{−aj , 0}. For any N ∈ N, let

fN :=
∑N
j=1 λjaj . Assume that g ∈ X ′ is non-negative and ‖g‖X′ = 1. Then, by Hölder’s

inequality,

‖fNg‖L1(Rn) =

N∑
j=1

λj

ˆ
Qj

aj(x)g(x) dx ≤
N∑
j=1

λj‖aj‖Lr(Qj)‖g‖Lr′ (Qj). (4.6)

Moreover, from the definition of M (r′), it follows that, for any j ∈ N and x ∈ Qj ,

M (r′)(g)(x) ≥ 1

|Qj |1/r′
‖g‖Lr′ (Qj),

which, combined with (4.6) and (2.6), further implies that

‖fNg‖L1(Rn) ≤
N∑
j=1

ˆ
Rn
M (r′)(g)(x)

λj
‖χQj‖X

χQj (x) dx

=

ˆ
Rn
M (r′)(g)(x)

{ N∑
j=1

λj
‖χQj‖X

χQj (x)

}
dx. (4.7)

Furthermore, by the assumption that M is bounded on (X ′)1/r′ , we know that M (r′) is

bounded on X ′, which, together with (4.7) and ‖g‖X′ = 1, implies that

‖fNg‖L1(Rn) ≤ ‖M (r′)(g)‖X′
∥∥∥∥ N∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

.

∥∥∥∥ N∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

.

From this and the arbitrariness of N ∈ N and g, together with Definition 2.2(iii), it

follows that

‖f‖X = lim
N→∞

‖fN‖X . lim
N→∞

∥∥∥∥ N∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

.

∥∥∥∥ ∞∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

,

which implies (2.7).
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Finally, we prove that f =
∑∞
j=1 λjaj converges in S ′(Rn). Let ψ ∈ S(Rn). Then, by

the definition of the operator M (r′), we find that M (r′)(χQ(~0n,1)) & |ψ|, which, combined

with (4.7) and χQ(~0n,1) ∈ X ′, further implies that, for any N ∈ N,

‖fNψ‖L1(Rn) . ‖M (r′)(χQ(~0n,1))‖X′
∥∥∥∥ N∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

. ‖χQ(~0n,1)‖X′
∥∥∥∥ N∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

∼
∥∥∥∥ ∞∑
j=1

λj
‖χQj‖X

χQj

∥∥∥∥
X

<∞.

From this, the monotone convergence theorem and the arbitrariness of ψ ∈ S(Rn), we

deduce that

f =

∞∑
j=1

λjaj in S ′(Rn). (4.8)

This finishes the proof of Theorem 2.9.

Proof of Theorem 2.11. Let the notation be as in Theorem 2.11. First, by Theorem 2.10,∥∥∥ ∞∑
j=1

λjχS0(Qj)mj

∥∥∥
X

. Λ({λjαj}j∈N).

To finish the proof, it remains to show that∥∥∥ ∞∑
j=1

∞∑
k=1

λjχSk(Qj)mj

∥∥∥
X

. Λ({λjαj}j∈N). (4.9)

For any j, k ∈ N, let µj,k := λj2
−(τ+n/q)k‖χ2k+1Qj‖X‖χQj‖

−1
X and

aj,k := 2(τ+n/q)k‖χQj‖X‖χ2k+1Qj‖
−1
X χSk(Qj)mj .

Then µj,kaj,k = λjχSk(Qj)mj , supp(aj,k) ⊂ 2k+1Qj , and by the assumption that

‖χSk(Qj)mj‖Lq(Rn) ≤ 2−τk|Qj |1/q‖χQj‖−1
X ,

we further know that ‖aj,k‖Lq(Rn) ≤ |2k+1Qj |1/q‖χ2k+1Qj‖
−1
X . Thus, applying Theorem

2.10 to
∑∞
j=1

∑∞
k=1 µj,kaj,k, we conclude that∥∥∥ ∞∑

j=1

∞∑
k=1

λjχSk(Qj)mj

∥∥∥
X

.

∥∥∥∥{ ∞∑
j=1

∞∑
k=1

(
2−(τ+n/q)kλj
‖χQj‖X

)s
χ2k+1Qj

}1/s∥∥∥∥
X

. (4.10)

Furthermore, it is easy to see that, for any j ∈ N, χ2k+1Qj . 2kn/θM (θ)(χQj ), which,

together with (2.8), (2.10) and (4.10), further implies that∥∥∥ ∞∑
j=1

∞∑
k=1

λjχSk(Qj)mj

∥∥∥
X

.

∥∥∥∥{ ∞∑
j=1

∞∑
k=1

(
2−(τ+n/q−n/θ)kλj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

∼
∥∥∥∥{ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

.

From this, we deduce (4.9). Moreover, similarly to the proof of (4.8), we conclude that

f =
∑∞
j=1 λjmj converges in S ′(Rn). This finishes the proof of Theorem 2.11.
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Proof of Theorem 3.4. We first show (i). Let f ∈ X. By the assumption lX ∈ (1,∞], the

Hardy–Littlewood maximal operator M in (2.5) is bounded on X. Then, from Lemma

2.15(i), it follows that, for any R ∈ (1,∞),ˆ
Q(~0n,R)

|f(y)| dy . Rn,

which implies that f ∈ S ′(Rn), and hence completes the proof of (i).

Now we prove (ii). Let f ∈ X. By (i), we know that f ∈ S ′(Rn). Thus, for any

t ∈ (0,∞), et∆f makes sense and is a smooth function on Rn. Then, from basic calculus,

we deduce that supt∈(0,∞) |et∆f | ≤ Mf (see, for example, [32, Proposition 2.7]), which,

combined with the fact that M is bounded on X and Corollary 3.2, implies that f is in

HX(Rn), and hence completes the proof of (ii).

Finally, we prove (iii). Let η ∈ (1,∞) and N ≥ 1 be as in Lemma 2.15(iii), and

f ∈ HX(Rn). Then, by Corollary 3.2, {et∆f}t>0 is a bounded set of X. According to

Lemma 2.15(iii), X embeds continuously into the space Lη((1 + | · |)−N ), which, together

with Banach–Alaoglu’s theorem (see, for example, [99, p. 229, Theorem 2.6.18]), implies

that there exists a sequence {tj}∞j=1 decreasing to 0 such that etj∆f converges to a

function F ∈ Lη((1 + | · |)−N ) as j →∞. Since Lη((1 + | · |)−N ) ⊂ S ′(Rn), it follows that

F ∈ S ′(Rn). Thus, for any ϕ ∈ S(Rn),∣∣∣∣ˆ
Rn
ϕ(x)F (x) dx

∣∣∣∣ = lim
j→∞

∣∣∣∣ˆ
Rn
ϕ(x)etj∆f(x) dx

∣∣∣∣
≤
ˆ
Rn
|ϕ(x)| sup

t∈(0,∞)

|et∆f(x)| dx, (4.11)

which, combined with the arbitrariness of ϕ ∈ S(Rn) and Lebesgue’s differentiation

theorem, further implies that, for almost every x ∈ Rn,

|F (x)| ≤ sup
t∈(0,∞)

|et∆f(x)|.

From this, it follows that F ∈ X.

Now we show that F represents f . Let ϕ ∈ S(Rn). Notice that

S(Rn) ⊂
(
Lη((1 + | · |)−N )

)′
= Lη

′
((1 + | · |)N )

and, for any h ∈ S ′(Rn),

〈h, ϕ〉 = lim
j→∞
〈etj∆h, ϕ〉,

which, together with (4.11), implies that

〈f, ϕ〉 = lim
j→∞

ˆ
Rn
ϕ(x)etj∆f(x) dx =

ˆ
Rn
F (x)ϕ(x) dx.

Thus, F represents f . This finishes the proof of Theorem 3.4.

4.2. Fundamental properties of Hardy spaces. In this subsection, we give the proofs

of Theorems 3.1 and 3.3.
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Proof of Theorem 3.1. Let f ∈ S ′(Rn). We first prove (i). From Definition 2.12, it follows

that, for all x ∈ Rn,

M(f,Φ)(x) ≤M∗a (f,Φ)(x) .M∗∗b (f,Φ)(x),

which implies (3.1).

Moreover, by Definition 2.12 again, we find that, for all x ∈ Rn,

M(f,Φ)(x) .MN (f)(x) .Mbb+2c(f)(x). (4.12)

Furthermore, from [44, proof of Theorem 6.4.4(d)], we deduce that Mbb+2c(f)(x) .
M∗∗b (f,Φ)(x) for all x ∈ Rn, which, together with (4.12), implies (3.2).

It is easy to see that, for all x ∈ Rn, M∗∗b (f,Φ)(x) .M∗∗b,N (f)(x), which, combined

with Lemma 2.13, implies (3.3). This finishes the proof of (i).

Now we prove (ii). Applying Lemma 2.8 with r, b and N satisfying r = θ, Nr > n

and (b−N)r > n, we know that, for all x ∈ Rn,

M∗∗b (f,Φ)(x) .r M
(r)
[

sup
t∈(0,∞)

|Φt ∗ f |
]
(x) ∼M (r)(M(f,Φ))(x)

(see [101, Lemma 3.2] for the details), which, together with the assumption that M is

bounded on X1/r, further implies that

‖M∗∗b (f,Φ)‖X . ‖M (r)(M(f,Φ))‖X . ‖M(f,Φ)‖X .

Thus, (3.4) holds true. This finishes the proof of Theorem 3.1.

Proof of Theorem 3.3. We first prove (i)⇒(ii). Let f ∈ HX(Rn). Then ‖MN (f)‖X <∞
for some N ∈ N. It is easy to see that, for any fixed ϕ ∈ S(Rn), there exists a positive

constant Dϕ such that Dϕϕ ∈ FN . Therefore, M∗1 (f,Dϕϕ) ≤ MN (f), which, together

with (3.5), further implies that, for all x ∈ Rn,

Dϕ|(ϕ ∗ f)(x)| ≤ inf
|y−x|<1

M∗1 (f,Dϕϕ)(y)

≤
‖χB(x,1)M

∗
1 (f,Dϕϕ)‖X

‖χB(x,1)‖X
. ‖MN (f)‖X <∞.

This guarantees that f is a bounded tempered distribution. Moreover, from the proof of

[44, Theorem 6.4.4(e)], we deduce that, for any N ∈ N and x ∈ Rn, supt∈(0,∞) |Pt∗f(x)| .
MNf(x), which implies that supt∈(0,∞) |Pt ∗ f | ∈ X. Thus, (ii) holds true.

Now we prove (ii)⇒(i). Let f be a bounded tempered distribution and

sup
t∈(0,∞)

|Pt ∗ f | ∈ X.

Then, by an argument as in [121, p. 99], we know that, for some Φ0 ∈ S(Rn) with´
Rn Φ0(x) dx 6= 0 and any x ∈ Rn,

M(f, Φ0)(x) . sup
t∈(0,∞)

|Pt ∗ f(x)|,

which, together with supt∈(0,∞) |Pt∗f | ∈ X and Theorem 3.1(ii), implies (i). This finishes

the proof of Theorem 3.3.
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4.3. Proofs of theorems on atomic characterizations of HX(Rn). In this sub-

section, we give the proofs of Theorems 3.6, 3.9, 3.7, 2.21, 3.14 and 3.15 in this or-

der.

Proof of Theorem 3.6. Let φ ∈ S(Rn) satisfy supp(φ) ⊂ Q(~0n, 1) and
´
Rn φ(x) dx 6= 0.

Assume that θ is as in (2.8). It follows from the assumption that X satisfies (2.8) that

M is bounded on X1/θ, which, combined with Theorem 3.1(ii), implies that, for any

f ∈ S ′(Rn),

‖M∗∗b (f,Φ)‖X ∼ ‖M(f, φ)‖X ,

where b and Φ are as in Definition 2.22. Thus, to prove Theorem 3.6, it suffices to

show ∥∥∥M( ∞∑
j=1

λjaj , φ
)∥∥∥

X
.

∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)s
χQj

}1/s∥∥∥∥
X

. (4.13)

Let a be an (X, q, dX)-atom supported on the cube Q := Q(xQ, `Q) with xQ ∈ Rn
and `Q ∈ (0,∞). Then, for any x ∈ 2Q,

M(a, φ)(x) .Ma(x). (4.14)

Moreover, repeating the proof of [101, (4.4)] with ‖χQ‖Lp(·) replaced by ‖χQ‖X , we find

that, for any x ∈ Rn \ 2Q,

M(a, φ)(x) .

(
`Q

|x− xQ|

)n+dX+1

‖χQ‖−1
X .

1

‖χQ‖X
M (θ)(χQ)(x), (4.15)

which, together with (4.14), implies that, for any x ∈ Rn,

M(a, φ)(x) . χ2Q(x)Ma(x) +
1

‖χQ‖X
M (θ)(χQ)(x). (4.16)

By the boundedness of M on Lq(Rn) with q ∈ (1,∞], we know that

‖χ2QMa‖Lq(Rn) . |Q|1/q/‖χQ‖X

or, equivalently,

‖(χ2QMa)s‖Lq/s(Rn) . (|Q|1/q/‖χQ‖X)s,

which, combined with (3.7) and Theorem 2.9, implies that∥∥∥{ ∞∑
j=1

(λjχ2QjMaj)
s
}1/s∥∥∥

X
=
{∥∥∥ ∞∑

j=1

(λjχ2QjMaj)
s
∥∥∥
X1/s

}1/s

.
{∥∥∥ ∞∑

j=1

(
λj

‖χQj‖X

)s
χQj

∥∥∥
X1/s

}1/s

∼ Λ({λjaj}j∈N).
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From this, (4.16) and (2.8), we deduce that∥∥∥M( ∞∑
j=1

λjaj , φ
)∥∥∥

X

≤
∥∥∥ ∞∑
j=1

λjM(aj , φ)
∥∥∥
X

.
∥∥∥{ ∞∑

j=1

(λjχ2QjMaj)
s
}1/s∥∥∥

X
+

∥∥∥∥{ ∞∑
j=1

[
λj

‖χQj‖X
M (θ)(χQj )

]s}1/s∥∥∥∥
X

. Λ({λjaj}j∈N),

which implies (4.13). This finishes the proof of Theorem 3.6.

To show Theorem 3.9, we need Lemma 4.1 below.

Lemma 4.1. Let X be as in Theorem 3.9, q ∈ (1,∞], dX be as in (2.29), and τ ∈ (0,∞)

satisfy τ > n(1/θ−1/q). Assume that Φ0 ∈ S(Rn) satisfies χQ(~0n,1) ≤ Φ0 ≤ χQ(~0n,2) and

m is an (X, q, dX , τ)-molecule centered at the cube Q := Q(xQ, `Q) with xQ ∈ Rn and

`Q ∈ (0,∞). Then, for all x ∈ Rn,

M(Φ0, m)(x) . χ3Q(x)Mm(x) +

∞∑
k=1

χ3k+1Q\3kQ(x)M(χ3k+2Q\3k−1Qm)(x)

+
1

‖χQ‖X
M (θ)(χQ)(x),

where θ is as in (2.8) and the implicit positive constant is independent of m and x.

Proof. When x ∈ 3Q, it is easy to see that

M(Φ0, m)(x) .Mm(x) (4.17)

(see, for example, [32, Proposition 2.7]).

Now we assume that x ∈ 3k+1Q \ 3kQ with k ∈ N. To prove Lemma 4.1, we need to

show that

M(Φ0, m)(x) .M(χ3k+2Q\3k−1Qm)(x) +
1

‖χQ‖X
M (θ)(χQ)(x). (4.18)

When t ∈ (0, `Q], it is easy to see that

|(Φ0)t ∗m(x)| .M(χ3k+2Q\3k−1Qm)(x). (4.19)

When t ∈ (`Q,∞), repeating the proof of [101, (5.2)] with ‖χQ‖Lp(·) replaced by ‖χQ‖X ,

we obtain

|(Φ0)t ∗m(x)| . 1

‖χQ‖X
M (θ)(χQ)(x),

which, together with (4.19), implies (4.18). Then, by (4.17) and (4.18), we conclude that

Lemma 4.1 holds true.

Now we prove Theorem 3.9 using Lemma 4.1 above and Theorem 3.7, which we admit

now.
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Proof of Theorem 3.9. Via Theorem 3.7 and the fact that, for any (X, q, d)-atom α,

α is also an (X, q, d, τ)-molecule, we find that the necessity part of Theorem 3.9 holds

true. The proof of the sufficiency part is similar to that of Theorem 3.6. More precisely,

replacing (4.14) and (4.16) by Lemma 4.1, respectively, Theorem 2.9 by Theorem 2.11,

then repeating the proof of Theorem 3.6, we complete the proof of Theorem 3.9, the

details being omitted.

We move on to the proof of Theorem 3.7. The proof is made up of Lemmas 4.2, 4.4,

and 4.5, Proposition 4.3 and Corollary 4.6. The idea is taken from the book of Stein

[121, pp. 101–112]. Following Stein, we consider the Calderón–Zygmund decomposition

{gj}∞j=−∞ of f . It is known that gj can be easily handled but f is difficult despite the fact

that one has the decomposition in Lemma 4.2(iii) below. Lemma 4.2 concerns the decom-

position basically based on [121, pp. 107–109]. Among other things, it matters that we

cannot use the absolute continuity of the quasi-norm of X in the proof of Lemma 4.2(iii).

To overcome this absence of absolute continuity, we first establish Lemma 4.4 below.

On the other hand, Lemma 4.5 below is obtained from the standing assumption (2.8),

which will justify our strategy: gj is a locally integrable function. Finally, applying the

technique described in [121, pp. 109–111], we obtain the decomposition with the help of

the fact that gj is a locally integrable function.

Lemma 4.2. Let f ∈ HX(Rn), {Kj}j∈Z, {Qj,k}j∈Z, k∈Kj , {gj}j∈Z and {bj}j∈Z be as in

Lemma 2.23. Assume that s is as in Theorem 3.7. Then:

(i) For all j ∈ Z, ∥∥∥{ ∑
k∈Kj

(2jχQj,k)s
}1/s∥∥∥

X
≤ ‖f‖HX(Rn). (4.20)

(ii) Let Φ ∈ S(Rn) satisfy pN (Φ) ≤ 1, where N is as in Theorem 3.1 and pN as in (2.11).

Then there exists a positive constant C, independent of f , such that, for all j ∈ Z,

|〈bj ,Φ〉| ≤ C‖f‖HX(Rn). (4.21)

(iii) In the topology of S ′(Rn), gj → 0 as j → −∞ and bj → 0 as j →∞. In particular,

f =

∞∑
j=−∞

(gj+1 − gj) in S ′(Rn).

Proof. We first prove (i). For any j ∈ Z, let Oj be as in Lemma 2.23. By the fact that

{Qj,k}k∈Kj is the Whitney decomposition of Oj , we find that∥∥∥{ ∑
k∈Kj

(2jχQj,k)s
}1/s∥∥∥

X
= ‖2jχOj‖X ≤ ‖f‖HX(Rn),

which shows (i).

Now we show (ii). From the definition of the grand maximal operator MN in (2.13),

it follows that, for any j ∈ Z,

|〈bj ,Φ〉| . inf
x∈Q(~0n,2)

MN (bj)(x) . ‖MN (bj)‖X‖χQ(~0n,2)‖
−1
X , (4.22)
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where the implicit positive constant is independent of Φ. Moreover, from d ≥ dX and

(2.29), we conclude that, for any j ∈ Z, k ∈ Kj and x ∈ Rn,

`n+d+1
j,k

(`j,k + |x− xj,k|)n+d+1
≤
(

`j,k
`j,k + |x− xj,k|

)n/θ
.M (θ)(χQj,k)(x), (4.23)

where, for each j and k, `j,k and xj,k denote, respectively, the side-length and the center

of Qj,k; together with (2.35) and (4.22), this implies that, for any j ∈ Z,

|〈bj ,Φ〉| . ‖MN (f)‖X +
∥∥∥ ∑
k∈Kj

2jM (θ)(χQj,k)
∥∥∥
X
.

From this and s ∈ (0, 1], we deduce that, for any j ∈ Z,

|〈bj ,Φ〉| . ‖MN (f)‖X +
∥∥∥{ ∑

k∈Kj

[2jM (θ)(χQj,k)]s
}1/s∥∥∥

X
,

which, combined with (2.8) and (4.20), implies that, for any j ∈ Z,

|〈bj ,Φ〉| . ‖MN (f)‖X +
∥∥∥{ ∑

k∈Kj

(2jχQj,k)s
}1/s∥∥∥

X
. ‖f‖HX(Rn).

This shows (ii).

Finally, we prove (iii). It suffices to prove that bj → 0 as j → ∞ and gj → 0 as

j → −∞. We concentrate on the former since the latter is similar.

Fix ψ ∈ S(Rn) such that χQ(~0n,2) ≤ ψ ≤ χQ(~0n,4). For any l ∈ N, let

ψ(l)(·) := ψ(2−l·)− ψ(2−l+1·),

and hence supp(ψ(l)) ⊂ Q(~0n, 2l+2) \Q(~0n, 2l). Let ϕ ∈ S(Rn). To prove that bj → 0 as

j →∞, it suffices to show that

〈bj , ϕ〉 = 〈bj , ψϕ〉+

∞∑
l=1

〈bj , ψ(l)ϕ〉 → 0 (4.24)

as j →∞. By ϕ ∈ S(Rn) and the definition of ψ(l), we find that, for all l ∈ N,

pN (ψ(l)ϕ) . 2−l. (4.25)

Via (4.21) and (4.25), to prove (4.24), we only need to show that, for any given l ∈ N,

lim
j→∞
〈bj , ψ(2−l·)ϕ〉 = 0. (4.26)

For any j ∈ Z and l ∈ N, let Kj(l) := {k ∈ Kj : supp(bj,k) ∩Q(~0n, 2
l+2) 6= ∅}, where Kj

is as in Lemma 2.23. Notice that

pN (ψ(2−l·)ϕ) . pN (ϕ)

with the implicit positive constant independent of l, which, together with (2.35) and
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(4.23), further implies that, for all x ∈ Q(~0n, 2),

|〈bj , ψ(2−l·)ϕ〉| .
∑

k∈Kj(l)

MN (bj,k)(x)

.MN (f)(x)χOj (x) +
∑

k∈Kj(l)

2jM (θ)(χQj,k)(x). (4.27)

Assume that there exists k ∈ Kj(l) such that |Qj,k| > 2l+1. Then, by (2.33) and the

fact that Qj,k ∩Q(~0n, 2
l+2) 6= ∅, we know that Q(~0n, 2) ⊂ Q(~0n, 2

l+2) ⊂ DOj , where the

positive constant D is as in (2.33), which further implies that, for any x ∈ Q(~0n, 2),

|〈bj , ψ(2−l·)ϕ〉| . χDOj (x)MN (f)(x).

From this and (4.27), it follows that, for any x ∈ Q(~0n, 2),

|〈bj , ψ(2−l·)ϕ〉| . χDOj (x)MN (f)(x) +
∑

k∈Kj(l), |Qj,k|≤2l+1

2jM (θ)(χQj,k)(x). (4.28)

Moreover, when there does not exist k ∈ Kj(l) such that |Qj,k| > 2l+1, by (4.27), we

conclude that (4.28) is trivial.

Let ε ∈ (0,∞). By (4.28), the Fefferman–Stein vector-valued maximal inequality for

L(θ+ε)/θ(Rn) (see [37, Theorem 1]) and (2.32), we know that

|〈bj , ψ(2−l·)ϕ〉|
. ‖χDOj∩Q(~0n,2l+2)MN (f)‖Lθ+ε(Rn)

+
∥∥∥ ∑
k∈Kj(l), |Qj,k|≤2l+1

2j [MχQj,k ]1/θ
∥∥∥
Lθ+ε(Rn)

. ‖χDOj∩Q(~0n,2l+2)MN (f)‖Lθ+ε(Rn) +
∥∥∥ ∑
k∈Kj(l), |Qj,k|≤2l+1

2jχQj,k

∥∥∥
Lθ+ε(Rn)

. ‖χDOj∩Q(~0n,2l+3)MN (f)‖Lθ+ε(Rn),

which, together with the fact that Oj ↓ ∅ as j → ∞, further implies that (4.26) holds

true. This finishes the proof of Lemma 4.2.

Proposition 4.3. Assume that f ∈ HX(Rn)∩L1
loc(Rn). Then there exists a decomposi-

tion as in (3.10) and, for any v ∈ (0, 1],∥∥∥∥{ ∞∑
j=1

(
λj

‖χQj‖X

)v
χQj

}1/v∥∥∥∥
X

.v ‖f‖HX(Rn),

where the implicit positive constant is independent of f , but depends on v.

Proof. For each j ∈ Z, let Oj be as in (2.32). Then, by Lemma 2.23, for any j ∈ Z,

f = gj + bj , bj :=
∑
k∈Kj

bj,k, bj,k := (f − cj,k)ηj,k,

where Kj , cj,k and ηj,k are as in Lemma 2.23.
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From Lemma 4.2(iii), it follows that

f =

∞∑
j=−∞

(gj+1 − gj)

with the series converging in S ′(Rn). Let {Qj,k}j∈Z, k∈Kj be as in Lemma 2.23. Then the

same argument as in [121, pp. 108–109] shows that, for any j ∈ Z,

f =
∑

j∈Z, k∈Kj

Aj,k and gj+1 − gj =
∑
k∈Kj

Aj,k in S ′(Rn),

where, for any j ∈ Z and k ∈ Kj , Aj,k is such that supp(Aj,k) ⊂ Qj,k, there exists a

positive constant C0 such that

‖Aj,k‖L∞(Rn) ≤ C02j ,

and
´
Rn Aj,k(x)xα dx = 0 for every α ∈ Zn+ with |α| ≤ d ∈ [dX ,∞) ∩ Z+. For any j ∈ Z

and k ∈ Kj , let

aj,k :=
Aj,k

C02j‖χQj,k‖X
and κj,k := C02j‖χQj,k‖X .

Then it is easy to see that, for any j ∈ Z and k ∈ Kj , aj,k is an (X,∞, d)-atom, and

f =
∑
j∈Z, k∈Kj κj,kaj,k in S ′(Rn).

For any v ∈ (0, 1], let

αv :=

∥∥∥∥{ ∞∑
j=−∞

∑
k∈Kj

(
κj,k

‖χQj,k‖X

)v
χQj,k

}1/v∥∥∥∥
X

.

Then, from (2.36), it follows that

αv = C0

∥∥∥{ ∞∑
j=−∞

∑
k∈Kj

2jvχQj,k

}1/v∥∥∥
X

.
∥∥∥{ ∞∑

j=−∞
(2jχOj\Oj+1

)v
}1/v∥∥∥

X

∼
∥∥∥ ∞∑
j=−∞

2jχOj\Oj+1

∥∥∥
X
,

which, combined with the fact that 2j < Mf(x) for any x ∈ Oj with j ∈ Z, further

implies that

αv .
∥∥∥ ∞∑
j=−∞

χOj\Oj+1
MN (f)

∥∥∥
X
∼ ‖MN (f)‖X ∼ ‖f‖HX(Rn).

This finishes the proof of Proposition 4.3.

To deal with the general case, we need the following lemma.

Lemma 4.4. Assume that X is as in Theorem 3.7 and f ∈ HX(Rn). For any j ∈ Z, let

gj be as in Lemma 2.23 with d ∈ [dX ,∞) ∩ Z+, where dX is as in (2.29). Then, for any

j ∈ Z, we have gj ∈ HX(Rn) and

‖gj‖HX(Rn) . ‖f‖HX(Rn)

with the implicit positive constant independent of f and j.
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Proof. Let {Kj}j∈Z be as in Lemma 2.23. For any j ∈ Z and k ∈ Kj , let Qj,k be as in

Lemma 2.23. Denote by xj,k and `j,k the center and the side-length of Qj,k, respectively.

Then, by (4.23) and (2.34), for any j ∈ Z,

‖MN (gj)‖X . ‖MN (f)‖X +
∥∥∥2j

∑
k∈Kj

[M(χQj,k)]1/θ
∥∥∥
X

. ‖MN (f)‖X +
∥∥∥{ ∑

k∈Kj

[M (θ)(2jχQj,k)]s
}1/s∥∥∥

X
.

From this, (2.8) and (2.33), it follows that, for any j ∈ Z,

‖MN (gj)‖X . ‖MN (f)‖X +
∥∥∥{ ∑

k∈Kj

(2jχQj,k)s
}1/s∥∥∥

X

. ‖MN (f)‖X + ‖2jχOj‖X . ‖MN (f)‖X , (4.29)

which implies that gj ∈ HX(Rn) and ‖gj‖HX(Rn) . ‖f‖HX(Rn). This finishes the proof of

Lemma 4.4.

Following the idea from [9, Lemma 7], we now prove that, for any j ∈ Z, the function

gj is locally integrable.

Lemma 4.5. Let X be as in Theorem 3.7 and f ∈ HX(Rn). Assume that {gj}j∈Z is as

in Lemma 2.23. Then gj ∈ L1
loc(Rn) for any j ∈ Z.

Proof. Let {Kj}j∈Z be as in Lemma 2.23. For any j ∈ Z and k ∈ Kj , let Qj,k :=

Q(xj,k, `j,k) be as in Lemma 2.23. From Lemma 2.24, it follows that∑
k∈Kj

`n+d+1
j,k

(`j,k + | · −xj,k|)n+d+1
∈ L1

loc(Rn), (4.30)

where d is as in (2.34). Then, by (4.30), (2.34) and the fact that χOcjMN (f) ≤ 2j ,

we conclude that MN (gj) ∈ L1
loc(Rn), which, together with an argument similar to

that in [9, proof of Lemma 7], implies that gj ∈ L1
loc(Rn). This finishes the proof of

Lemma 4.5.

Combining Proposition 4.3, Remark 3.10 and Lemmas 4.4 and 4.5, we have the fol-

lowing corollary, the details being omitted.

Corollary 4.6. Let X, d and s be as in Theorem 3.7. Assume that f ∈ HX(Rn) and

{gj}j∈Z is as in Lemma 2.23. Then, for any j ∈ Z, gj admits a decomposition

gj =
∑
Q∈D

λj,Qaj,Q in S ′(Rn),

where, for any Q ∈ D, aj,Q is an (X,∞, d)-atom supported on the dyadic cube Q and

Λ({λj,Qaj,Q}Q∈D) . ‖f‖HX(Rn) (4.31)

with the implicit positive constant independent of f and j.
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Via Corollary 4.6, we finish the proof of Theorem 3.7. To this end, we need the

following notation: For any L ∈ Z, let

DL := {Q ∈ D : |Q| = 2−Ln}, D≥L :=
⋃
l≥L

Dl, D≤L :=
⋃
l≤L

Dl.

Moreover, for any Q ∈ D, denote by cQ and `Q its center and its side-length, respectively.

Proof of Theorem 3.7. Let {λj,Q}j∈Z, Q∈D and {aj,Q}j∈Z, Q∈D be as in Corollary 4.6.

Then, by (4.31), we know that, for each Q ∈ D, {λj,Q}j∈Z are bounded, which, combined

with the fact that the dual of L1(Rn) is L∞(Rn), implies that, for each Q ∈ D, there

exists a subsequence {jk}∞k=1 such that λjk,Q → λQ and ajk,Q → aQ as k → ∞, where

the latter convergence is in the weak-∗ topology of L∞(Rn). Then, for each Q ∈ D, aQ is

an (X,∞, d)-atom. From Fatou’s property of X (see, for example, [10, Chapter 1, Lemma

1.5(ii)]), it follows that

Λ({λQaQ}Q∈D) ≤ lim inf
k→∞

Λ({λjk,Qajk,Q}Q∈D),

which, together with (4.31), implies that

Λ({λQaQ}Q∈D) . ‖f‖HX(Rn) <∞. (4.32)

Since |aQ| ≤ 1
‖χQ‖X χQ almost everywhere and aQ ⊥ Pd, similarly to the proof

of (4.15), we find that, for any x ∈ Rn,

MN (aQ)(x) .
1

‖χQ‖X
M (θ)(χQ)(x).

Let

g :=
∑
Q∈D

λQaQ ∈ HX(Rn).

Once we show that f = g in S ′(Rn), by (4.32) we know that the conclusion of Theorem

3.7 holds true for any f ∈ HX(Rn).

To prove that f = g in S ′(Rn), let ϕ ∈ S(Rn). Then, from Lemma 4.2(iii) and

Corollary 4.6, it follows that

〈f, ϕ〉 = lim
k→∞

〈gjk , ϕ〉 = lim
k→∞

∑
Q∈D

λjk,Q〈ajk,Q, ϕ〉. (4.33)

On the other hand,

〈g, ϕ〉 =
∑
Q∈D

λQ〈aQ, ϕ〉. (4.34)

In what follows, we denote {λjk,Q}∞k=1 and {ajk,Q}∞k=1 simply by {λj,Q}∞j=1 and

{aj,Q}∞j=1. Fix j ∈ N and L ∈ Z+. By Lemma 2.7 and since |Q| = 2−nL ≤ 1 for all

Q ∈ DL, we know that, for all Q ∈ DL,∑
Q∈DL

|λj,Q〈aj,Q, ϕ〉| .
∑
Q∈DL

λj,Q`
n+d+1
Q

(1 + |cQ|)n/[θ+ε(X)]‖χQ‖X
,
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which, combined with (2.21) and s ∈ (0, 1], implies that∑
Q∈DL

|λj,Q〈aj,Q, ϕ〉|

. 2−L{n+d+1−n/[θ+ε(X)]}
∥∥∥∥ ∑
Q∈DL

λj,Q
‖χQ‖X

χQ

∥∥∥∥
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

. 2−L{n+d+1−n/[θ+ε(X)]}
∥∥∥∥{ ∑

Q∈DL

(
λj,Q
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
K
−n/[θ+ε(X)]

θ+ε(X),s
(Rn)

.

From this, Lemma 2.14, (4.31) and the fact that

n+ d+ 1− n

θ + ε(X)
> n+ d+ 1− n

θ
> 0,

it follows that, for any L ∈ Z+ and j ∈ N,∑
Q∈D≥L

|λj,Q〈aj,Q, ϕ〉| .
∞∑
k=L

2−k{n+d+1−n/[θ+ε(X)]}‖f‖HX(Rn)

. 2−L{n+d+1−n/[θ+ε(X)]}‖f‖HX(Rn). (4.35)

Moreover, (2.26) implies that, for any L, j ∈ N,∑
Q∈D≤−L

χ5Q(~0n)|λj,Q〈aj,Q, ϕ〉|

.
∑

Q∈D≤−L

χ5Q(~0n)
λj,Q
‖χQ‖X

.
1
s
√
L

∥∥∥∥ ∑
Q∈D≤−L

χ5Q(~0n)
λj,Q
‖χQ‖X

χ[0,2L]n

∥∥∥∥
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

,

which, together with Lemma 2.14, implies that∑
Q∈D≤−L

χ5Q(~0n)|λj,Q〈aj,Q, ϕ〉| .
1
s
√
L

∥∥∥∥ ∑
Q∈D≤−L

χ5Q(~0n)
λj,Q
‖χQ‖X

χ[0,2L]n

∥∥∥∥
X

.

From this, (2.8) and (4.31), we conclude that, for any L, j ∈ N,∑
Q∈D≤−L

χ5Q(~0n)|λj,Q〈aj,Q, ϕ〉|

.
1
s
√
L

∥∥∥∥{ ∑
Q∈D≤−L

χ5Q(~0n)

[
λj,Q
‖χQ‖X

M (θ)(χQ)

]s}1/s∥∥∥∥
X

.
1
s
√
L

∥∥∥∥{ ∑
Q∈D≤−L

χ5Q(~0n)

(
λj,Q
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

.
1
s
√
L
‖f‖HX(Rn).

Thus, for any L, j ∈ N,∑
Q∈D≤−L

χ5Q(~0n)|λj,Q〈aj,Q, ϕ〉| .
1
s
√
L
‖f‖HX(Rn). (4.36)
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Moreover, from ϕ ∈ S(Rn), we deduce that, for any L, j ∈ N,∑
Q∈D≤−L

χRn\5Q(~0n)|λj,Q〈aj,Q, ϕ〉|

.
∑

Q∈D≤−L

λj,Q
‖χQ‖X

χRn\5Q(~0n)

ˆ
Q

(1 + |x|)−(2n+d+1) dx

.
∑

Q∈D≤−L

λj,Q`
n+d+1
Q

(1 + |cQ|)2n+d+1‖χQ‖X
.

Using this estimate, similarly to the proof of (4.36), we find that, for any L, j ∈ N,∑
Q∈D≤−L

χRn\5Q(~0n)|λj,Q〈aj,Q, ϕ〉|

. 2−Ln
∥∥∥∥ ∑
Q∈D≤−L

λj,Q`
n+d+1
Q

(1 + |cQ|)n+d+1‖χQ‖X
χ[0,2]n

∥∥∥∥
K
−n/[θ+ε(X)]

θ+ε(X), s
(Rn)

. 2−Ln
∥∥∥∥ ∑
Q∈D≤−L

λj,Q
‖χQ‖X

M (θ)(χQ)

∥∥∥∥
X

. 2−Ln
∥∥∥∥{ ∑

Q∈D≤−L

[
λj,Q
‖χQ‖X

M (θ)(χQ)

]s}1/s∥∥∥∥
X

. 2−Ln
∥∥∥∥{ ∑

Q∈D≤−L

(
λj,Q
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

. 2−Ln‖f‖HX(Rn). (4.37)

Moreover, from Fatou’s lemma, we deduce that (4.35) through (4.37) hold true for λQ
and aQ. Thus, by (4.35), (2.26), (4.36) and (4.37), we find that, for any L, j ∈ N,∑

Q∈(D≥L∪D≤−L)

|〈λj,Qaj,Q − λQaQ, ϕ〉| .
1
s
√
L
‖f‖HX(Rn). (4.38)

Moreover, from (4.35) with L = 0, and (4.36) and (4.37) with L = 1, we further deduce

that, for any j ∈ N, ∑
Q∈D
|〈λj,Qaj,Q − λQaQ, ϕ〉| . ‖f‖HX(Rn). (4.39)

It then follows from (4.38) that, for any given ε ∈ (0,∞), there exists L0 ∈ N, depending

on ε, such that, for any j ∈ N,∑
Q∈(D≥L0

∪D≤−L0
)

|〈λj,Qaj,Q − λQaQ, ϕ〉| <
ε

3
. (4.40)

Moreover, by (4.39), for any j ∈ N,

L0−1∑
k=−(L0−1)

∑
Q∈Dk

|〈λj,Qaj,Q − λQaQ, ϕ〉| . ‖f‖HX(Rn),
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which further implies that, for any given ε ∈ (0,∞) as in (4.40), there exists R0 ∈ (0,∞),

depending on ε, such that, for any j ∈ N,

L0−1∑
k=−(L0−1)

∑
Q∈Dk, Q 6⊂Q(~0n,R0)

|〈λj,Qaj,Q − λQaQ, ϕ〉| <
ε

3
. (4.41)

Furthermore, since

{Q ∈ D : Q ∈ Dk, −(L0 − 1) ≤ k ≤ L0 − 1, Q ⊂ Q(~0n, R0)}

is a finite set and λj,Q → λQ and aj,Q → aQ as j →∞, we deduce that, for any ε ∈ (0,∞)

as in (4.40), there exists j0 ∈ N such that, for any j ∈ N with j ≥ j0,

L0−1∑
k=−(L0−1)

∑
Q∈Dk, Q⊂Q(~0n,R)

|〈λj,Qaj,Q − λQaQ, ϕ〉| <
ε

3
,

which, combined with (4.40) and (4.41), further implies that, for any ε ∈ (0,∞) as in

(4.40), there exists j0 ∈ N such that, for any j ∈ N with j ≥ j0,∑
Q∈D
|〈λj,Qaj,Q − λQaQ, ϕ〉| < ε,

and hence

lim
j→∞

∑
Q∈D
|〈λj,Qaj,Q − λQaQ, ϕ〉| = 0.

From this, (4.33) and (4.34), we conclude that f = g in S ′(Rn). This finishes the proof

of Theorem 3.7.

Proof of Corollary 3.11. Let f ∈ HX(Rn), {bj}j∈Z and {Oj}j∈Z be as in Lemma 2.23.

Then, via (2.8), (2.33) and (2.35), similarly to the proof of (4.29), we conclude that, for

any j ∈ Z,

‖MN (bj)‖X . ‖χOjMN (f)‖X ,

which, together with the absolute continuity of the quasi-norm of X, implies that bj → 0

in HX(Rn) as j →∞. From this and the fact that, for any j ∈ Z, f = gj + bj in S ′(Rn),

we deduce that gj → f in HX(Rn) as j →∞. Moreover, thanks to Lemma 4.5, we know

that gj ∈ L1
loc(Rn) for each j ∈ Z. Thus, to prove Corollary 3.11, it suffices to show that

L∞(Rn) ∩HX(Rn) is dense in L1
loc(Rn) ∩HX(Rn).

Let g ∈ L1
loc(Rn)∩HX(Rn). Then, by Lemma 2.23, we know that there exist sequences

{g̃j}j∈Z and {b̃j}j∈Z of functions such that, for any j ∈ Z, g = g̃j + b̃j in S ′(Rn),

g̃j ∈ L∞(Rn) ∩HX(Rn) and g̃j → g in HX(Rn) as j → ∞. Thus, L∞(Rn) ∩HX(Rn) is

dense in L1
loc(Rn) ∩HX(Rn). This finishes the proof of Corollary 3.11.

Proof of Theorem 2.21. Theorem 2.21 is just a corollary of Theorems 3.4 and 3.7.

Proof of Theorem 3.14. We will use Theorem 3.6. It suffices to show that all the assump-

tions of Theorem 3.6 hold true in this case. Namely, we only need to prove that (2.8) and

(3.7) hold true.
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Let ρ ∈ (1,∞) and define θ by s = θρ. Assume that {fj}j∈N ⊂M. Then∥∥∥{ ∞∑
j=1

[M (θ)(fj)]
s
}1/s∥∥∥s

X

=
∥∥∥ ∞∑
j=1

[M(|fj |θ)]ρ
∥∥∥
Y

= sup

{ˆ
Rn

( ∞∑
j=1

[M(|fj |θ)(x)]ρ
)
g(x) dx : g ∈ Y ′, ‖g‖Y ′ = 1

}
. (4.42)

By [42, Chapter II, Theorem 2.12], for any p ∈ (1,∞) and non-negative measurable

function φ, ˆ
Rn

[Mf(x)]pφ(x) dx .
ˆ
Rn
|f(x)|pMφ(x) dx,

which, together with (4.42), implies that∥∥∥{ ∞∑
j=1

[M (θ)(fj)]
s
}1/s∥∥∥s

X

. sup

{ˆ
Rn

[ ∞∑
j=1

|fj(x)|s
]
Mg(x) dx : g ∈ Y ′, ‖g‖Y ′ = 1

}

.
∥∥∥ ∞∑
j=1

|fj |s
∥∥∥
Y

sup{‖Mg‖Y ′ : g ∈ Y ′, ‖g‖Y ′ = 1}

∼
∥∥∥{ ∞∑

j=1

|fj |s
}1/s∥∥∥s

X
sup{‖Mg‖Y ′ : g ∈ Y ′, ‖g‖Y ′ = 1}. (4.43)

Moreover, from uY <∞, it follows that ‖Mg‖Y ′ . ‖g‖Y ′ for any g ∈ Y ′, which, combined

with (4.43), implies that∥∥∥{ ∞∑
j=1

[M (θ)(fj)]
s
}1/s∥∥∥

X
.
∥∥∥{ ∞∑

j=1

|fj |s
}1/s∥∥∥

X
.

Thus, (2.8) holds true in this case.

Furthermore, from uY < ∞ again, we conclude that, for any v ∈ (uY ,∞), M (v′) is

bounded on Y ′, which implies that (3.7) holds true for any q ∈ (max{1, suY },∞]. This

finishes the proof of Theorem 3.14.

Proof of Theorem 3.15. Let f ∈ X. By the assumption lX ∈ (1,∞), we know that M

is bounded on X, which, together with Theorem 3.4, implies that f ∈ HX(Rn) with

‖f‖HX(Rn) ∼ ‖f‖X . Moreover, an argument as in the proof of Theorem 3.14 indicates

that (2.8) holds true. By monotonicity, we may assume that L ≥ d = dX . Then we obtain

the desired result via Theorem 3.7.

4.4. Proofs of theorems related to tent spaces. In this subsection, we give the

proofs of Theorems 3.19 and 3.21.
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To show Theorem 3.19, we first introduce some notation. Let f ∈ TX(Rn+1
+ ). For each

k ∈ Z, let

Ok := {x ∈ Rn : A(f)(x) > 2k} and Fk := [Rn \Ok].

Moreover, for any given γ ∈ (0, 1) and k ∈ Z, define

(Ok)∗γ := {x ∈ Rn : M(χOk)(x) > 1− γ} and (Fk)∗γ := [Rn \O∗k]. (4.44)

Since A(f)(x) < ∞ for almost every x ∈ Rn, it follows that f ∈ L2
loc(Rn+1

+ ). There-

fore, the set of all Lebesgue points of f is almost equal to Rn+1
+ except for a Lebesgue

measurable set of measure zero.

Lemma 4.7. Let f ∈ TX(Rn+1
+ ) and γ ∈ (0, 1). Then

supp(f) ⊂
⋃
k∈Z

(̂Ok)∗γ ∪ E, (4.45)

where, for each k ∈ Z, (Ok)∗γ is as in (4.44) and E ⊂ Rn+1
+ satisfies

´
E
dy dt
t = 0.

Proof. For each k ∈ Z, denote (Ok)∗γ simply by O∗k. Let (x, t) ∈ Rn+1
+ be a Lebesgue

point of f and (x, t) 6∈
⋃
k∈Z Ô

∗
k. Then, as (x, t) 6∈

⋃
k∈Z Ô

∗
k, there exists a sequence

{yk}k∈Z ⊂ B(x, t) such that yk 6∈ O∗k for each k, which, together with (4.44), implies that

MχOk(yk) ≤ 1 − γ for each k ∈ Z. From this, we further deduce that |B(x, t) ∩ Ok| ≤
(1− γ)|B(x, t)|, and hence

|B(x, t) ∩ {z ∈ Rn : A(f)(z) ≤ 2k}| ≥ γ|B(x, t)|.
Letting k → −∞, we see that |B(x, t) ∩ {z ∈ Rn : A(f)(z) = 0}| ≥ γ|B(x, t)|. Therefore,

since γ ∈ (0, 1), there exists y ∈ B(x, t) such that A(f)(y) = 0. From this and the

definition of A(f), we find that f = 0 almost everywhere in Γ(y), which, combined

with Lebesgue’s differentiation theorem, implies that f(x, t) = 0. Since almost every

(x, t) ∈ Rn+1
+ is a Lebesgue point of f , we deduce that (4.45) holds true, which completes

the proof of Lemma 4.7.

To prove Theorem 3.19, we also need the following estimate; see [24, Lemma 2] for its

proof.

Lemma 4.8. There exist positive constants γ ∈ (0, 1) and C(γ) such that, for any closed

subset F of Rn whose complement has finite measure, and any non-negative measurable

function H on Rn+1
+ ,ˆ
R(F∗γ )

H(y, t)tn dy dt ≤ C(γ)

ˆ
F

{ˆ
Γ(x)

H(y, t) dy dt

}
dx,

where F ∗γ := [{x ∈ Rn : M(χF{)(x) > 1− γ}]{.

Proposition 4.9. Let X be a ball quasi-Banach function space satisfying (2.8) for some

θ, s ∈ (0, 1], with θ < s, and f ∈ TX(Rn+1
+ ). Then there exist a sequence {λj}∞j=1 ⊂ [0,∞)

and a sequence {aj}∞j=1 of (TX ,∞)-atoms such that, for almost every (x, t) ∈ Rn+1
+ ,

f(x, t) =

∞∑
j=1

λjaj(x, t), |f(x, t)| =
∞∑
j=1

λj |aj(x, t)|

and
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Λ({λjaj}∞j=1) . ‖f‖TX(Rn+1
+ ),

where, for each j ∈ N, B̂j appears in the support of aj and the implicit positive constant

is independent of f .

Proof. Let γ ∈ (0, 1) be as in Lemma 4.8. For each k ∈ Z, denote (Ok)∗γ simply by O∗k.

Since X satisfies (2.8), and by Lemma 2.14, we find that 1 /∈ K−n/[θ+ε(X)]
θ+ε(X), s (Rn) and hence

1 /∈ X, which, together with f ∈ TX(Rn+1
+ ), implies that, for each j ∈ Z, O∗k is a proper

subset of Rn. Since O∗k is open, from the well-known Whitney decomposition theorem

(see, for example, [120, p. 167]), it follows that there exist a set {Ik}k∈Z of indices and a

family {Qk,j}j∈Ik of closed cubes with disjoint interiors such that

O∗k =
⋃
j∈Ik

Qk,j

and √
n `k,j ≤ dist(Qk,j , (O

∗
k){) ≤ 4

√
n`k,j ,

where, for each k and j, `k,j denotes the side-length of Qj,k and

dist(Qk,j , (O
∗
k){) := inf{|x− y| : x ∈ Qk,j , y ∈ (O∗k){}.

For any k and j, let Bk,j be the ball with the same center as Qk,j and with radius
11
√
n

2 `k,j . Moreover, for each k and j, let

Ak,j := B̂k,j ∩ [Qk,j × (0,∞)] ∩ Ô∗k ∩ (Ô∗k+1){,

ak,j := 2−k‖χBk,j‖
−1
X fχAk,j , λk,j := 2k‖χBk,j‖X .

Notice that
{[Qk,j × (0,∞)] ∩ (Ô∗k \ Ô∗k+1)} ⊂ B̂k,j ,

which, combined with (4.45), implies that

f =
∑
k∈Z

∑
j∈Ik

λk,jak,j and |f | =
∑
k∈Z

∑
j∈Ik

λk,j |ak,j |

almost everywhere on Rn+1
+ .

We now show that, for each k ∈ Z and j ∈ Ik, ak,j is a (TX ,∞)-atom supported

in B̂k,j up to a harmless constant multiple. Let p ∈ (1,∞) and h ∈ T p
′

2 (Rn+1
+ ) with

‖h‖
Tp
′

2 (Rn+1
+ )
≤ 1. Since Ak,j ⊂ (Ô∗k+1){ = F ∗k+1, from Lemma 4.8 and Hölder’s inequality,

we deduce that

|〈ak,j , h〉| :=
∣∣∣∣ˆ

Rn+1
+

ak,j(y, t)χAk,j (y, t)h(y, t)
dy dt

t

∣∣∣∣
.

ˆ
Fk+1

ˆ
Γ(x)

|ak,j(y, t)h(y, t)| dy dt
tn+1

dx

.
ˆ

(Ok+1){
A(ak,j)(x)A(h)(x) dx

. 2−k‖χBk,j‖
−1
X

{ˆ
Bk,j∩(Ok+1){

[A(f)(x)]p dx

}1/p

‖h‖
Tp
′

2 (Rn+1
+ )

. |Bk,j |1/p‖χBk,j‖
−1
X ,
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which, together with (T p2 (Rn+1
+ ))∗ = T p

′

2 (Rn+1
+ ) (see [24, Theorem 2]), where (T p2 (Rn+1

+ ))∗

denotes the dual space of T p2 (Rn+1
+ ) and 1/p+ 1/p′ = 1, implies that

‖ak,j‖Tp2 (Rn+1
+ ) . |Bk,j |

1/p‖χBk,j‖
−1
X .

Thus, ak,j is a (TX , p)-atom supported in B̂k,j up to a constant multiple for all p ∈ (1,∞),

and hence a (TX ,∞)-atom up to a constant multiple.

For each k ∈ Z, we know that∑
j∈Ik

(2kχQk,j )
s . 2ksχO∗k

∼ 2ksχ{x∈Rn:M(χOk )(x)>1−γ}

∼ 2ksχ{x∈Rn:M(θ)(χOk )(x)> θ
√

1−γ},

which, combined with (2.8), further implies that∥∥∥{∑
k∈Z

∑
j∈Ik

(2kχQk,j )
s
}1/s∥∥∥

X
.
∥∥∥[∑

k∈Z
2ksχ{x∈Rn:M(θ)(χOk )(x)> θ

√
1−γ}

]1/s∥∥∥
X

.
∥∥∥{∑

k∈Z
[2kM (θ)(χOk)]s

}1/s∥∥∥
X

.
∥∥∥{∑

k∈Z
2ksχOk

}1/s∥∥∥
X
.

From this and (2.8), we further deduce that∥∥∥{∑
k∈Z

∑
j∈Ik

(2kχBk,j )
s
}1/s∥∥∥

X
.
∥∥∥{∑

k∈Z

∑
j∈Ik

[2kM (θ)(χQj,k)]s
}1/s∥∥∥

X

.
∥∥∥{∑

k∈Z

∑
j∈Ik

(2kχQj,k)s
}1/s∥∥∥

X

.
∥∥∥{∑

k∈Z
2ksχOk

}1/s∥∥∥
X
. (4.46)

Moreover, there exists a positive constant C̃ such that, for all m ∈ N,

H :=
∥∥∥{∑

k∈Z
2ksχOk

}1/s∥∥∥
X

≤ C̃21/s
∥∥∥{∑

k∈Z
2ksχOk\Ok+m

}1/s∥∥∥
X

+ C̃21/s
∥∥∥{∑

k∈Z
2ksχOk+m

}1/s∥∥∥
X

= C̃21/s
∥∥∥{∑

k∈Z
2ksχOk\Ok+m

}1/s∥∥∥
X

+ C̃2−(m−1/s)H. (4.47)

Take m0 ∈ N such that C̃2−(m0−1/s) ≤ 1/2, where C̃ is as in (4.47). Then, by (4.47)

again,

H .
∥∥∥{∑

k∈Z
2ksχOk\Ok+m0

}1/s∥∥∥
X

. ‖A(f)‖X , (4.48)
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which, together with (4.46) and the definition of λj,k, implies that

Λ({λj,kaj,k}k∈Z, j∈Ik) . ‖f‖TX(Rn+1
+ ).

This finishes the proof of Proposition 4.9.

Proof of Theorem 3.19. Assume first that there exist {λj}j∈N ⊂ [0,∞) and a sequence

{aj}j∈N of (TX ,∞)-atoms such that (3.11) and (3.12) hold true. For any N ∈ N and

(x, t) ∈ Rn+1
+ , let

fN (x, t) :=

N∑
j=1

λjaj(x, t).

Then, from s ∈ (0, 1], Lemma 3.18 and Theorem 2.10, it follows that, for all N ∈ N,

‖A(fN )‖X ≤
∥∥∥ N∑
j=1

λjA(aj)
∥∥∥
X
≤
∥∥∥{ ∞∑

j=1

[λjA(aj)]
s
}1/s∥∥∥

X

. Λ({λjαj}j∈N) <∞. (4.49)

By the monotone convergence theorem, for almost every x ∈ Rn,

A(f)(x) ≤ lim inf
N→∞

A(fN )(x),

which, combined with (4.49), implies that

‖A(f)‖X ≤ lim inf
N→∞

‖A(fN )‖X . Λ({λjαj}j∈N).

Conversely, let f ∈ TX(Rn+1
+ ). We obtain the desired conclusion via Proposition 4.9.

This finishes the proof of Theorem 3.19.

Proof of Theorem 3.21. Let f ∈ HX(Rn). Then, by Theorem 3.7, we know that

f =
∑
Q∈D

λQaQ in HX(Rn), (4.50)

where, for each Q ∈ D, aQ is an (X,∞, d)-atom supported on Q, d ∈ [dX ,∞) ∩ Z+ and

{λQ}Q∈D ⊂ [0,∞) satisfies

Λ({λQαQ}Q∈D) .s ‖f‖HX(Rn), (4.51)

where s ∈ (0, 1] is as in Theorem 3.7.

Take ϕ,ψ ∈ S(Rn). Then, for any t ∈ (0,∞) and a finite set F ⊂ D,ˆ
Rn
ψ(tD)(f)(x)ϕ(x) dx =

∑
Q∈F

λQ

ˆ
Rn
ψ(tD)(aQ)(x)ϕ(x) dx

+
∑

Q∈D\F

λQ

ˆ
Rn
ψ(tD)(aQ)(x)ϕ(x) dx. (4.52)

Notice that aQ ∈ L2(Rn) for each Q ∈ D, which implies that aQ vanishes weakly at

infinity. Thus, for any given ε ∈ (0,∞) and a finite set F ⊂ D, there exists tε,F ∈ (0,∞)

such that, for any t ∈ (0, tε,F),∣∣∣∣ ∑
Q∈F

λQ

ˆ
Rn
ψ(tD)(aQ)(x)ϕ(x) dx

∣∣∣∣ < ε. (4.53)
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Moreover, for any Q ∈ D, using the fact that |aQ| ≤ ‖χQ‖−1
X χQ almost everywhere

and aQ ⊥ Pd, similarly to the proof of (4.16), we conclude that, for any t, t1 ∈ (0,∞)

and x ∈ Rn,

|e−t1∆ψ(tD)(aQ)(x)| . 1

‖χQ‖X
M (θ)(χQ)(x),

which, together with the fact that HX(Rn) ↪→ S ′(Rn), Corollary 3.2, s ∈ (0, 1] and (2.8),

implies that∣∣∣∣ ∑
Q∈D\F

λQ

ˆ
Rn
ψ(tD)(aQ)(x)ϕ(x) dx

∣∣∣∣ . ∥∥∥ ∑
Q∈D\F

λQψ(tD)(aQ)
∥∥∥
HX(Rn)

∼
∥∥∥ sup
t1∈(0,∞)

∣∣∣ ∑
Q∈D\F

λQe
−t1∆ψ(tD)(aQ)

∣∣∣ ∥∥∥
X

.

∥∥∥∥ ∑
Q∈D\F

λQ
‖χQ‖X

M (θ)(χQ)

∥∥∥∥
X

.

∥∥∥∥{ ∑
Q∈D\F

[
λQ
‖χQ‖X

M (θ)(χQ)

]s}1/s∥∥∥∥
X

.

∥∥∥∥{ ∑
Q∈D\F

(
λQ
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

.

From this and the fact that∥∥∥∥{ ∑
Q∈D

(
λQ
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

<∞,

we deduce that, for ε ∈ (0,∞) as in (4.53), there exists a finite set F ⊂ D such that, for

any t ∈ (0,∞), ∣∣∣∣ ∑
Q∈D\F

λQ

ˆ
Rn
ψ(tD)(aQ)(x)ϕ(x) dx

∣∣∣∣ < ε,

which, combined with (4.52) and (4.53), further implies that f vanishes weakly at infinity.

For any g ∈ S ′(Rn) and x ∈ Rn, let

S(g)(x) :=

{ˆ
Γ(x)

|ϕ(tD)(g)(y)|2 dy dt
tn+1

}1/2

.

Now we prove that S(f) ∈ X and ‖S(f)‖X . ‖f‖HX(Rn). By (4.50), for any x ∈ Rn,

S(f)(x) ≤
∑
Q∈D

λQS(aQ)(x). (4.54)

Let q ∈ (1,∞) be as in Theorem 2.10. Since S is bounded on Lq(Rn), for any Q ∈ D we

have

‖χ2QS(aQ)‖Lq(Rn) . ‖aQ‖Lq(Rn) . |Q|1/q‖χQ‖−1
X ,
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which, together with Theorem 2.10, implies that∥∥∥ ∑
Q∈D

λQχ2QS(aQ)
∥∥∥
X

.
∥∥∥{ ∑

Q∈D

(
λQ
‖χQ‖X

)s
χQ

}1/s∥∥∥
X
. (4.55)

Moreover, similarly to the proof of (4.15), for any Q ∈ D and x ∈ Rn,

χRn\2Q(x)S(aQ)(x) .
1

‖χQ‖X
M (θ)(χQ)(x),

which, combined with (2.8) and s ∈ (0, 1], implies that∥∥∥ ∑
Q∈D

λQχRn\2QS(aQ)
∥∥∥
X

.

∥∥∥∥{ ∑
Q∈D

(
λQ
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

.

From this, (4.54), (4.55) and (4.51), we know that

‖S(f)‖X ≤
∥∥∥ ∑
Q∈D

λQS(aQ)
∥∥∥
X

.

∥∥∥∥{ ∑
Q∈D

(
λQ
‖χQ‖X

)s
χQ

}1/s∥∥∥∥
X

. ‖f‖HX(Rn).

Therefore, S(f) ∈ X and ‖S(f)‖X . ‖f‖HX(Rn), which completes the proof of the

necessity of Theorem 3.21.

Conversely, assume that f ∈ S ′(Rn) vanishes weakly at infinity and S(f) ∈ X. For

any (x, t) ∈ Rn+1
+ , let F (x, t) := ϕ(tD)(f)(x). Then F ∈ TX(Rn+1

+ ). Thanks to Theorem

3.19, we know that there exist a sequence {aj}∞j=1 of (TX ,∞)-atoms and {λj}∞j=1 ⊂ [0,∞)

such that, for almost every (x, t) ∈ Rn+1
+ ,

ϕ(tD)(f)(x) =

∞∑
j=1

λjaj(x, t), |ϕ(tD)(f)(x)| =
∞∑
j=1

λj |aj(x, t)| (4.56)

and, for some s ∈ (0, 1],∥∥∥∥{ ∞∑
j=1

(
λj

‖χBj‖X

)s
χBj

}1/s∥∥∥∥
X

.s ‖F‖TX(Rn+1
+ ) ∼ ‖S(f)‖X , (4.57)

where, for each j ∈ N, B̂j appears in the support of aj .

Moreover, since f vanishes weakly at infinity, there exists ψ ∈ S(Rn) with ~0n /∈
supp(Fψ) such that

f =

ˆ ∞
0

ψ(tD)ϕ(tD)(f)
dt

t

in S ′(Rn) (see, for example, [44, Section 6.4]). For any j ∈ N, let

Aj :=

ˆ ∞
0

ψ(tD)[aj(·, t)]
dt

t
.

Using the expression (4.56), we formally obtain

f =

∞∑
j=1

λjAj . (4.58)

Let q ∈ (1,∞), d ∈ [dX ,∞) ∩ Z+ and τ ∈ (0,∞) satisfy τ > n(1/θ − 1/q). Then an

argument similar to that in [64, proof of Lemma 4.8] shows that, for any j ∈ N, Aj is
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an (X, q, d, τ)-molecule up to a harmless constant multiple. From this, (4.57), (4.58) and

Theorem 3.9, we conclude that f ∈ HX(Rn) and

‖f‖HX(Rn) . Λ({λjAj}j∈N) . ‖S(f)‖X .

Finally, we establish (4.58). Let

g :=

∞∑
j=1

λjAj .

Then, from (4.57), the fact that, for any j ∈ N, Aj is an (X, q, d, τ)-molecule up to a

constant multiple, and Theorem 3.9, we deduce that g ∈ HX(Rn), and hence g vanishes

weakly at infinity. Thus, to show (4.58), it suffices to prove that, for any t1 ∈ (0,∞),

ϕ(t1D)(f) = ϕ(t1D)(g).

Fix t1 ∈ (0,∞). By the fact that ϕ(t1D) is bounded on S ′(Rn), we conclude that

ϕ(t1D)(f) =

ˆ ∞
0

ϕ(t1D)ψ(tD)ϕ(tD)(f)
dt

t
. (4.59)

Moreover, from the definition of ϕ(tD) and a direct calculation, it follows that, for any

t ∈ (0,∞),

ϕ(t1D)ψ(tD)ϕ(tD)(f) = F−1
(
ϕ(t1 ·)ψ(t ·)ϕ(t ·)F(f)

)
,

which, together with (4.59) and the fact that

χB(~0n,4)\B(~0n,2) ≤ ϕ ≤ χB(~0n,8)\B(~0n,1),

further implies that

ϕ(t1D)(f) =

ˆ 8t1

t1/8

ϕ(t1D)ψ(tD)ϕ(tD)(f)
dt

t
.

Furthermore, by the fact that f is a band-limited distribution, we find that there exists

N ∈ N such that, for any t ∈ [t1/8, 8t1] and x ∈ Rn,

|ϕ(tD)(f)(x)| . (1 + |x|)N ,

which, combined with (4.56), implies that, for all t ∈ [t1/8, 8t1] and x ∈ Rn,

∞∑
j=1

λj |aj(x, t)| = |ϕ(tD)(f)(x)| . (1 + |x|)N . (4.60)

Thanks to (4.60), (4.56) and Lebesgue’s convergence theorem, we conclude that

ϕ(t1D)(f) =

∞∑
j=1

λj

ˆ 8t1

t1/8

ϕ(t1D)ψ(tD)[aj(·, t)]
dt

t
.

From this and the arbitrariness of t1 ∈ (0,∞), we deduce that (4.58) holds true. This fin-

ishes the proof of the sufficiency of Theorem 3.21, and hence the whole proof of Theorem

3.21.
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5. Local Hardy type spaces

In this section, we introduce the local Hardy type space hX(Rn), associated with the

ball quasi-Banach space X, and obtain several maximal function characterizations of it.

Moreover, we also establish the relation between the local Hardy type space hX(Rn) and

the Hardy type space HX(Rn).

5.1. Definition of local Hardy type spaces. So far, we have introduced the Hardy

type space HX(Rn) in Definition 2.12 and we have been investigating its properties.

Keeping in mind Definition 2.12 and the works [45, 46], we now introduce the local

Hardy type space hX(Rn) via first giving the following local version of Definition 2.12.

Definition 5.1. Let f ∈ S ′(Rn), N ∈ N, a, b ∈ (0,∞) and Φ ∈ S(Rn).

(i) The local radial maximal function m(f,Φ) is defined by setting, for all x ∈ Rn,

m(f,Φ)(x) := sup
t∈(0,1)

|(Φt ∗ f)(x)|.

(ii) The local grand maximal function mN (f) is defined by setting, for all x ∈ Rn,

mN (f)(x) := sup{|t−nψ(t−1·) ∗ f(y)| : t ∈ (0, 1), |x− y| < t, ψ ∈ FN}.

(iii) The local non-tangential maximal function m∗a(f,Φ), with aperture a ∈ (0,∞), is

defined by setting, for all x ∈ Rn,

m∗a(f,Φ)(x) := sup
t∈(0,1)

{
sup

y∈Rn, |y−x|<at
|Φt ∗ f(y)|

}
.

(iv) The local maximal function m∗∗b (f,Φ) of Peetre type is defined by setting, for all

x ∈ Rn,

m∗∗b (f,Φ)(x) := sup
(y,t)∈Rn×(0,1)

|(Φt ∗ f)(x− y)|
(1 + t−1|y|)b

. (5.1)

(v) The local grand maximal function m∗∗b,N (f) of Peetre type is defined by setting, for

all x ∈ Rn,

m∗∗b,N (f)(x) := sup
ψ∈FN

{
sup

(y,t)∈Rn×(0,1)

|(ψt ∗ f)(x− y)|
(1 + t−1|y|)b

}
.

Definition 5.2. Let Φ ∈ S(Rn) satisfy
´
Rn Φ(x) dx 6= 0. Then the local Hardy type space

hX(Rn) is defined to be the set of all f ∈ S ′(Rn) satisfying ‖f‖hX(Rn) := ‖m∗∗b (f,Φ)‖X
<∞, where m∗∗b (f,Φ) is as in (5.1) with b sufficiently large.

Then we have the following estimates, which further give several maximal function

characterizations of the space hX(Rn).

Theorem 5.3. Let a, b ∈ (0,∞), X be a ball quasi-Banach function space and Φ ∈ S(Rn)

be such that
´
Rn Φ(x) dx 6= 0.
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(i) Let N ≥ bb+ 2c be an integer. Then, for all f ∈ S ′(Rn),

‖m(f,Φ)‖X . ‖m∗a(f,Φ)‖X . ‖m∗∗b (f,Φ)‖X , (5.2)

‖m(f,Φ)‖X . ‖mbb+2c(f)‖X . ‖mN (f)‖X . ‖m∗∗b (f,Φ)‖X , (5.3)

‖m∗∗b (f,Φ)‖X ∼ ‖m∗∗b,N (f)‖X , (5.4)

where the implicit positive constants are independent of f .

(ii) Let r, b, A ∈ (0,∞) satisfy

(b−A)r > n. (5.5)

If X is strictly r-convex and, for all f ∈ X,∥∥∥∥{ ˆ
[0,1]n

|f(· − z)|r dz
}1/r∥∥∥∥

X

. (1 + |z|)A‖f‖X , (5.6)

where the implicit positive constant is independent of f , then, for all f ∈ S ′(Rn),

‖m∗∗b,N (f)‖X . ‖m(f,Φ)‖X ,

where the implicit positive constant is independent of f . In particular, when N ∈
N ∩ [bb+ 2c,∞), and one of the quantities

‖m(f,Φ)‖X , ‖m∗a(f,Φ)‖X , ‖mN (f)‖X , ‖m∗∗b (f,Φ)‖X , ‖m∗∗b,N (f)‖X

is finite, then the other quantities are also finite and mutually equivalent with the

implicit positive constants independent of f .

Remark 5.4. We refer the reader to [69, 90, 110] for the assumption (5.6).

Proof of Theorem 5.3. Let f ∈ S ′(Rn). We first prove (i). The proofs of (5.2) and (5.3)

are similar to those of (3.1) and (3.2), the details being omitted here.

From (2.18) and (2.19), we deduce that, for all x ∈ Rn,

m∗∗b,N (f)(x) . m∗∗b (f,Φ)(x),

which, combined with the fact that m∗∗b (f,Φ)(x) . m∗∗b,N (f)(x) for all x ∈ Rn, implies

that (5.4) holds true. This finishes the proof of (i).

Now we prove (ii). Let b,N ∈ (0,∞) satisfy

Nr > n and (b−A)r > n. (5.7)

Using Lemma 2.8 with a dilation, we conclude that, for any m ∈ N, t ∈ [1, 2] and x ∈ Rn,

sup
y∈Rn

|Φ2−mt ∗ f(y)|r

(1 + 2m|x− y|)br
.r

∞∑
k=0

2k(n−Nr)
ˆ
Rn

|Φ2−k−mt ∗ f(y)|r

(1 + 2m|x− y|)br
dy

.r

∞∑
k=0

2k(n−Nr)
ˆ
Rn

|Φ2−k−mt ∗ f(y)|r

(1 + |x− y|)br
dy,
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which, since m ∈ N and t ∈ [1, 2] are arbitrary, further implies that, for any x ∈ Rn,

m∗∗b (f,Φ)(x) .r

{ ∞∑
k=0

2k(n−Nr)
ˆ
Rn

[m(f,Φ)(x− y)]r

(1 + |y|)br
dy

}1/r

∼
{ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

ˆ
m+[0,1]n

[m(f,Φ)(x− y)]r

(1 + |m|)br
dy

}1/r

.

From this and the assumption that X is strictly r-convex, it follows that

‖m∗∗b (f,Φ)‖X .r

∥∥∥∥{ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

ˆ
m+[0,1]n

[m(f,Φ)(· − y)]r

(1 + |m|)br
dy

}1/r∥∥∥∥
X

.r
∥∥∥ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

ˆ
m+[0,1]n

[m(f,Φ)(· − y)]r

(1 + |m|)br
dy
∥∥∥1/r

X1/r

.r

{ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

∥∥∥∥ˆ
m+[0,1]n

[m(f,Φ)(· − y)]r

(1 + |m|)br
dy

∥∥∥∥
X1/r

}1/r

∼r
{ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

∥∥∥∥ˆ
m+[0,1]n

m(f,Φ)(· − y)

(1 + |m|)b
dy

∥∥∥∥r
X

}1/r

,

which, combined with (5.5)–(5.7), further implies that

‖m∗∗b (f,Φ)‖X . ‖m(f,Φ)‖X
{ ∞∑
k=0

2k(n−Nr)
∑
m∈Zn

1

(1 + |m|)(b−A)r

}1/r

∼ ‖m(f,Φ)‖X .

This finishes the proof of (ii), and hence of Theorem 5.3.

5.2. Relation between local Hardy spaces and Hardy spaces. In this subsection,

we establish the relation between the spaces hX(Rn) and HX(Rn).

Let ψ ∈ S(Rn) and b ∈ (0,∞). For any f ∈ S ′(Rn) and x ∈ Rn, let

ψ∗b (D)(f)(x) := sup
y∈Rn

|ψ(D)(f)(y)|
1 + |x− y|b

,

where ψ(D) is as in (3.13). Then we have the following equivalence.

Lemma 5.5. Let ψ ∈ S(Rn) satisfy χQ(~0n,2) ≤ ψ ≤ χQ(~0n,4). Then, for any b ∈ (1,∞)

sufficiently large and f ∈ S ′(Rn),

‖f‖hX(Rn) ∼ ‖ψ∗b (D)(f)‖X + ‖(1− ψ(D))f‖HX(Rn), (5.8)

where the implicit positive constants are independent of f .

Proof. Let f ∈ S ′(Rn). We first claim that, for any x ∈ Rn,

m∗∗b (f,F−1ψ)(x) ∼ ψ∗b (D)f(x) +M∗∗b
(
(1− ψ(D))f,F−1ψ

)
(x). (5.9)
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Once (5.9) holds true, we know that

‖m∗∗b (f,F−1ψ)‖X ∼ ‖ψ∗b (D)(f) +M∗∗b ((1− ψ(D))f,F−1ψ)‖X
. ‖ψ∗b (D)(f)‖X + ‖M∗∗b ((1− ψ(D))f,F−1ψ)‖X
. ‖ψ∗b (D)(f) +M∗∗b ((1− ψ(D))f,F−1ψ)‖X
∼ ‖m∗∗b (f,F−1ψ)‖X ,

which implies that (5.8) holds true.

Now we prove (5.9). Via f = ψ(D)f + (1− ψ(D))f and the fact that

m∗∗b
(
(1− ψ(D))f,F−1ψ

)
≤M∗∗b

(
(1− ψ(D))f,F−1ψ

)
,

to prove . in (5.9), it suffices to show that, for any x ∈ Rn,

sup
t∈(0,1), y∈Rn

|ψ(tD)ψ(D)(f)(y)|
(1 + t−1|x− y|)b

. ψ∗b (D)(f)(x). (5.10)

It is easy to see that, for any t ∈ (0, 1] and x, y, z ∈ Rn,

|ψ(D)(f)(y − z)|
(1 + t−1|z − y − x|)b

=
tb|ψ(D)(f)(y − z)|
(t+ |z − y − x|)b

≤ |ψ(D)(f)(y − z)|
(1 + |z − y − x|)b

,

which implies that, for any t ∈ (0, 1) and x, y ∈ Rn,

|ψ(tD)ψ(D)(f)(y)|
(1 + t−1|x− y|)b

≤
ˆ
Rn
|(F−1ψ)t−1(z)| |ψ(D)(f)(y − z)|

(1 + t−1|x− y|)b
dz

≤
ˆ
Rn
|(F−1ψ)t−1(z)|(1 + t−1|z|)b |ψ(D)(f)(y − z)|

(1 + t−1|z − y − x|)b
dz

≤ ψ∗b (D)(f)(x)

ˆ
Rn
|t−nF−1ψ(t−1z)|(1 + t−1|z|)b dz

∼ ψ∗b (D)(f)(x).

From this, we conclude that (5.10) holds true. Thus, we obtain . in (5.9).

Finally, we prove & in (5.9). To this end, it suffices to prove that, for any x ∈ Rn,

sup
t∈(0,∞), y∈Rn

|ψ(tD)[(1− ψ(D))f ](y)|
(1 + t−1|x− y|)b

. m∗∗b (f,F−1ψ)(x). (5.11)

From the assumption that χQ(~0n,2) ≤ ψ ≤ χQ(~0n,4), we deduce that, for any t ∈ (4,∞)

and ξ ∈ Rn, ψ(tξ)[1− ψ(ξ)] = 0. Therefore, (5.11) is equivalent to the estimate, for any

x ∈ Rn,

sup
(y,t)∈Rn×(0,4)

|ψ(tD)[(1− ψ(D))f ](y)|
(1 + t−1|x− y|)b

. m∗∗b (f,F−1ψ)(x). (5.12)
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However, by (5.10), we find that, for any x ∈ Rn,

sup
(y,t)∈Rn×(0,4)

|ψ(tD)[(1− ψ(D))f ](y)|
(1 + t−1|x− y|)b

≤ sup
(y,t)∈Rn×(0,4)

|ψ(tD)ψ(D)(f)(y)|
(1 + t−1|x− y|)b

+ sup
(y,t)∈Rn×(0,4)

|ψ(tD)(f)(y)|
(1 + t−1|x− y|)b

. m∗∗b (f,F−1ψ(4·))(x) . m∗∗b (f,F−1ψ)(x),

which implies that (5.12) holds true. This finishes the proof of & in (5.9), and hence of

Lemma 5.5.

6. Hardy type spaces associated with operators

In this section, we study Hardy type spaces associated with operators. More precisely, we

introduce the Hardy type space via the Lusin-area function associated with operators,

and then establish its molecular and atomic characterizations.

6.1. Definition of Hardy type spaces associated with operators. We first recall

some notation and terminology.

For θ ∈ [0, π), the open and closed sectors, S0
θ and Sθ, of angle θ in the complex plane

C are defined, respectively, by setting

S0
θ := {z ∈ C \ {0} : |arg z| < θ} and Sθ := {z ∈ C : |arg z| ≤ θ}.

Let ω ∈ [0, π). A closed operator T in L2(Rn) is said to be of type ω if

(i) the spectrum of T , σ(T ), is contained in Sω;

(ii) for each θ ∈ (ω, π), there exists a positive constant C such that, for all z ∈ C \ Sθ,
‖(T − zI)−1‖L(L2(Rn)) ≤ C|z|−1;

here and hereafter, for any normed linear space H, ‖S‖L(H) denotes the operator

norm of the linear operator S : H → H.

For µ ∈ (0, π) and σ, τ ∈ (0, ∞), let

H(S0
µ) := {f : f is a holomorphic function on S0

µ},
H∞(S0

µ) := {f ∈ H(S0
µ) : ‖f‖L∞(S0

µ) <∞}
and

Ψσ,τ (S0
µ) :=

{
f ∈ H(S0

µ) : there exists a positive constant C such that,

for all ξ ∈ S0
µ, |f(ξ)| ≤ C inf{|ξ|σ, |ξ|−τ}

}
.

It is known that every one-to-one operator T of type ω in L2(Rn) has a unique

holomorphic functional calculus (see, for example, [98]). More precisely, let T be a one-to-

one operator of type ω with ω ∈ [0, π), and let µ ∈ (ω, π), σ, τ ∈ (0,∞) and f ∈ Ψσ,τ (S0
µ).

The operator f(T ) can be defined by the H∞-functional calculus in the following way:

f(T ) :=
1

2πi

ˆ
Γ

(ξI − T )−1f(ξ) dξ, (6.1)
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where

Γ := {reiν :∞ > r > 0} ∪ {re−iν : 0 < r <∞},

with ν ∈ (ω, µ), is a curve consisting of two rays parameterized anti-clockwise. It is

known that f(T ) in (6.1) is independent of the choice of ν ∈ (ω, µ) and the integral in

(6.1) is absolutely convergent in ‖ · ‖L(L2(Rn)) (see [98]).

In what follows, we always assume ω ∈ [0, π/2). Then it follows from [47, Proposition

7.1.1] that, for every operator T of type ω in L2(Rn), −T generates a holomorphic C0-

semigroup {e−zT }z∈S0
π/2−ω

on the open sector S0
π/2−ω such that ‖e−zT ‖L(L2(Rn)) ≤ 1 for

all z ∈ S0
π/2−ω, and moreover every non-negative self-adjoint operator is of type 0.

Let Ψ(S0
µ) :=

⋃
σ,τ>0 Ψσ,τ (S0

µ). It is well known that the above holomorphic func-

tional calculus initially defined on Ψ(S0
µ) can be extended to H∞(S0

µ) via a limit process

(see [98]). Recall that, for any µ ∈ (0, π), the operator T is said to have a bounded

H∞(S0
µ)-functional calculus in the Hilbert space H if there exists a positive constant C

such that ‖ψ(T )‖L(H) ≤ C‖ψ‖L∞(S0
µ) for all ψ ∈ H∞(S0

µ); and T is said to have a bounded

H∞-functional calculus in the Hilbert space H if there exists µ ∈ (0, π) such that T has

a bounded H∞(S0
µ)-functional calculus.

For any given f ∈ L1
loc(Rn), each ball B ⊂ Rn and j ∈ Z+, let 
Sj(B)

|f(x)| dx :=
1

|2jB|

ˆ
Sj(B)

|f(x)| dx.

Now we recall the notion of Lp-Lq off-diagonal estimates on balls, which was first

introduced in [8].

Definition 6.1. Let m ∈ N, p, q ∈ [1,∞] with p ≤ q, and {At}t>0 be a family of linear

operators. Let Υ(s) := max{s, s−1} for any s ∈ (0,∞). The family {At}t>0 is said to

satisfy Lp-Lq off-diagonal estimates on balls of order m, written {At}t>0 ∈ Om(Lp-Lq),

if there exist constants θ1, θ2 ∈ [0,∞) and C, c ∈ (0,∞) such that, for all t ∈ (0,∞) and

all balls B := B(xB , rB) ⊂ Rn with xB ∈ Rn and rB ∈ (0,∞), and all f ∈ Lploc(Rn),{ 
B

|At(χBf)(x)|q dx
}1/q

≤ C
[
Υ

(
rB

t1/[2m]

)]θ2{ 
B

|f(x)|p dx
}1/p

(6.2)

and, for all j ∈ N with j ≥ 2,{ 
Sj(B)

|At(χBf)(x)|q dx
}1/q

≤ C2jθ1
[
Υ

(
2jrB
t1/[2m]

)]θ2
e
−c (2jrB)2m/(2m−1)

t1/(2m−1)

{ 
B

|f(x)|p dx
}1/p

and{ 
B

|At(χSj(B)f)(x)|q dx
}1/q

≤ C2jθ1
[
Υ

(
2jrB
t1/[2m]

)]θ2
e
−c (2jrB)2m/(2m−1)

t1/(2m−1)

{ 
Sj(B)

|f(x)|p dx
}1/p

.
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Similarly to the comments after [8, Definition 2.1], we have the following properties

of Om(Lp-Lq).

Remark 6.2. Let m ∈ N and p, q ∈ [1,∞] with p ≤ q.

(i) From Hölder’s inequality, we deduce that, for any p ≤ p1 ≤ q1 ≤ q,

Om(Lp-Lq) ⊂ Om(Lp1 -Lq1).

(ii) Similarly to [8, Proposition 2.2], we conclude that {At}t>0 ∈ Om(L1-L∞) if and

only if the associated kernel pt of At satisfies the Gaussian upper bound estimates,

namely, there exist positive constants C and c such that, for all t ∈ (0,∞) and

x, y ∈ Rn,

|pt(x, y)| ≤ C

tn/(2m)
exp

{
−c |x− y|

2m/(2m−1)

t1/(2m−1)

}
.

(iii) {At}t>0 ∈ Om(Lp-Lq) if and only if {A∗t }t>0 ∈ Om(Lq
′
-Lp

′
).

Now we postulate the following two assumptions on the operator L, which are used

throughout this section.

Assumption 6.3. L is a one-to-one linear operator of type ω in L2(Rn) with ω ∈ [0, π/2),

has dense range in L2(Rn) and a bounded H∞-calculus in L2(Rn).

Assumption 6.4. Let m ∈ N. There exist pL ∈ [1, 2) and qL ∈ (2,∞], depending on L,

such that the family {(tL)ke−tL}t>0, with k ∈ Z+, satisfies the reinforced (pL, qL,m) off-

diagonal estimates on balls, namely, {(tL)ke−tL}t>0 ∈ Om(Lp-Lq) for all p, q ∈ (pL, qL)

with p ≤ q.

Remark 6.5. Let pL and qL be as in Assumption 6.4 and m, k ∈ N. Denote by L∗ the

adjoint operator of L in L2(Rn).

(i) If (tL)ke−tL satisfies the reinforced (pL, qL,m) off-diagonal estimates on balls, then

(tL∗)ke−tL
∗

also satisfies the reinforced (q′L, p
′
L, m) off-diagonal estimates on balls.

(ii) Here we present some examples of operators satisfying Assumptions 6.3 and 6.4:

(a) the second-order divergence form elliptic operator div(A∇) interpreted in the

usual weak sense via a sesquilinear form, where A is an n×n matrix with entries

{aj,k}nj,k=1 ⊂ L∞(Rn,C) satisfying the ellipticity conditions, namely, there exist

constants 0 < λA ≤ ΛA < ∞ such that, for any ξ, ζ ∈ Cn and almost every

x ∈ Rn,

λA|ξ|2 ≤ Re(〈A(x)ξ, ξ〉), |〈A(x)ξ, ζ〉| ≤ ΛA|ξ| |ζ|

(see, for example, [62]);

(b) the 2m-order homogeneous divergence form elliptic operator

(−1)m
∑

|α|=m=|β|

∂β(aα,β∂
α)

interpreted in the usual weak sense via a sesquilinear form, with complex bounded

measurable coefficients aα,β for all multi-indices α and β with |α| = m = |β|
(see, for example, [11, 18, 19]);
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(c) the Schrödinger operator −∆ + V on Rn with the non-negative potential V ∈
L1

loc(Rn) (see, for example, [61, 75]);

(d) the Schrödinger operator −∆ + V on Rn with the suitable real potential V as

in [4];

(e) the non-negative self-adjoint operators satisfying Gaussian upper bounds esti-

mates, namely, there exist positive constants C and c such that, for all t ∈ (0,∞)

and x, y ∈ Rn,

|pt(x, y)| ≤ C

tn/(2m)
exp

{
−c |x− y|

2m/(2m−1)

t1/(2m−1)

}
,

where pt is the associated kernel of e−tL.

Let L satisfy Assumptions 6.3 and 6.4, and m ∈ N be as in (6.2). For all f ∈ L2(Rn)

and x ∈ Rn, the Lusin-area function SL(f), associated with L, is defined by setting

SL(f)(x) :=

{ˆ
Γ(x)

|t2mLe−t
2mL(f)(y)|2 dy dt

tn+1

}1/2

,

where Γ(x) for all x ∈ Rn is as in Definition 3.16. By [14, Theorem 2.13], we know that,

for any p ∈ (pL, qL), where pL and qL are as in Assumption 6.4, there exists a positive

constant C(p), depending on p, such that, for all f ∈ Lp(Rn),

‖SL(f)‖Lp(Rn) ≤ C(p)‖f‖Lp(Rn). (6.3)

Let L∗ denote the adjoint of L in L2(Rn). For any ` ∈ N, f ∈ L2(Rn) and x ∈ Rn, the

Lusin-area function SL∗,`(f) is defined by setting

SL∗,`(f)(x) :=

{ˆ ∞
0

ˆ
B(x,t)

|(t2mL∗)`e−t
2mL∗(f)(y)|2 dy dt

tn+1

}1/2

.

Then it follows from [14, Theorem 2.13] that SL∗,` is bounded on Lq(Rn) for any ` ∈ N
and q ∈ (q′L, p

′
L).

Now we introduce the Hardy type space HX,L(Rn) associated with L via the Lusin-

area function of L.

Definition 6.6. Let X be a ball quasi-Banach space and the operator L satisfy Assump-

tions 6.3 and 6.4. Then the Hardy type space HX,L(Rn), associated with L, is defined as

the completion of the set

HX,L(Rn) ∩ L2(Rn) := {f ∈ L2(Rn) : ‖SL(f)‖X <∞}

with respect to the quasi-norm ‖f‖HX,L(Rn) := ‖SL(f)‖X .

We point out that, via the Lusin-area function characterization of HX(Rn) and Re-

mark 3.12, the space HX,L(Rn) coincides with HX(Rn) when L := −∆ under the addi-

tional assumption that X has an absolutely continuous quasi-norm.

6.2. Molecular characterization of HX,L(Rn). In this subsection, we establish the

molecular characterization of the Hardy type space HX,L(Rn). We begin with the defini-

tion of molecules associated with the operator L as follows.
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Definition 6.7. Let X be a ball quasi-Banach function space and L satisfy Assumptions

6.3 and 6.4, and let pL and qL be as in Assumption 6.4. Assume that q ∈ (pL, qL), M ∈ N
and ε ∈ (0,∞). Denote by R(LM ) the range of LM .

(i) A function α ∈ Lq(Rn) is called an (X, q,M, ε)L-molecule associated with the ball

B := B(xB , rB) ⊂ Rn, with xB ∈ Rn and rB ∈ (0,∞), if α ∈ R(LM ) and, for each

k ∈ {0, . . . ,M} and j ∈ Z+,

‖(r−2m
B L−1)kα‖Lq(Sj(B)) ≤ 2−jε|2jB|1/q‖χB‖−1

X .

Moreover, if α is an (X, q,M, ε)L-molecule for all q ∈ (pL, qL), then α is called an

(X,M, ε)L-molecule.

(ii) For f ∈ L2(Rn), the equality f =
∑∞
j=1 λjαj is called a molecular (X, q,M, ε)-

representation of f if, for each j ∈ N, αj is an (X, q,M, ε)L-molecule associated with

the ball Bj ⊂ Rn, the summation converges in L2(Rn) and {λj}j∈N ⊂ [0,∞) satisfies

Λ({λjαj}j∈N) :=

∥∥∥∥{ ∞∑
j=1

(
λj

‖χBj‖X

)s
χBj

}1/s∥∥∥∥
X

<∞, (6.4)

where s ∈ (0, 1] is as in (2.8). Let

H̃M,q,ε
X,L (Rn) := {f ∈ L2(Rn) : f has a molecular (X, q,M, ε)-representation}

equipped with the quasi-norm ‖ ·‖HM,q,εX,L (Rn) given by setting, for all f ∈ H̃M,q,ε
X,L (Rn),

‖f‖HM,q,εX,L (Rn) := inf
{

Λ({λjαj}j∈N) : f =

∞∑
j=1

λjαj

is a molecular (X, q,M, ε)-representation
}
,

where Λ({λjαj}j∈N) is as in (6.4) and the infimum is taken over all molecular

(X, q,M, ε)-representations of f as above.

The molecular Hardy type space HM, q, ε
X,L (Rn) is then defined as the completion of

H̃M, q, ε
X,L (Rn) with respect to the quasi-norm ‖ · ‖HM, q, εX,L (Rn).

Let T cX(Rn+1
+ ) and T p, c2 (Rn+1

+ ) with p ∈ (0,∞) denote the sets of all functions in

TX(Rn+1
+ ), respectively, T p2 (Rn+1

+ ) with bounded support in Rn+1
+ . Here and hereafter,

a function f on Rn+1
+ is said to have bounded support in Rn+1

+ if there exist a ball B ⊂ Rn
and T ∈ (0,∞) such that supp(f) ⊂ B × (0, T ). Let L2

c(R
n+1
+ ) be the set of all functions

f ∈ L2(Rn+1
+ ) with bounded support in Rn+1

+ , M ∈ N and M > n
2m

[
θ1
n + 1

θ

]
, where m, θ1

and θ are as in Definition 6.1 and (2.8), respectively. For any f ∈ L2
c(R

n+1
+ ) and x ∈ Rn,

define

πL,M (f)(x) := C(m,M)

ˆ ∞
0

(t2mL)M+1e−t
2mL(f(·, t))(x)

dt

t
, (6.5)

where C(m,M) is a positive constant such that

C(m,M)

ˆ ∞
0

t2m(M+2)e−2t2m dt

t
= 1. (6.6)

For the operator πL,M , we have the following boundedness.
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Proposition 6.8. Let L satisfy Assumptions 6.3 and 6.4, πL,M be as in (6.5), and X

a ball quasi-Banach function space satisfying (2.8) for some θ, s ∈ (0, 1] with θ < s, and

(2.9) for some q ∈ [2, qL), where qL is as in Assumption 6.4. Assume that X has an

absolutely continuous quasi-norm. Then

(i) the operator πL,M , initially defined on the space T p, c2 (Rn+1
+ ) with p ∈ (pL, qL), extends

to a bounded linear operator from T p2 (Rn+1
+ ) to Lp(Rn);

(ii) the operator πL,M , initially defined on the space T cX(Rn+1
+ ), extends to a bounded

linear operator from TX(Rn+1
+ ) to HX,L(Rn).

We point out that we use Proposition 6.8(i) to show Proposition 6.8(ii). To show

Proposition 6.8, we need the following assertion for tent spaces.

Lemma 6.9. Let p ∈ (0,∞) and X be a ball quasi-Banach function space satisfying (2.8)

for some θ, s ∈ (0, 1] with θ < s. Then the following statements hold true.

(i) If f ∈ T p2 (Rn+1
+ ), then the decomposition (3.11) holds true in T p2 (Rn+1

+ ).

(ii) T cX(Rn+1
+ ) ⊂ T 2,c

2 (Rn+1
+ ) as sets.

Proof. The proof of (i) is similar to that of [72, Proposition 3.1], the details being omitted

here.

Now we show (ii). Let f ∈ T cX(Rn+1
+ ). Then there exists a ball B0 ⊂ Rn such that

supp(A(f)) ⊂ B0. It is known that, for any p ∈ (0,∞),

T p,c2 (Rn+1
+ ) ⊂ T 2,c

2 (Rn+1
+ )

as sets (see, for example, [24, p. 306, (1.3)]). Thus, to prove T cX(Rn+1
+ ) ⊂ T 2,c

2 (Rn+1
+ ), it

suffices to show that T cX(Rn+1
+ ) ⊂ T p,c2 (Rn+1

+ ) for some p ∈ (0,∞). Let θ, s and ε(X) be

as in Lemma 2.14. From supp(A(f)) ⊂ B0, it follows that there exists N0 ∈ N such that

B0 ⊂ Q(~0n, 2
N0), which implies that

‖A(f)‖
K
−n/[θ+ε(X)]

θ+ε(X),s
(Rn)

≥ ‖A(f)‖Lθ+ε(X)(Q(~0n,2)) +
{ N0∑
j=1

[2−nj/{θ+ε(X)}‖A(f)‖Lθ+ε(X)(Sj(Q(~0n,1)))]
s
}1/s

∼ ‖A(f)‖Lθ+ε(X)(Q(~0n,2)) +

N0∑
j=1

2−nj/{θ+ε(X)}‖A(f)‖Lθ+ε(X)(Sj(Q(~0n,1)))

∼ ‖A(f)‖Lθ+ε(X)(Rn).

From this and Lemma 2.14, we conclude that A(f) ∈ Lθ+ε(X)(Rn), which further implies

that f ∈ T θ+ε(X),c
2 (Rn+1

+ ). This finishes the proof of (ii), and hence of Lemma 6.9.

Moreover, to show Proposition 6.8(ii), we also need the following conclusion.

Lemma 6.10. Let L satisfy Assumptions 6.3 and 6.4, πL,M be as in (6.5) and X as in

Proposition 6.8. Then, for any (TX ,∞)-atom A and some ε ∈ (n/θ,∞), α := πL,M (A)

is an (X,M, ε)L-molecule, up to a harmless constant multiple, associated with the ball B,

where B̂ appears in the support of A.
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Proof. We may assume that θ1 in Definition 6.1 satisfies θ1 > n by replacing θ1 with

max{θ1, n+ 1} if necessary.

Assume that A is a (TX ,∞)-atom associated with the ball B := B(xB , rB) for some

xB ∈ Rn and rB ∈ (0,∞), and q ∈ (pL, qL). Since, for q ∈ (pL, 2), each (X, 2,M, ε)L-

molecule is also an (X, q,M, ε)L-molecule, to prove the above claim it suffices to show

that, for any q ∈ [2, qL), α := πL,M (A) is an (X, q, M, ε)L-molecule, up to a harmless

constant multiple, associated with B.

Let q ∈ [2, qL). When k ∈ {0, . . . , 4}, by Proposition 6.8(i) we know that

‖α‖Lq(Sk(B)) = ‖πL,M (A)‖Lq(Sk(B)) . ‖A‖T q2 (Rn+1
+ )

. |B|1/q‖χB‖−1
X ∼ 2−εk|2kB|1/q‖χB‖−1

X . (6.7)

When k ∈ N with k ≥ 5, we dualize ‖πL,M (A)‖Lq(Sk(B)); take h ∈ Lq′(Rn) satisfying

‖h‖Lq′ (Rn) ≤ 1 and supp(h) ⊂ Sk(B). Then, from Hölder’s inequality and q′ ∈ (q′L, 2], it

follows that

|〈πL,M (A), h〉| ≤
ˆ
Rn

ˆ ∞
0

|A(x, t)(t2mL∗)M+1e−t
2mL∗(h)(x)| dt

t
dx

=

ˆ
Rn

ˆ ∞
0

|A(x, t)χB̂(x, t)(t2mL∗)M+1e−t
2mL∗(h)(x)| dt

t
dx

≤ ‖A(A)‖Lq(Rn)

∥∥A(χB̂(t2mL∗)M+1e−t
2mL∗(h)

)∥∥
Lq′ (Rn)

. ‖A‖T q2 (Rn+1
+ )|B|

1/q′−1/2

×
{ˆ

B̂

|(t2mL∗)M+1e−t
2mL∗(h)(x, t)|2 dx dt

t

}1/2

. (6.8)

Observe that

Υ(v) exp(−v
2m

2m−1 ) . vε−n+θ1

for v ≥ 1. Combining this inequality with the fact that θ1 > n, Assumption 6.4 and

Remark 6.5(i), we find that

ˆ
B̂

|(t2mL∗)M+1e−t
2mL∗(h)(x, t)|2 dx dt

t

.
ˆ rB

0

{
2kθ1

[
Υ

(
2krB
t

)]θ2
|B|1/2|2kB|−1/q′

× exp

[
−
(

2krB
t

)2m/(2m−1)]}2
dt

t

. 22θ1k|B| |2kB|−2/q′
ˆ rB

0

[
2krB
t

]−2(ε−n+θ1)
dt

t

. 2−2(ε−n)k|B| |2kB|−2/q′ ,

which, together with (6.8), implies that, for any k ∈ N with k ≥ 5,

|〈πL,M (A), h〉| . 2−εk|2kB|1/q‖χB‖−1
X .
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From this and the choice of h, we deduce that, for each k ∈ N with k ≥ 5,

‖α‖Lq(Sk(B)) = ‖πL,M (A)‖Lq(Sk(B)) . 2−εk|2kB|1/q‖χB‖−1
X . (6.9)

Moreover, let j ∈ {1, . . . ,M}. When k ∈ {1, . . . , 4}, we dualize

‖(r−2m
B L−1)jα‖Lq(Sk(B));

take h ∈ Lq′(Rn) satisfying ‖h‖Lq′ (Rn) ≤ 1 and supp(h) ⊂ Sk(B). A calculation shows

that ε > n/θ ≥ n/q. Since 0 < θ ≤ 1 ≤ 2 ≤ q, and SL∗,` is bounded on Lq(Rn), from

Hölder’s inequality it follows that

|〈(r−2m
B L−1)jπL,M (A), h〉|

.
ˆ rB

0

ˆ
B

(
t

rB

)2jm

|A(x, t)| |(t2mL∗)M+1−je−t
2mL∗(h)(x)| dx dt

t

. ‖A(A)‖Lq(Rn)‖SL∗,M+1−j(h)‖Lq′ (Rn)

. ‖A‖T q2 (Rn+1
+ ) . |B|

1/q‖χB‖−1
X . 2−εk|2kB|1/q‖χB‖−1

X .

From this, we conclude that, for each j ∈ {1, . . . ,M} and k ∈ {0, . . . , 4},

‖(r−2m
B L−1)jα‖Lq(Sk(B)) . 2−εk|2kB|1/q‖χB‖−1

X . (6.10)

When k ∈ N with k ≥ 5, similarly to the proof of (6.9), we know that, for each j in

{1, . . . ,M},
‖(r−2m

B L−1)jα‖Lq(Sk(B)) . 2−εk|2kB|1/q‖χB‖−1
X ,

which, together with (6.7), (6.9) and (6.10), implies that α is an (X, q, M, ε)L-molecule,

up to a harmless constant multiple. This finishes the proof of Lemma 6.10.

Now we prove Proposition 6.8 by using Lemmas 6.9 and 6.10.

Proof of Proposition 6.8. The proof of (i) is similar to that of [72, Proposition 4.1(i)],

the details being omitted here.

Now we prove (ii). Let f ∈ T cX(Rn+1
+ ). Then, by Theorem 3.19, Lemma 6.9 and (i),

we know that

πL,M (f) =

∞∑
k=1

λkπL,M (Ak) =:

∞∑
k=1

λkαk in L2(Rn),

where {λk}k∈N and {Ak}k∈N satisfy (3.11) and

Λ({λjαj}j∈N) . ‖f‖TX(Rn+1
+ ). (6.11)

Recall that, for each k ∈ N, supp(Ak) ⊂ B̂k and Bk is a ball in Rn. Moreover, from (6.3),

we deduce that SL(πL,M (f))(x) ≤
∑∞
k=1 λkSL(αk)(x) for almost every x ∈ Rn, which,

together with Definition 2.2(ii), implies that

‖SL(πL,M (f))‖X ≤
∥∥∥ ∞∑
k=1

λkSL(αk)
∥∥∥
X
. (6.12)

By Lemma 6.10, we know that, for some ε ∈ (n/θ,∞) and each k ∈ N, αk = πL,M (Ak) is

an (X,M, ε)L-molecule, up to a harmless constant multiple, associated with the ball Bk.
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Moreover, let α be an (X,M, ε)-molecule associated with a ball B := B(xB , rB) for

some xB ∈ Rn and rB ∈ (0,∞), where ε ∈ (n/θ,∞) and q ∈ [2, pL). Then, for any

x ∈ Rn, we have

SL(α)(x) ≤
∞∑
j=0

{ˆ rB

0

ˆ
B(x,t)

|t2mLe−t
2mL(αχSj(B))(y)|2 dy dt

tn+1

}1/2

+

∞∑
j=0

{ˆ ∞
rB

ˆ
B(x,t)

|t2mLe−t
2mL(r2m

B L)M

× (χSj(B)(r
2m
B L)−Mα)(y)|2 dy dt

tn+1

}1/2

=:

∞∑
j=0

Ej(x) +

∞∑
j=0

Fj(x). (6.13)

For any i, j ∈ Z+, let Bj := 2jB and

S̃i(Bj) := {y ∈ Rn : 2i−32jrB ≤ |y − xB | < 2i+12jrB}.

Now we estimate
´
Si(Bj)

[Ej(x)]q dx. When i ∈ {0, . . . , 4}, by the boundedness of SL on

Lq(Rn) we conclude that, for any j ∈ Z+,ˆ
Si(Bj)

[Ej(x)]q dx ≤
ˆ
Si(Bj)

[SL(αχSj(B))(x)]q dx

. ‖αχSj(B)‖qLq(Rn) . 2−εjq|2jB| ‖χB‖−qX . (6.14)

It is easy to see that, when i ≥ 5, d(Sj(B), Si(Bj)) & 2i+jrB . As M > n
2m

[
θ1
n + 1

θ

]
, we

know that

2mMq +

(
θ2 +

1

2

)
q >

(
θ1 + θ2 +

n

θ
+

1

2

)
q.

Let [
θ1 + θ2 +

n

θ
+

1

2

]
q − 1 < v < 2mMq +

[
θ2 +

1

2

]
q − 1.

Then, from Hölder’s inequality, Fubini’s theorem and Assumption 6.4, it follows that, for

each i ∈ N with i ≥ 5 and j ∈ Z+,ˆ
Si(Bj)

[Ej(x)]q dx ≤
ˆ
Si(Bj)

{ˆ rB

0

ˆ
B(x,t)

|t2mLe−t
2mL(αχSj(B))(y)|q dy dt

tntq/2

}
×
{ˆ rB

0

ˆ
B(x,t)

dy dt

tn

}(q−2)/2

dx

. r
(q−2)/2
B

ˆ rB

0

ˆ
S̃i(Bj)

|t2mLe−t
2mL(αχSj(B))(y)|q dy dt

tq/2

. r
(q−2)/2
B

ˆ rB

0

{
2iθ1

[
Υ

(
2i+jrB
t

)]θ2
|2i+jB|1/q|2jB|−1/q

× e−(
2i+jrB

t )2m/(2m−1)

‖α‖Lq(Sj(B))

}q
dt

tq/2
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. r
(q−2)/2
B 2iθ1q2−εqj(2i+jrB)θ2q‖χB‖−qX |2

i+jB|

×
{ˆ rB

0

(
t

2i+jrB

)v
t−(θ2q+q/2) dt

}
∼ 2−i[v−(θ1+θ2)q]2−j[v+(ε−θ2)q]|2i+jB| ‖χB‖−qX . (6.15)

Now we estimate
´
Si(Bj)

[Fj(x)]q dx. When i ∈ {0, . . . , 4}, by the boundedness of

SL,M+1 on Lq(Rn) (see, for example, [13, Theorem 2.13]) we conclude that, for any

j ∈ Z+, ˆ
Si(Bj)

[Fj(x)]q dx ≤
ˆ
Si(Bj)

[SL,M+1(χSj(B)(r
2m
B L)−Mα)(x)]q dx

. ‖χSj(B)(r
2m
B L)−Mα‖qLq(Rn)

. 2−εjq|2jB| ‖χB‖−qX . (6.16)

Notice that, for any i, j ∈ Z+ and x ∈ Rn,

Fj(x) ≤
{ˆ 2i+j−3rB

rB

ˆ
B(x,t)

|t2mLe−t
2mL(r2m

B L)M

× (χSj(B)(r
2m
B L)−Mα)(y)|2 dy dt

tn+1

}1/2

+

{ˆ ∞
2i+j−3rB

· · ·
}1/2

=: Fj, 1(x) + Fj, 2(x). (6.17)

For Fj, 1, similarly to (6.15), we know that, for any i ∈ N with i ≥ 5, j ∈ Z+ and

v ∈ (0,∞), ˆ
Si(Bj)

[Fj, 1(x)]q dx . 2−i[v+1−(θ1+θ2+1/2)q]

× 2−j[v+1+(ε−θ2−1/2)q]|2i+jB| ‖χB‖−qX . (6.18)

For Fj,2, from the boundedness of SL,M+1 on Lq(Rn), we deduce thatˆ
Si(Bj)

[Fj,2(x)]q dx .
r2mMq
B

(2i+jrB)2mMq

ˆ
Si(Bj)

[
SL,M+1

(
χSj(B)(r

2m
B L)−Mα

)
(x)
]q
dx

. 2−2mMq(i+j)‖(r2m
B L)−Mα‖qLq(Sj(B))

. 2−(2mMq+n)i2−(2mM+ε)qj |2i+jB| ‖χB‖−qX ,

which, together with (6.17), (6.18) and the facts that 2mMq+n > v+1+n−(θ1+θ2+1/2)q

and (2mM + ε)q > v + 1 + (ε − θ2 − 1/2)q, implies that, for any i ∈ N with i ≥ 5 and

j ∈ Z+,ˆ
Si(Bj)

[Fj(x)]q dx . 2−i[v+1−(θ1+θ2+1/2)q]2−j[v+1+(ε−θ2−1/2)q]|2i+jB| ‖χB‖−qX .

From this and (6.14)–(6.16), we conclude that, for any i, j ∈ Z+,

‖χBjEj‖Lq(Rn) . 2−jε|2jB|1/q‖χB‖−1
X , (6.19)

‖χSi(Bj)Ej‖Lq(Rn) . 2−i[v/q−(θ1+θ2)]2−j(v/q+ε−θ2)|2i+jB|1/q‖χB‖−1
X , (6.20)

‖χBjFj‖Lq(Rn) . 2−jε|2jB|1/q‖χB‖−1
X (6.21)
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and

‖χSi(Bj)Fj‖Lq(Rn)

. 2−i[(v+1)/q−(θ1+θ2+1/2)]2−j[(v+1)/q+ε−θ2−1/2]|2i+jB|1/q‖χB‖−1
X . (6.22)

For each αk with k ∈ N, let {Ek,j}j∈Z+
and {Fk,j}j∈Z+

be as in (6.13) with α replaced

by αk. Then, for any k ∈ N, {Ek,j}j∈Z+
and {Fk,j}j∈Z+

satisfy the estimates in (6.19)

through (6.22) upon replacing B by Bk.

By the triangle inequality, we find that

‖SL(πL,M (f))‖X ≤
∥∥∥ ∞∑
k=1

λkSL(αk)
∥∥∥
X
≤
∥∥∥ ∞∑
k=1

λk

∞∑
j=0

(Ek,j + Fk,j)
∥∥∥
X

.
∥∥∥ ∞∑
k=1

∞∑
j=0

∞∑
i=0

λkχSi(2jBk)Ek,j

∥∥∥
X

+
∥∥∥ ∞∑
k=1

∞∑
j=0

∞∑
i=0

λkχSi(2jBk)Fk,j

∥∥∥
X
.

A calculation shows that v >
(
θ1 + θ2 + n

θ + 1
2

)
q− 1 implies v−n

q − (θ1 + θ2) > n
[

1
θ −

1
q

]
.

Thus, if we use (6.19)–(6.22) and Theorem 2.11, we then have

‖SL(πL,M (f))‖X .

∥∥∥∥{ ∞∑
k, j=1

(
λk2−jε

‖χBk‖X

)s
χ2jBk

}1/s∥∥∥∥
X

,

which, combined with the definition of the Hardy–Littlewood maximal operator, the

assumption that ε > n/θ and (2.8), further implies that

‖SL(πL,M (f))‖X .

∥∥∥∥{ ∞∑
k,j=1

[
λk2−j(ε−n/θ)

‖χBk‖X
M (θ)(χBk)

]s}1/s∥∥∥∥
X

. Λ({λjαj}j∈N).

From this and (6.11), it follows that

‖SL(πL,M (f))‖X . ‖f‖TX(Rn+1
+ ). (6.23)

Hence, for any f ∈ T cX(Rn+1
+ ),

‖πL,M (f)‖HX,L(Rn) . ‖f‖TX(Rn+1
+ ). (6.24)

Finally, assume that f ∈ TX(Rn+1
+ ). Let {Ok}k∈Z, {λk,j}k∈Z, j∈Ik and {ak,j}k∈Z, j∈Ik

be as in the proof of Proposition 4.9. Then, from the definition of Ok, we deduce that

Ok ↑ supp(A(f)) as k → −∞, which, together with the absolute continuity of the quasi-

norm of X, further implies that

‖A(f)χRn\Ok‖X → 0 (6.25)

as k → −∞. For any N ∈ Z, let fN :=
∑
k∈Z, k≥N

∑
j∈Ik λk,jak,j . Then an argument

similar to (4.49) yields, for any N ∈ Z,
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‖A(f − fN )‖X ≤
∥∥∥ ∑
k∈Z, k<N

∑
j∈Ik

λk,jA(ak,j)
∥∥∥
X

≤
∥∥∥{ ∑

k∈Z, k<N

∑
j∈Ik

[λk,jA(ak,j)]
s
}1/s∥∥∥

X

.

∥∥∥∥{ ∑
k∈Z, k<N

∑
j∈Ik

(
λk,j

‖χBk,j‖X

)s
χBk,j

}1/s∥∥∥∥
X

∼
∥∥∥{ ∑

k∈Z, k<N

∑
j∈Ik

2ksχBk,j

}1/s∥∥∥
X
. (6.26)

Furthermore, similarly to the proofs of (4.46) and (4.48), we find that, for any N ∈ Z,∥∥∥{ ∑
k∈Z, k<N

∑
j∈Ik

2ksχBk,j

}1/s∥∥∥
X

.
∥∥∥{ ∑

k∈Z, k<N
2ksχOk

}1/s∥∥∥
X

.
∥∥∥{ ∑

k∈Z, k<N
2ksχOk\Ok+m0

}1/s∥∥∥
X

. ‖A(f)χRn\ON+m0
‖X ,

where m0 is as in (4.48), which, combined with (6.25) and (6.26), implies that

‖f − fN‖TX(Rn+1
+ ) = ‖A(f − fN )‖X → 0 (6.27)

as N → −∞. Let {O∗k}k∈Z be as in the proof of Proposition 4.9. Then, from the definition

of {ak,j}k∈Z, j∈Ik , it follows that, for any N ∈ Z, supp(fN ) ⊂ Ô∗N , which implies that

fN ∈ T cX(Rn+1
+ ). By this and (6.27), we conclude that T cX(Rn+1

+ ) is dense in TX(Rn+1
+ ),

which, together with (6.24) and a density argument, implies that (6.24) holds true for

any f ∈ TX(Rn+1
+ ). This finishes the proof of (ii), and hence of Proposition 6.8.

Proposition 6.11. Assume that X is a ball quasi-Banach function space satisfying (2.8)

for some θ, s ∈ (0, 1] with θ < s, and (2.9) for some q ∈ [2, qL). Let L satisfy Assumptions

6.3 and 6.4, and let ε ∈ (n/θ,∞) and M ∈ N with M > n
2m

[
θ1
n + 1

θ

]
. Assume further that

X has an absolutely continuous quasi-norm. Then, for all f ∈ HX,L(Rn)∩L2(Rn), there

exist {λj}j∈N ⊂ [0,∞) and a sequence {αj}j∈N of (X,M, ε)L-molecules, respectively,

associated with balls {Bj}j∈N such that f =
∑∞
j=1 λjαj in L2(Rn). Moreover, there exists

a positive constant C such that, for any f ∈ HX,L(Rn) ∩ L2(Rn),∥∥∥∥{ ∞∑
j=1

(
λj

‖χBj‖X

)s
χBj

}1/s∥∥∥∥
X

≤ C‖f‖HX,L(Rn).

Proof. Let f ∈ HX,L(Rn) ∩ L2(Rn). Then, by the H∞-functional calculus for L and the

boundedness of SL on L2(Rn), we know that

f = C(m,M)

ˆ ∞
0

(t2mL)M+2e−2t2mL(f)
dt

t
= πL,M (t2mLe−t

2mL(f))

in L2(Rn), where C(m,M) is as in (6.6). Moreover, from f ∈ HX,L(Rn) and the bound-

edness of SL on L2(Rn) again, we deduce that t2mLe−t
2mL(f) ∈ TX(Rn+1

+ ) ∩ T 2
2 (Rn+1

+ ).



Hardy spaces for ball quasi-Banach function spaces 71

Applying Theorem 3.19, Lemma 6.9 and Proposition 6.8 to t2mLe−t
2mL(f), we conclude

that

f = πL,M (t2mLe−t
2mL(f)) =

∞∑
j=1

λjπL,M (Aj) =:

∞∑
j=1

λjαj

in L2(Rn) and∥∥∥∥{ ∞∑
j=1

(
λj

‖χBj‖X

)s
χBj

}1/s∥∥∥∥
X

. ‖t2mLe−t
2mL(f)‖TX(Rn+1

+ ) ∼ ‖f‖HX,L(Rn),

where, for any j ∈ N, αj is an (X,M, ε)L-molecule associated with the ball Bj , up to a

harmless constant multiple, which completes the proof of Proposition 6.11.

Theorem 6.12. Assume that X is a ball quasi-Banach function space satisfying (2.8) for

some θ, s ∈ (0, 1] with θ < s, and (2.9) for q ∈ [2, qL), where qL is as in Assumption 6.4.

Let L satisfy Assumptions 6.3 and 6.4, ε ∈ (n/θ,∞) and M ∈ N with M > n
2m

[
θ1
n + 1

θ

]
.

Assume further that X has an absolutely continuous quasi-norm. Then HX,L(Rn) and

HM,q,ε
X,L (Rn) coincide with equivalent quasi-norms.

Proof. We first prove that

HM,q,ε
X,L (Rn) ∩ L2(Rn) ⊂ HX,L(Rn) ∩ L2(Rn),

and the inclusion is continuous. Let f ∈ HM,q,ε
X,L (Rn)∩L2(Rn). Then there exist {λj}j∈N ⊂

[0,∞) and a sequence {αj}j∈N of (X, q,M, ε)L-molecules such that f =
∑∞
j=1 λjαj in

L2(Rn) and

‖f‖HM,q,εX,L (Rn) ∼ Λ({λjαj}j∈N). (6.28)

Furthermore, from the fact that f =
∑∞
j=1 λjαj in L2(Rn) and the boundedness of SL

on L2(Rn), it follows that SL(f) ≤
∑∞
j=1 λjSL(αj) almost everywhere, which, together

with the proof of (6.23), implies that

‖SL(f)‖X ≤
∥∥∥ ∞∑
j=1

λjSL(αj)
∥∥∥
X

. Λ({λjαj}j∈N).

From this and (6.28), we conclude that f ∈ HX,L(Rn) ∩ L2(Rn) and

‖f‖HX,L(Rn) . ‖f‖HM,q,εX,L (Rn). (6.29)

Now we show that

HX,L(Rn) ∩ L2(Rn) ⊂ HM,q,ε
X,L (Rn) ∩ L2(Rn),

and the inclusion is continuous. Let f ∈ HX,L(Rn) ∩ L2(Rn). Then, from Proposition

6.11, it follows that there exist {λj}j∈N ⊂ [0,∞) and a sequence {αj}j∈N of (X, q,M, ε)L-

molecules, associated with the balls {Bj}j∈N, such that f =
∑∞
j=1 λjαj in L2(Rn) and

Λ({λjαj}j∈N) . ‖f‖HX,L(Rn),

which implies that f ∈ HM,q,ε
X,L (Rn) ∩ L2(Rn) and

‖f‖HM,q,εX,L (Rn) . ‖f‖HX,L(Rn).
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From this and (6.29), we deduce that

HX,L(Rn) ∩ L2(Rn) = HM,q,ε
X,L (Rn) ∩ L2(Rn)

and, for all f ∈ HX,L(Rn) ∩ L2(Rn),

‖f‖HX,L(Rn) ∼ ‖f‖HM,q,εX,L (Rn),

which, combined with the fact that HX,L(Rn) ∩ L2(Rn) and HM,q,ε
X,L (Rn) ∩ L2(Rn) are

dense in HX,L(Rn) and HM,q,ε
X,L (Rn), respectively, implies that the spaces HX,L(Rn) and

HM,q,ε
X,L (Rn) coincide with equivalent quasi-norms. This finishes the proof of Theorem

6.12.

6.3. Atomic characterization of HX,L(Rn). In this subsection, we establish an atomic

characterization of the Hardy type space HX,L(Rn). To obtain the support condition of

atoms via the finite propagation speed for the wave equation, we have to restrict ourselves

to a special case of operators satisfying Assumptions 6.3 and 6.4. More precisely, we

postulate the following assumptions on the operator L.

Assumption 6.13. The operator L is a non-negative and self-adjoint linear operator in

L2(Rn).

Assumption 6.14. There exists a positive constant pL ∈ [1, 2) such that the semigroup

{e−tL}t>0 generated by L satisfies the reinforced (pL, p
′
L, 1) off-diagonal estimates on balls

as in Assumption 6.4.

Remark 6.15.

(i) It is easy to see that if an operator L satisfying Assumptions 6.13 and 6.14 is one-

to-one, then it also satisfies Assumptions 6.3 and 6.4, and hence all results obtained

in Subsection 6.2 hold true in this case. If an operator T satisfies Assumptions 6.13

and 6.14, but is not one-to-one and hence does not satisfy Assumptions 6.3 and 6.4,

thanks to the functional calculus via the spectral theorem, all the results obtained

in Subsection 6.2 still hold true.

(ii) The following definition of the Lq off-diagonal estimates is from [5]: For all q in (1,∞),

a family {Tt}t>0 of linear operators is said to satisfy the Lq off-diagonal estimates if

there exist positive constants C and c such that

‖Tt(f)‖Lq(F ) ≤ Ce−[d(E,F )]2/(ct)‖f‖Lq(E)

for any closed sets E,F ⊂ Rn, t ∈ (0,∞) and f ∈ Lq(E). From [8], we deduce that

{Tt}t>0 ∈ O1(Lq-Lq) if and only if {Tt}t>0 satisfies the Lq off-diagonal estimates.

Thus, Assumption 6.14 implies that {e−tL}t>0 satisfies the Lq off-diagonal estimates

with q ∈ (pL, p
′
L).

To establish the atomic characterization of HX,L(Rn), we first introduce the following

notions of atoms and atomic Hardy type spaces.

Definition 6.16. Let X be a ball quasi-Banach function space, let L satisfy Assumptions

6.13 and 6.14, and let pL be as in Assumption 6.14. Assume that q ∈ (pL, p
′
L), M ∈ N

and B ⊂ Rn is a ball.
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(i) A function α ∈ Lq(Rn) is called an (X, q,M)L-atom associated with B if there exists

a function b ∈ D(LM ), the domain of LM , such that

(a) α = LMb;

(b) supp(Lkb) ⊂ B for any k ∈ {0, . . . ,M};
(c) ‖(r2

BL)kb‖Lq(Rn) ≤ r2M
B |B|1/q‖χB‖

−1
X for any k ∈ {0, . . . ,M}, where rB denotes

the radius of B.

Moreover, if α is an (X, q,M)L-atom associated with B for all q ∈ (pL, p
′
L), then α

is called an (X, M)L-atom associated with B.

(ii) For any f ∈ L2(Rn), f =
∑∞
j=1 λjαj is called an atomic (X, q,M)L-representation

of f if, for all j ∈ N, αj is an (X, q,M)L-atom associated with the ball Bj ⊂ Rn, the

summation converges in L2(Rn) and {λj}j∈N ⊂ [0,∞) satisfies Λ({λjαj}j∈N) < ∞,
where Λ({λjαj}j∈N) is as in (6.4). Let

H̃M,q
X,L,at(R

n) := {f ∈ L2(Rn) : f has an atomic (X, q,M)L-representation}

equipped with the quasi-norm given by

‖f‖HM, qX,L,at(Rn) := inf
{

Λ({λjαj}j∈N) : f =

∞∑
j=1

λjαj

is an atomic (X, q,M)L-representation
}
,

where the infimum is taken over all the atomic (X, q,M)L-representations of f as

above and Λ({λjαj}j∈N) is as in (6.4).

The atomic Hardy type space HM, q
X,L,at(Rn) is then defined as the completion of the

set H̃M, q
X,L,at(Rn) with respect to the quasi-norm ‖ · ‖HM, qX,L,at(Rn).

Then we have the following atomic characterization of the Hardy space HX,L(Rn).

Theorem 6.17. Assume that q ∈ [2, p′L) with p′L as in Assumption 6.14. Let X be a

ball quasi-Banach function space satisfying (2.8) for some θ, s ∈ (0, 1] with θ < s, and

(2.9) for q as above, let L satisfy Assumptions 6.13 and 6.14, and let M ∈ N satisfy

M > n
2

(
1
θ −

1
p′L

)
. Assume further that X has an absolutely continuous quasi-norm. Then

the spaces HX,L(Rn) and HM, q
X,L,at(Rn) coincide with equivalent quasi-norms.

To prove Theorem 6.17, we need to introduce some operators πΦ,L,k. To this end,

we first recall the following notation: For any operator T , let KT be its integral kernel.

Let cos(t
√
L) with t ∈ (0,∞) be the cosine function operator generated by L. By [25,

Theorem 3.4] (see also [61, Proposition 3.4]), we know that there exists a positive constant

C0 such that

supp(Kcos(t
√
L)) ⊂ {(x, y) ∈ Rn × Rn : |x− y| ≤ C0t}. (6.30)

Moreover, let ψ ∈ C∞c (R) be even and suppψ ⊂ (−C−1
0 , C−1

0 ), where C0 is as in (6.30).

Let Φ denote the Fourier transform of ψ. Then, for all k ∈ N and t ∈ (0,∞), the kernel

of (t2L)kΦ(t
√
L) satisfies

supp(K(t2L)kΦ(t
√
L)) ⊂ {(x, y) ∈ Rn × Rn : |x− y| ≤ t} (6.31)
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(see, for example, [61, Lemma 3.5] for the details). Let M ∈ N with M > n
2

(
1
θ −

1
p′L

)
.

Assume that Φ is as in (6.31). Then, for all k ∈ N, f ∈ L2
c(R

n+1
+ ) and x ∈ Rn, the

operator πΦ,L,k is defined by setting

πΦ,L,k(f)(x) := C(Φ, k)

ˆ ∞
0

(t2L)k+1Φ(t
√
L)(f(·, t))(x)

dt

t
,

where C(Φ,k) is a positive constant such that

C(Φ,k)

ˆ ∞
0

t2(k+1)Φ(t)t2e−t
2 dt

t
= 1. (6.32)

Using Minkowski’s integral inequality and quadratic estimates (see [61, (3.14)]), we

easily find that πΦ,L,k can be continuously extended from T 2
2 (Rn+1

+ ) to L2(Rn). Moreover,

we have the following boundedness of πΦ,L,M , which can be viewed as an extension of

[132, Proposition 4.6].

Proposition 6.18. Assume that X is a ball quasi-Banach function space satisfying (2.8)

for some θ, s ∈ (0, 1] with θ < s, and (2.9) for some q ∈ [2, p′L), where pL is as in

Assumption 6.14. Let L satisfy Assumptions 6.13 and 6.14, and let M ∈ N satisfy M >
n
2

(
1
θ −

1
p′L

)
. Assume further that X has an absolutely continuous quasi-norm. Then the

operator πΦ,L,M , initially defined on T cX(Rn+1
+ ), extends to a bounded linear operator from

TX(Rn+1
+ ) to HX,L(Rn).

Proof. Similarly to the proof of Proposition 6.8, we only need to show Proposition 6.18

for the space T cX(Rn+1
+ ). Let f ∈ T cX(Rn+1

+ ). From Theorem 3.19, Lemma 6.9 and the

fact that πΦ,L,M is bounded from T 2
2 (Rn+1

+ ) to L2(Rn), we deduce that there exists a

sequence {Aj}j∈N of (TX ,∞)-atoms associated with the balls {Bj}j∈N, respectively, and

{λj}j∈N ⊂ [0,∞) such that

πΦ,L,M (f) =

∞∑
j=1

λjπΦ,L,M (Aj) =:

∞∑
j=1

λjαj in L2(Rn)

and

Λ({λjαj}j∈N) . ‖f‖TX(Rn+1
+ ). (6.33)

Moreover, by the boundedness of SL on L2(Rn), for almost every x ∈ Rn,

SL(πΦ,L,M (f))(x) ≤
∞∑
j=1

λjSL(αj)(x). (6.34)

Now we prove that, for each j ∈ N, αj is an (X,M)L-atom associated with Bj :=

B(xBj , rBj ) for some xBj ∈ Rn and rBj ∈ (0,∞), up to a harmless constant multiple.

Indeed, let

bj := C(Φ,M)

ˆ ∞
0

t2(M+1)LΦ(t
√
L)(Aj(·, t))

dt

t
, (6.35)

where C(Φ,M) is as in (6.32) with k replaced by M . From (6.31), it follows that supp(Lkbj)

⊂ Bj for all k ∈ {0, . . . ,M}.
Let q ∈ (pL, p

′
L). For any h ∈ Lq′(Bj) ∩ L2(Bj), by (6.34), Assumption 6.13, Fubini’s

theorem, the fact that supp(Aj) ⊂ B̂j and Hölder’s inequality, we conclude that, for all
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k ∈ {0, . . . ,M},∣∣∣∣ˆ
Rn

(r2
BjL)kbj(x)h(x) dx

∣∣∣∣
∼
∣∣∣∣ˆ ∞

0

ˆ
Rn
Aj(x, t)(r

2
BjL)kt2(M+1)LΦ(t

√
L)(h)(x)

dx dt

t

∣∣∣∣
. r2M

Bj

ˆ ∞
0

ˆ
Rn
|Aj(x, t)(t2L)k+1Φ(t

√
L)(h)(x)| dx dt

t

. r2M
Bj ‖A(Aj)‖Lq(Rn)

∥∥∥∥[ˆ
Γ(·)
|(t2L)k+1Φ(t

√
L)(h)(x)|2 dx dt

tn+1

]1/2∥∥∥∥
Lq′ (Rn)

.

Moreover, it follows from [13, Lemma 5.3] that, for all q′ ∈ (pL, p
′
L),∥∥∥∥[ˆ

Γ(·)
|(t2L)k+1Φ(t

√
L)(h)(x)|2 dx dt

tn+1

]1/2∥∥∥∥
Lq′ (Rn)

. ‖h‖Lq′ (Rn),

which, together with the arbitrariness of h and the fact that Aj is a (TX ,∞)-atom

associated with Bj , implies that, for any k ∈ {0, . . . ,M} and j ∈ N,

‖(r2
BjL)kbj‖Lq(Rn) . r2M

Bj |Bj |
1/q‖χBj‖−1

X .

Thus, for each j ∈ N, αj is an (X,M)L-atom associated with the ball Bj up to a harmless

constant multiple.

To prove that πΦ,L,M (f) ∈ HX,L(Rn), via (6.33), it suffices to show that

‖SL(πΦ,L,M (f))‖X . Λ({λjαj}j∈N). (6.36)

Let α be an (X,M)-atom associated with B := B(xB , rB) for some xB ∈ Rn and rB ∈
(0,∞), as in Definition 6.16. From M > n

2

(
1
θ−

1
p′L

)
, we deduce that there exists q ∈ [2, p′L)

such that M > n
2

(
1
θ −

1
q

)
. To show (6.36), via (6.34) and Theorem 2.11, we only need to

prove that, for any k ∈ Z+,

‖χSk(B)SL(α)‖Lq(Rn) . 2−2Mk|B|1/q‖χB‖−1
X . (6.37)

Now we show (6.37). By the boundedness of SL on Lq(Rn) with q ∈ (pL, p
′
L), we know

that, for any k ∈ {0, . . . , 4},

‖χSk(B)SL(α)‖Lq(Rn) . ‖α‖Lq(Rn) . |B|1/q‖χB‖−1
X . (6.38)

For any k ∈ N with k ≥ 5, let Dk := ‖SL(α)‖qLq(Sk(B)). To estimate Dk, we write

Dk .
ˆ
Sk(B)

[ˆ |x−xB |/4
0

ˆ
B(x,t)

|t2Le−t
2L(α)(y)|2 dy dt

tn+1

]q/2
dx

+

ˆ
Sk(B)

[ˆ ∞
|x−xB |/4

ˆ
B(x,t)

· · · dy dt
tn+1

]q/2
dx =: Hk + Ik. (6.39)

We first estimate Hk. For k ≥ 5, let

Gk(B) := {y ∈ Rn : there exists x ∈ Sk(B) such that |y − x| < |x− xB |/4}.
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By Hölder’s inequality, we have

Hk . (2krB)q/2−1

ˆ
Sk(B)

[ˆ |x−xB |/4
0

ˆ
B(x,t)

|t2Le−t
2L(α)(y)|q dy dt

tn+q/2

]
dx.

A geometric observation shows that, if y ∈ Gk(B), then 2k−2rB ≤ |y − xB | < 2k+1rB .

Thus, Gk(B) ⊂
⋃k+1
i=k−1 Si(B) =: ˜̃Sk(B). If we use Fubini’s theorem and α = LMb (see

Definition 6.16), we then obtain

Hk . (2krB)q/2−1

ˆ 2k+1rB

0

ˆ
˜̃
Sk(B)

|(t2L)M+1e−t
2L(b)(y)|q dy dt

tq(1/2+2M)
.

From Assumption 6.14 and the fact that α is an (X,M)L-atom, we deduce that

Hk . (2krB)q/2−1‖b‖qLq(B)

ˆ 2k+1rB

0

exp

{
−C [2krB ]2

t2

}
dt

tq(1/2+2M)

∼ 2−2kqM |B| ‖χB‖−qX , (6.40)

where C is a positive constant. The estimation of Ik is similar: replacing Assumption

6.14 by the boundedness of the family {(t2L)Me−t
2L}t>0 of operators on Lq(Rn) (see,

for example, [8]), we know that

Ik . (2krB)−4M(q/2−1)

ˆ
Sk(B)

[ˆ ∞
|x−xB |/4

ˆ
B(x,t)

|t2Le−t
2L(b)(y)|q dy dt

tn+4M+1

]
dx

. (2krB)−4M(q/2−1)‖b‖qLq(Rn)

ˆ ∞
2k−3rB

dt

t4M+1
∼ 2−2kqM |B| ‖χB‖−qX ,

which, together with (6.39) and (6.40), implies that, for any k ∈ N with k ≥ 5,

Dk . 2−2kqM |B| ‖χB‖−qX .

From this and (6.38), it follows that (6.37) holds true, which completes the proof of

Proposition 6.18.

Now we prove Theorem 6.17 using Proposition 6.18.

Proof of Theorem 6.17. Let q ∈ [2, p′L) and M > n
2

(
1
θ −

1
p′L

)
. To show Theorem 6.17, it

suffices to prove that

L2(Rn) ∩HX,L(Rn) = L2(Rn) ∩HM,q
X,L,at(R

n)

with equivalent quasi-norms.

We first show the inclusion

L2(Rn) ∩HX,L(Rn) ⊂ L2(Rn) ∩HM,q
X,L,at(R

n). (6.41)

For any f ∈ L2(Rn) ∩HX,L(Rn), by the functional calculus in L2(Rn), we know that

f = C(Φ,M)

ˆ ∞
0

(t2L)M+1Φ(t
√
L)t2Le−t

2L(f)
dt

t
= πΦ,L,M (t2Le−t

2L(f))

in L2(Rn), where C(Φ,M) is as in (6.32) with k replaced by M . Moreover, from the fact

that t2Le−t
2L(f) ∈ TX(Rn+1

+ ) ∩ T 2
2 (Rn+1

+ ), Lemma 6.9(i) and Theorem 3.19, it follows

that there exist {λj}j∈N ⊂ [0,∞) and a sequence {Aj}j∈N of (TX ,∞)-atoms associated

with balls {Bj}j∈N, respectively, such that
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t2Le−t
2L(f) =

∞∑
j=1

λjAj in T 2
2 (Rn+1

+ )

and

Λ({λjαj}j∈N) . ‖t2Le−t
2L(f)‖TX(Rn+1

+ ) ∼ ‖f‖HX,L(Rn), (6.42)

which, together with Proposition 6.18, implies that

f = πΦ,L,M (t2Le−t
2L(f)) =

∞∑
j=1

λjπΦ,L,M (Aj) in L2(Rn). (6.43)

By the proof of Proposition 6.18, for any j ∈ N, πΦ,L,M (Aj) is an (X,M)L-atom as-

sociated with Bj , which, combined with (6.42) and (6.43), implies that f ∈ L2(Rn) ∩
HM,q
X,L,at(Rn). Thus, (6.41) holds true.

We now prove the inclusion

L2(Rn) ∩HM,q
X,L,at(R

n) ⊂ L2(Rn) ∩HX,L(Rn). (6.44)

Let f ∈ L2(Rn)∩HM,q
X,L,at(Rn). Then there exist {λj}j∈N ∈ [0,∞) and a sequence {αj}j∈N

of (X, q,M)L-atoms such that f =
∑∞
j=1 λjαj in L2(Rn) and

Λ({λjαj}j∈N) . ‖f‖HM,qX,L,at(Rn). (6.45)

From (6.37) and Theorem 2.11, we deduce that

‖SL(f)‖X ≤
∥∥∥ ∞∑
j=1

λjSL(αj)
∥∥∥
X

. Λ({λjαj}j∈N),

which, together with (6.45), further implies that ‖SL(f)‖X . ‖f‖HM,qX,L,at(Rn) and thus

f ∈ L2(Rn) ∩HX,L(Rn). This finishes the proof of (6.44) and hence of Theorem 6.17.

6.4. HX,L(Rn) with L satisfying Poisson estimates. In this subsection, we study the

Hardy type space HX,L(Rn) associated with the operator L satisfying Poisson estimates.

More precisely, we obtain a molecular characterization of HX,L(Rn).

We begin with the following assumptions on L.

Assumption 6.19. The linear operator L is one-to-one, has dense range in L2(Rn) and

a bounded H∞-calculus in L2(Rn).

Assumption 6.20. For any t ∈ (0,∞), the distribution kernel pt of e−tL belongs to

L∞(Rn × Rn) and satisfies the Poisson estimate |pt(x, y)| ≤ ht(x, y) for all (x, y) ∈
Rn × Rn, where ht is given by

ht(x, y) := t−n/mg

(
|x− y|
t1/m

)
for all (x, y) ∈ Rn × Rn, (6.46)

where m ∈ N and g is a positive, bounded and decreasing function satisfying

lim
r→∞

rn+εg(r) = 0 (6.47)

for some ε ∈ (0,∞).
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In this subsection, we do not assume that L satisfies Assumptions 6.13 and 6.14.

From Assumptions 6.19 and 6.20, we deduce some useful estimates related to L.

If {e−tL}t>0 is a bounded analytic semigroup in L2(Rn) whose kernels {pt}t>0 satisfy

(6.46) and (6.47), then, for any k ∈ N, there exists a positive constant C(k), depending

on k, such that, for any t ∈ (0,∞) and almost every x, y ∈ Rn,∣∣∣∣tk ∂kpt(x, y)

∂tk

∣∣∣∣ ≤ C(k)

tn/m
g

(
|x− y|
t1/m

)
. (6.48)

It is worth pointing out that, for any k ∈ N, the function g may depend on k but it

always satisfies (6.47) (see, for example, [108, Theorem 6.17]).

Let ν ∈ [0, π/2). Then L has a bounded H∞-calculus in L2(Rn) if and only if, for any

γ ∈ (ν, π] and each non-zero function ψ ∈ Ψ(S0
γ), L satisfies the square function estimate

and its reverse, namely, there exists a positive constant C such that, for any f ∈ L2(Rn),

C−1‖f‖L2(Rn) ≤
{ˆ ∞

0

‖ψt(L)f‖2L2(Rn)

dt

t

}1/2

≤ C‖f‖L2(Rn), (6.49)

where, for any t ∈ (0,∞) and x ∈ Rn, ψt(x) := ψ(tx). Notice that different choices of

γ > ν and ψ ∈ Ψ(S0
γ) lead to equivalent quadratic norms of f (see [98] for details).

For any operator L, let

θ(L) := sup{ε ∈ (0,∞) : (6.47) holds true}. (6.50)

Furthermore, for any s ∈ Z+, f ∈ L2(Rn) and (x, t) ∈ Rn+1
+ , let

Pt(f)(x) := e−tL(f)(x) and Qs,t(f)(x) := ts+1Ls+1e−tL(f)(x). (6.51)

In particular, when s = 0, we denote Qs,t simply by Qt. Moreover, by (6.48), we find

that the kernels pt and qs,t of Pt and Qs,t, respectively, satisfy, for any t ∈ (0,∞) and

almost every x, y ∈ Rn,

|ptm(x, y)|+ |qs,tm(x, y)| . t−ng(|x− y|/t), (6.52)

where m is as in (6.46), g satisfies (6.47) and the implicit positive constant is independent

of t, x and y.

Some examples of operators satisfying Assumptions 6.19 and 6.20 are given in the

following remark.

Remark 6.21.

(i) If L := −∆, then θ(L) =∞ and L satisfies Assumptions 6.19 and 6.20.

(ii) If L :=
√
−∆, then θ(L) = 1 and L satisfies Assumptions 6.19 and 6.20.

(iii) Let L := −div(A∇) be a second-order divergence form elliptic operator, where

A := {ai,j}1≤i,j≤n is an n × n matrix with real entries ai,j ∈ L∞(Rn,R) satisfy-

ing
∑n
i, j=1 ai,j(x)ξiξj ≥ λ|ξ|2 for all x ∈ Rn, ξ := (ξ1, . . . , ξn) ∈ Rn and a certain

λ ∈ (0,∞). In this case, θ(L) = ∞ and L satisfies Assumptions 6.19 and 6.20 (see,

for example, [60]).

(iv) Let L := −∆ + V be a Schrödinger operator on Rn with 0 ≤ V ∈ L1
loc(Rn), where

n ≥ 3. Then θ(L) = ∞ and L satisfies Assumptions 6.19 and 6.20 (see, for ex-

ample, [61]).
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For any f ∈ L2(Rn), the Lusin-area function SL(f) associated with L is defined by

setting, for any x ∈ Rn,

SL(f)(x) :=

{ˆ
Γ(x)

|Qtm(f)(y)|2 dy dt
tn+1

}1/2

, (6.53)

where Qtm is as in (6.51) and Γ(x) as in Definition 3.16. From Assumption 6.19 and (6.49),

it follows that SL is bounded on L2(Rn). Moreover, Auscher et al. [6] proved that, for

any p ∈ (1,∞), there exists a positive constant C(p) such that, for any f ∈ Lp(Rn),

C−1
(p)‖f‖Lp(Rn) ≤ ‖SL(f)‖Lp(Rn) ≤ C(p)‖f‖Lp(Rn). (6.54)

Now we introduce the Hardy type space HX,L(Rn) associated with L in a similar way

to Definition 6.6.

Definition 6.22. Let X be a ball quasi-Banach space and suppose the operator L sat-

isfies Assumptions 6.19 and 6.20. Then the Hardy type space HX,L(Rn) is defined by re-

placing the operator L, satisfying Assumptions 6.3 and 6.4, and the Lusin-area function

SL(f) in (6.3) of Definition 6.6, respectively, by the operator L, satisfying Assumptions

6.19 and 6.20, and SL(f) in (6.53).

Definition 6.23. Let X be a ball quasi-Banach function space and let L satisfy Assump-

tions 6.19 and 6.20. Assume that q ∈ (1,∞), M ∈ N and η ∈ (0,∞). Denote by R(LM )

the range of LM . A function α ∈ Lq(Rn) is called an (X, q,M, η)L-molecule associated

with the ball B := B(xB , rB) ⊂ Rn for some xB ∈ Rn and rB ∈ (0,∞) if α ∈ R(LM )

and, for each k ∈ {0, . . . ,M} and j ∈ Z+,

‖(r−mB L−1)kα‖Lq(Sj(B)) ≤ 2−jη|2jB|1/q‖χB‖−1
X .

Moreover, if α is an (X, q,M, η)L-molecule associated with a ball B for all q ∈ (1, ∞),

then α is called an (X, M, η)L-molecule associated with B.

Then the molecular Hardy space HM,q,η
X,L (Rn) is defined via replacing (X, q,M, ε)L-

molecules of Definition 6.7(ii) by (X, q,M, η)L-molecules here.

Let M ∈ N and M > n/(mθ), where m and θ are as in (6.46) and (2.8), respectively.

For any f ∈ L2
c(R

n+1
+ ) and x ∈ Rn, define

π̃L,M (f)(x) := C̃(m,M)

ˆ ∞
0

(tmL)M+1e−t
mL(f(·, t))(x)

dt

t
, (6.55)

where C̃(m,M) is a positive constant such that

C̃(m,M)

ˆ ∞
0

tm(M+2)e−2tm dt

t
= 1.

For the operator π̃L,M , similarly to Proposition 6.8, we have the following boundedness.

Proposition 6.24. Let L satisfy Assumptions 6.19 and 6.20, and π̃L,M be as in (6.55).

Assume that X is a ball quasi-Banach function space satisfying (2.8) for some θ, s ∈ (0, 1]

with θ < s, and (2.9) for some q ∈ [2,∞). Let M ∈ N be such that M > n/(mθ) and

θ(L) > n(1/θ − 1) + 1/2, where θ(L) is as in (6.50). Assume further that X has an

absolutely continuous quasi-norm. Then



80 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

(i) the operator π̃L,M , initially defined on T p,c2 (Rn+1
+ ) with p ∈ (1,∞), extends to a

bounded linear operator from T p2 (Rn+1
+ ) to Lp(Rn);

(ii) the operator π̃L,M , initially defined on T cX(Rn+1
+ ), extends to a bounded linear oper-

ator from TX(Rn+1
+ ) to HX,L(Rn).

To show Proposition 6.24(ii), similarly to Lemma 6.10, we need the following technical

lemma.

Lemma 6.25. Let L satisfy Assumptions 6.19 and 6.20, π̃L,M be as in (6.55) and X as in

Proposition 6.24. Assume that M ∈ N satisfies M > n/(mθ) and θ(L) > n(1/θ−1)+1/2,

where θ(L) is as in (6.50). Then, for any (TX ,∞)-atom A and some

η ∈ (n[1/θ − 1] + 1/2,∞),

α := πL,M (A) is an (X, M, η + n)L-molecule, up to a harmless constant multiple, asso-

ciated with the ball B, where B̂ appears in the support of A.

Proof. Assume that η ∈ (n[1/θ − 1] + 1/2,∞), A is a (TX ,∞)-atom associated with

the ball B := B(xB , rB) for some xB ∈ Rn and rB ∈ (0,∞), and q ∈ [2,∞). To prove

Lemma 6.25, similarly to the proof of Lemma 6.10, it suffices to show that α := π̃L,M (A)

is an (X, q,M, n+ η)L-molecule, up to a harmless constant multiple, associated with B.

For any k ∈ N, f ∈ L2(Rn) and x ∈ Rn, let

SL∗,k(f)(x) :=

{ˆ
Γ(x)

|(tmL∗)k+1e−t
mL∗(f)(y)|2 dy dt

tn+1

}1/2

.

Since {e−tL}t>0 is an analytic semigroup in L2(Rn), so is {e−tL∗}t>0. Let p ∈ (1,∞).

Similarly to the proof of (6.54), we can show that, for any f ∈ Lp(Rn),

‖SL∗,k(f)‖Lp(Rn) . ‖f‖Lp(Rn). (6.56)

From the assumption θ(L) > n(1/θ − 1) + 1/2, we deduce that there exists a number

η ∈ (n[1/θ − 1] + 1/2,min{θ(L), n/θ}). When j ∈ {0, . . . , 4}, we deal with the term

‖(r−mB L−1)kα‖Lq(Sj(B)) via duality; take h ∈ Lq
′
(Rn) satisfying supp(h) ⊂ Sj(B) and

‖h‖Lq′ (Rn) ≤ 1. Then, by (6.56) and Hölder’s inequality, we conclude that, for any k in

{0, . . . ,M},

|〈(r−mB L−1)kα, h〉| =
∣∣∣∣ˆ ∞

0

ˆ
Rn
r−mkB tm(M+1)LM+1−ke−t

mL(A(·, t))(x)h(x)
dx dt

t

∣∣∣∣
=

∣∣∣∣ˆ ∞
0

ˆ
Rn
r−mkB A(x, t)tm(M+1)(L∗)M+1−ke−t

mL∗(h)(x)
dx dt

t

∣∣∣∣
≤

ˆ rB

0

ˆ
Rn

ˆ
B(x,t)

tmkr−mkB |A(x, t)|

× |(tmL∗)M+1−ke−t
mL∗(h)(x)| dy dx dt

tn+1

≤
ˆ
Rn

ˆ
Γ(y)

|A(x, t)||(tmL∗)M+1−ke−t
mL∗(h)(x)| dx dt dy

tn+1
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≤
ˆ
Rn
A(A)(y)SL∗,M+1−k(h)(y) dy

≤ ‖A(A)‖Lq(Rn)‖SL∗,M+1−k(h)‖Lq′ (Rn) . ‖A‖T q2 (Rn+1
+ ).

Since η + n > n/θ > n/q, it follows that

|〈(r−mB L−1)kα, h〉| . 2−j(n+η)|2jB|1/q‖χB‖−1
X ,

which, by the arbitrariness of h ∈ Lq
′
(Rn), implies that, for any j ∈ {0, . . . , 4} and

k ∈ {0, . . . ,M},

‖(r−mB L−1)kα‖Lq(Sj(B)) . 2−j(n+η)|2jB|1/q‖χB‖−1
X . (6.57)

Moreover, for any k ∈ {0, . . . ,M}, t ∈ (0,∞), h ∈ L2(Rn) and x ∈ Rn, let

Ψk
t (L,M)(h)(x) := tm(M+1−k)

[
dM+1−kPr
drM+1−k

∣∣∣∣
r=tm

h

]
(x),

where Pr is as in (6.51) with t replaced by r. From (6.47) and (6.52), together with

η ∈ (n[1/θ − 1] + 1/2, θ(L)), it follows that the kernel of Ψk
t (L,M), ψkt (L,M), satisfies,

for any t ∈ (0,∞) and almost every x, y ∈ Rn,

|ψkt (L,M)(x, y)| ≤ C(k,n)
tη

(t+ |x− y|)n+η
, (6.58)

where C(k,n) is a positive constant depending only on k and n. From this pointwise

estimate, we deduce that, for any k ∈ {0, . . . ,M} and x ∈ Rn,

|(r−mB L−1)kα(x)| ∼
ˆ ∞

0

|(r−mB L−1)ktm(M+1)LM+1e−t
mL(A(·, t))(x)| dt

t

.
ˆ ∞

0

|r−mkB tmkΨk
t (L,M)(A(·, t))(x)| dt

t

. r−mkB

ˆ rB

0

ˆ
B

tmk
tη

(t+ |x− y|)n+η
|A(y, t)| dy dt

t

. r−mkB

ˆ rB

0

ˆ
B

ˆ
B(y,t)

tmk+η

(t+ |x− y|)n+η
|A(y, t)| dz dy dt

tn+1
.

By Fubini’s theorem, Hölder’s inequality and supp(A) ⊂ B̂, for any x ∈ Rn, we have

|(r−mB L−1)kα(x)| . r−mkB

ˆ
Rn

ˆ
Γ(z)

tmk+ηχB̂(y, t)

(t+ |x− y|)n+η
|A(y, t)| dy dt dz

tn+1

. r−mkB

ˆ
Rn
A(A)(z)

[ˆ
Γ(z)

∣∣∣∣ tmk+ηχB̂(y, t)

(t+ |x− y|)n+η

∣∣∣∣2 dy dttn+1

]1/2

dz

. r−mkB ‖A(A)‖Lq(Rn)

×
{ˆ

Rn

[ˆ
Γ(z)

∣∣∣∣ tmk+ηχB̂(y, t)

(t+ |x− y|)n+η

∣∣∣∣2 dy dttn+1

]q′/2
dz

}1/q′

. (6.59)

When j ∈ N and j ≥ 5, we know that, for any x ∈ Sj(B) and y ∈ B, |x − y| ∼ 2jrB .
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From this and (6.59), we deduce that, for any k ∈ {0, . . . ,M},

‖(r−mB L−1)kα‖Lq(Sj(B)) . r−mkB |2jB|1/q‖A‖T q2 (Rn)

×
{ˆ

Rn

[ˆ
Γ(z)

∣∣∣∣ tmk+ηχB̂(y, t)

(2jrB)n+η

∣∣∣∣2 dy dttn+1

]q′/2
dz

}1/q′

. 2−j(n+η)|2jB|1/q‖χB‖−1
X . (6.60)

Thus, by (6.57) and (6.60), α is an (X, q,M, n+ η)-molecule, up to a harmless constant

multiple, associated with B, which completes the proof of Lemma 6.25.

Now we prove Proposition 6.24 using Lemma 6.25.

Proof of Proposition 6.24. The proof of (i) is similar to that of Proposition 6.8(i), the

details being omitted.

Moreover, the proof of (ii) is similar to that of Proposition 6.8(ii). Here we content

ourselves with indicating the necessary changes.

Let f ∈ T cX(Rn+1
+ ). Then, by Theorem 3.19, Lemma 6.9 and (i),

π̃L,M (f) =

∞∑
k=1

λkπ̃L,M (Ak) =:

∞∑
k=1

λkαk in L2(Rn),

where {λk}k∈N and {Ak}k∈N satisfy (3.11) and (6.11), respectively. Recall that, for each

k ∈ N, supp(Ak) ⊂ B̂k and Bk is a ball in Rn. Moreover, from the boundedness of SL on

L2(Rn), we deduce that, for almost every x ∈ Rn,

SL(π̃L,M (f))(x) ≤
∞∑
k=1

λkSL(αk)(x),

which, together with Definition 2.2(ii), implies that (6.12) holds true in this case. Fur-

thermore, by Lemma 6.25, we know that, for some η ∈ (n[1/θ − 1] + 1/2,∞) and each

k ∈ N, αk = π̃L,M (Ak) is an (X, M, n+η)L-molecule, up to a harmless constant multiple,

associated with the ball Bk.

Let α be an (X,M,n + η)-molecule with η ∈ (n[1/θ − 1] + 1/2,∞), and q ∈ [2,∞).

Then, for any x ∈ Rn, we have

SL(α)(x) ≤
∞∑
j=0

{ˆ rB

0

ˆ
B(x,t)

|Qtm(αχSj(B))(y)|2 dy dt
tn+1

}1/2

+

∞∑
j=0

{ˆ ∞
rB

ˆ
B(x,t)

|Qtm(rmBL)M

×(χSj(B)(r
m
BL)−Mα)(y)|2 dy dt

tn+1

}1/2

=:

∞∑
j=0

Jj(x) +

∞∑
j=0

Kj(x). (6.61)

For any i, j ∈ Z+, let Bj := 2jB and

S̃i(Bj) := {y ∈ Rn : 2i−32jrB ≤ |y − xB | < 2i+12jrB}.
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Take q ∈ [2,∞) such that X satisfies (2.9) for q. Now we estimate
´
Si(Bj)

[Jj(x)]q dx.

When i ∈ {0, . . . , 4}, by the boundedness of SL on Lq(Rn), we have, for any j ∈ Z+,ˆ
Si(Bj)

[Jj(x)]q dx ≤
ˆ
Si(Bj)

[SL(αχSj(B))(x)]q dx

. ‖αχSj(B)‖qLq(Rn) . 2−(n+η)jq|2jB| ‖χB‖−qX . (6.62)

From Hölder’s inequality, Fubini’s theorem, (6.58) and the fact that, for any i ∈ N with

i ≥ 5, d(Sj(B), Si(Bj)) & 2i+jrB , it follows that, for each i ∈ N with i ≥ 5 and j ∈ Z+,ˆ
Si(Bj)

[Jj(x)]q dx ≤
ˆ
Si(Bj)

{ˆ rB

0

ˆ
B(x,t)

|Qtm(αχSj(B))(y)|q dy dt
tntq/2

}
×
{ˆ rB

0

ˆ
B(x,t)

dy dt

tn

}(q−2)/2

dx

. r
(q−2)/2
B

ˆ rB

0

ˆ
S̃i(Bj)

|Qtm(αχSj(B))(y)|q dy dt
tq/2

. r
(q−2)/2
B

ˆ rB

0

ˆ
S̃i(Bj)

[ˆ
Sj(B)

tη|α(z)|
(t+ |y − z|)n+η

dz

]q
dy dt

tq/2

. r
(q−2)/2
B [2i+jrB ]n−(n+η)q‖α‖qL1(Sj(B))r

(η−1/2)q+1
B

. 2−i(n+η)q2−j(n+2η)q|2i+jB| ‖χB‖−qX . (6.63)

Now we estimate
´
Si(Bj)

[Kj(x)]q dx. When i ∈ {0, . . . , 4}, by the boundedness of

SL,M+1 on Lq(Rn), similarly to the proof of (6.16), we know that, for any j ∈ Z+,ˆ
Si(Bj)

[Kj(x)]q dx . 2−(n+η)qj |2jB| ‖χB‖−qX . (6.64)

Notice that, for any i, j ∈ Z+ and x ∈ Rn,

Kj(x) ≤
{ˆ 2i+j−3rB

rB

ˆ
B(x,t)

|Qtm(rmBL)M
(
χSj(B)(r

m
BL)−Mα

)
(y)|2 dy dt

tn+1

}1/2

+

{ˆ ∞
2i+j−3rB

· · ·
}1/2

=: Kj, 1(x) + Kj,2(x). (6.65)

For Kj,1, similarly to (6.63), we know that, for any i ∈ N with i ≥ 5 and j ∈ Z+,ˆ
Si(Bj)

[Kj,1(x)]q dx . 2−i[(n+η−1/2)q+1]2−j[(n+2η−1/2)q+1]|2i+jB| ‖χB‖−qX . (6.66)

For Kj,2, from the boundedness of SL,M+1 on Lq(Rn), we deduce that
ˆ
Si(Bj)

[Kj,2(x)]q dx .
rmMq
B

(2i+jrB)mMq

ˆ
Si(Bj)

[SL,M+1(χSj(B)(r
m
BL)−Mα)(x)]q dx

. 2−mMq(i+j)‖(rmBL)−Mα‖qLq(Sj(B))

. 2−i(mMq+n)2−j(mM+n+η)q|2i+jB| ‖χB‖−qX ,
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which, together with (6.65), (6.66), M > n/(mθ) and η < n/θ, implies that, for any i ∈ N
with i ≥ 5 and j ∈ Z+,ˆ

Si(Bj)

[Kj(x)]q dx . 2−i[(n+η−1/2)q+1]2−j[(n+2η−1/2)q+1]|2i+jB| ‖χB‖−qX .

From this and (6.62)–(6.64), we conclude that, for any i, j ∈ Z+,

‖χBjJj‖Lq(Rn) . 2−j(n+η)|2jB|1/q‖χB‖−1
X , (6.67)

‖χSi(Bj)Jj‖Lq(Rn) . 2−i(n+η−n/q)2−j(n+2η)|2jB|1/q‖χB‖−1
X , (6.68)

‖χBjKj‖Lq(Rn) . 2−j(n+η)|2jB|1/q‖χB‖−1
X (6.69)

and

‖χSi(Bj)Kj‖Lq(Rn) . 2−i(n+η+1/q−1/2−n/q)2−j(n+2η+1/q−1/2)|2jB|1/q‖χB‖−1
X . (6.70)

For each αk with k ∈ N, let {Jk,j}j∈Z+ and {Kk,j}j∈Z+ be as in (6.61) with α replaced

by αk. Then, for any k ∈ N, {Jk,j}j∈Z+
and {Kk,j}j∈Z+

satisfy the estimates in (6.67)–

(6.70) with B replaced by Bk. Moreover, from η > n(1/θ− 1) + 1/2 and q ≥ 2, it follows

that

n+ 2η > n+ 2η + 1/q − 1/2 > n+ η > n/θ + 1/2

and

n+ η − n/q ≥ n+ η + 1/q − 1/2− n/q > n(1/θ − 1/q).

From this, (6.55), (6.11), (6.12), (6.61), (6.67)–(6.70), (2.8) and Theorem 2.11, similarly

to the proof of (6.23), we conclude that

‖SL(π̃L,M (f))‖X . ‖f‖TX(Rn+1
+ ),

which further implies that

‖π̃L,M (f)‖HX,L(Rn) . ‖f‖TX(Rn+1
+ ).

This finishes the proof of (ii) and hence of Proposition 6.24.

Repeating the proof of Theorem 6.12 with the application of Proposition 6.8 replaced

by Proposition 6.24, we obtain the following molecular characterization of the Hardy type

space HX,L(Rn), the details being omitted here.

Theorem 6.26. Let L satisfy Assumptions 6.19 and 6.20, q ∈ [2,∞) and X be a ball

quasi-Banach function space satisfying (2.8) for some θ, s ∈ (0, 1] with θ < s, and (2.9)

for q. Assume that θ(L) > n(1/θ − 1) + 1/2, η ∈ (n[1/θ − 1] + 1/2,min{θ(L), n/θ}) and

M ∈ N satisfies M > n/(mθ), where θ(L) is as in (6.50). Assume further that X has

an absolutely continuous quasi-norm. Then HX,L(Rn) and HM, q, n+η
X,L (Rn) coincide with

equivalent quasi-norms.

Finally, let us look back on the results on Hardy spaces associated with operators.

The strong thrust for the study of Hardy spaces associated with operators is the Kato

conjecture solved affirmatively in [7, 60]. Let L be a linear operator in L2(Rn) satis-

fying Assumptions 6.19 and 6.20. Auscher et al. [6] initially studied the Hardy space
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H1
L(Rn) associated with L. Moreover, Duong and Yan introduced the BMO type space

BMOL(Rn) associated with L, and established the dual relation between H1
L(Rn) and

BMOL∗(Rn), where L∗ denotes the adjoint operator of L in L2(Rn) (see [34, 35]). Fur-

thermore, Yan [127] further generalized these results to the Hardy spaces Hp
L(Rn) with

p slightly less than 1. The Orlicz–Hardy space HΦ, L(Rn) and its (pre-)dual space were

studied in [74, 76, 89]. Very recently, the variable Hardy space associated with L was

studied in [138, 139, 144].

Let L be the second-order divergence form elliptic operator on Rn with complex

bounded measurable coefficients. Hofmann et al. [62, 63] studied the Hardy space Hp
L(Rn)

associated with L, where p ∈ (0, 1], and its dual space. Moreover, Jiang and Yang [72, 73]

studied the Orlicz–Hardy space HΦ, L(Rn) associated with L and its (pre-)dual space.

Recently, the Musielak–Orlicz–Hardy space Hϕ,L(Rn) was studied in [14]. As was ex-

plained in [62], investigating H1
L(Rn) is not a mere quest to generalization. Indeed, using

a counterexample showing that the Riesz transform ∇L−1/2 is not bounded on Lp(Rn)

for some p ∈ (1, 2), Hofmann and Mayboroda showed that the Riesz transform ∇L−1/2

need not be bounded from H1(Rn) to L1(Rn), but it is bounded from H1
L(Rn) to L1(Rn)

(see [62, Theorem 3.4]). We refer the reader to [3, 15, 16, 63, 64, 72, 130, 131, 132] for

more recent progress in this direction.

Let L be a non-negative self-adjoint operator in L2(X ) satisfying the Davies–Gaffney

estimate, where X is a metric measure space with doubling measure. Hofmann et al. [61]

studied the Hardy space H1
L(X ) associated with L and its dual space BMOL(X ), which

were extended to the Orlicz–Hardy space in [75] and the Musielak–Orlicz–Hardy space

in [132], respectively. It is worth pointing out that the Schrödinger operator L := −∆+V

with 0 ≤ V ∈ L1
loc(Rn) and the magnetic Schrödinger operator LA := −(∇ − iA)2 + V

with A ∈ L2
loc(Rn,Rn) and 0 ≤ V ∈ L1

loc(Rn) are examples of this kind of operators.

Let L be a sectorial operator having a bounded H∞-functional calculus on L2(X )

and satisfying the reinforced (pL, qL,m) off-diagonal estimates on balls, where X is a

metric measure space with doubling measure, pL ∈ [1, 2), qL ∈ (2,∞] and m ∈ N. The

Musielak–Orlicz–Hardy space Hϕ,L(X ) was studied in [14]. In particular, when m := 1,

Duong and Li [33] studied the Hardy space Hp
L(X ) with p ∈ (0, 1] and its dual space.

Recently, when X := Rn and m := 1, the variable Hardy spaces associated with L were

studied in [138].

7. Examples of function spaces

In this section, we present several concrete examples of ball quasi-Banach function spaces

X and associated Hardy type spaces HX(Rn).

7.1. Weighted Lebesgue spaces. If X is a weighted Lebesgue space, then HX(Rn)

is just a weighted Hardy space. The weighted Hardy space Hp
w(Rn) defined via weighted

Lebesgue spaces, with Muckenhoupt weights, was studied in [12, 39, 123].

Now we recall the definition of Muckenhoupt weights.
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Definition 7.1. Let B be as in (2.2). A locally integrable function ω : Rn → [0,∞) is

called an Ap(Rn)-weight, with p ∈ (1,∞), if

Ap(ω) := sup
B∈B

{
1

|B|

ˆ
B

ω(x) dx

}{
1

|B|

ˆ
B

[ω(x)]−p
′/p dx

}p/p′
<∞.

Moreover, a locally integrable function ω : Rn → [0,∞) is called an A1(Rn)-weight if

A1(ω) :=
1

|B|

ˆ
B

ω(x) dx
{

ess sup
x∈B

[ω(x)]−1
}
<∞.

Then define A∞(Rn) :=
⋃
p∈[1,∞)Ap(Rn).

It is worth pointing out that a weighted Lebesgue space with an A∞(Rn)-weight may

not be a Banach function space. For example, let X := L2
w0

(R), w0(x) := 1 + |x| for any

x ∈ R, and E =
⋃∞
l=1[2l, 2l + 2−l]. Then, by a simple calculation, we find that |E| < ∞

but ‖χE‖X =∞. Thus, X is not a Banach function space.

On the other hand, let q ∈ (0,∞) and w ∈ A∞(Rn). From the definition of A∞(Rn), it

follows that, for any B ∈ B with B as in (2.2), χB ∈ Lqw(Rn) (see (2.20) for the definition

of Lqw(Rn)). Therefore, Lqw(Rn) is a ball quasi-Banach function space. Furthermore, by [2,

Theorem 3.1(b)], we know that, for any p ∈ (0,∞) and ω ∈ A∞(Rn), the space Lpw(Rn)

satisfies the inequality (2.8) for any θ ∈ (0,min{1, p}) satisfying ω ∈ Ap/θ(Rn) and any

s ∈ (θ, 1].

We refer the reader to [123] for more details on weighted Hardy spaces.

7.2. Herz spaces. Recall that, for the cube Q(~0n, 1) and j ∈ N,

Sj(Q(~0n, 1)) := Q(~0n, 2
j+1) \Q(~0n, 2

j).

Then, for any α ∈ R and p, q ∈ (0,∞], the Herz space Kα
p,q(Rn) is defined to be the set

of all measurable functions f on Rn satisfying

‖f‖Kα
p,q(Rn) := ‖χQ(~0n,2)f‖Lp(Rn) +

{ ∞∑
j=1

[2jα‖χSj(Q(~0n,1))f‖Lp(Rn)]
q
}1/q

<∞.

In 1989, Chen and Lau [20] and Garćıa-Cuerva [40] introduced Herz–Hardy spaces.

Later, Garćıa-Cuerva and Herrero [41] and Lu and Yang [95] further developed the theory

of these spaces. Moreover, Lu and Yang [96] considered weighted Herz–Hardy spaces.

Let α ∈ R and p, q ∈ (0,∞]. It is easy to see that, for any B ∈ B with B as in (2.2),

χB ∈ Kα
p,q(Rn). Therefore, Kα

p,q(Rn) is a ball quasi-Banach function space. Furthermore,

according to [97, Corollary 1.2.1], when p, q ∈ (1,∞),

(Kα
p,q(Rn))∗ = K−αp′,q′(R

n) with equivalent norms,

which implies that, for any f ∈ Kα
p,q(Rn) and B ∈ B with B as in (2.2),∣∣∣∣ˆ

Rn
χB(x)f(x) dx

∣∣∣∣ ≤ ‖χB‖K−α
p′,q′ (R

n)‖f‖Kα
p,q(Rn).

Thus, when p, q ∈ (1,∞), Kα
p,q(Rn) is a ball Banach function space.
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Moreover, for any p, q ∈ (0,∞) and α ∈ (−n/p,∞), the space Kα
p,q(Rn) satisfies the

inequality (2.8) for any θ ∈ (0,min{1, p, [α/n+ 1/p]−1}) and s ∈ (θ, 1] (see, for example,

[67, 96]).

7.3. Lorentz spaces. Recall that the Lorentz space Lp,q(Rn) is defined to be the set of

all measurable functions f on Rn such that, when p, q ∈ (0,∞),

‖f‖Lp,q(Rn) :=

{ˆ ∞
0

[t1/pf∗(t)]q
dt

t

}1/q

<∞,

and, when p ∈ (0,∞) and q =∞,

‖f‖Lp,q(Rn) := sup
t∈(0,∞)

t1/pf∗(t) <∞,

where f∗ denotes the decreasing rearrangement of f , which is defined by setting, for any

t ∈ [0,∞),

f∗(t) := inf{s ∈ (0,∞) : µf (s) ≤ t}

with µf (s) := |{x ∈ Rn : |f(x)| > s}|.
The space Lp,∞(Rn) with p ∈ (0,∞) is also called a weak Lebesgue space. Obviously,

when p, q ∈ (1,∞) or p ∈ (1,∞) and q = ∞, the Lorentz space Lp,q(Rn) is a Banach

function space and hence a ball Banach function space; when p, q ∈ (0,∞) or p ∈ (0,∞)

and q = ∞, Lp,q(Rn) is a quasi-Banach function space and hence a ball quasi-Banach

function space (see, for example, [43, Theorem 1.4.11]). Furthermore, for any p ∈ (0,∞)

and q ∈ (0,∞], the space Lp,q(Rn) satisfies the inequality (2.8) for any θ ∈ (0,min{1, p})
and s ∈ (θ, 1] (see, for example, [29, Theorem 2.3(iii)]).

If X := Lp,q(Rn) with p, q ∈ (0,∞) or p ∈ (0,∞) and q = ∞, then the Hardy

type space HX(Rn) is just the well-known Hardy–Lorentz space (when p, q ∈ (0,∞))

or weak Hardy space (when p ∈ (0,∞) and q = ∞). The Hardy–Lorentz space was

originally introduced and studied by Abu-Shammala and Torchinsky [1, Section 2]. More

precisely, the atomic characterization and interpolation of the Hardy–Lorentz space were

obtained in [1, Theorems 2.1] and [1, Theorem 2.5], respectively. Ho [57] obtained the

boundedness of fractional integral operators on the Hardy–Lorentz space. Furthermore,

the weak Hardy space WHp(Rn) was studied by Fefferman and Soria [38] and Liu [92].

Recently, the anisotropic Hardy–Lorentz spaces were fully studied in [93, 94].

7.4. Morrey spaces. Let 0 < q ≤ p ≤ ∞. Recall that the Morrey space Mp
q(Rn) is

defined to be the set of all f ∈ Lqloc(Rn) such that

‖f‖Mp
q(Rn) := sup

B∈B
|B|1/p−1/q

{ˆ
B

|f(y)|q dy
}1/q

<∞, (7.1)

where the supremum is taken over all balls B ∈ B with B as in (2.2).

The space Mp
q(Rn) was introduced by Morrey [100] in 1938. It is well known that

Mp
q(Rn) with 1 ≤ q < p < ∞ is not a Banach function space because it fails condition

(2.1) (see [117]). Clearly, Mp
q(Rn) with 1 < q ≤ p < ∞ is a ball Banach function space.

Furthermore, for any 0 < q ≤ p < ∞, Mp
q(Rn) satisfies (2.8) for any θ ∈ (0,min{1, q})

and s ∈ (θ, 1] (see, for example, [22, 55, 58]).
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Moreover, Jia and Wang [71] and Sawano [113] introduced Hardy–Morrey spaces.

Theorem 3.1 also generalizes the maximal function characterizations of Hardy–Morrey

spaces. As shown in [113], Hardy–Morrey spaces can be described by means of the

Littlewood–Paley decomposition. Once such a decomposition is available, we can combine

the theory of Hardy–Morrey spaces and the theory of Triebel–Lizorkin–Morrey spaces;

see [54, 116, 112, 114, 118, 124, 133, 134, 135, 136, 137, 141, 142, 143, 103] for a more

detailed study of the latter.

7.5. Weighted Morrey spaces. We begin with the definition of Morrey weight func-

tions.

Definition 7.2. Let p ∈ (0,∞) and ω ∈ A∞(Rn). A Lebesgue measurable function

u : Rn×(0,∞)→ (0,∞) is called a Morrey weight function for ω if there exist λ ∈ [0, 1/p)

and positive constants C1 and C2 such that, for any x, y ∈ Rn, u(x, r) > C1 when

r ∈ [1,∞),

u(x, 2r)

u(x, r)
≤
[
ω(B(x, 2r))

ω(B(x, r))

]λ
when r ∈ (0,∞),

and

C−1
2 u(y, r) ≤ u(x, t) ≤ C2u(y, r)

when 0 < r ≤ t ≤ 2r and |x − y| ≤ t, where ω(B(x, r)) :=
´
B(x,r)

ω(y) dy. Denote by

Wω,p(Rn) the class of Morrey weight functions for ω.

Let p ∈ (0,∞), ω ∈ A∞(Rn) and u ∈ Wω,p(Rn). The weighted Morrey space

Mp
ω,u(Rn) is defined to be the set of all Lebesgue measurable functions f on Rn such

that

‖f‖Mp
ω,u(Rn) := sup

(z,r)∈Rn+1
+

1

u(z, r)
‖χB(z,r)f‖Lpω(Rn) <∞.

Weighted Hardy–Morrey spaces were studied by Ho [56]. In view of [56, Lemma 3.2], for

any B ∈ B with B as in (2.2), we have χB ∈ Mp
ω,u(Rn). Therefore, when p ∈ (0, 1),

Mp
ω,u(Rn) is a ball quasi-Banach function space. Moreover, if p ∈ [1,∞), ω ∈ Ap(Rn)

and u ∈ Wω,p(Rn), then the space Mp
ω,u(Rn) satisfies the inequality (2.8) (see [56,

Theorem 2.1 and Lemma 3.1] and [55] for the details). Thus, the atomic decompositions

for weighted Hardy–Morrey spaces given in [56] can be recovered from our general results

in Subsection 3.4.

7.6. Orlicz spaces. In this subsection, we recall Orlicz spaces. Recall that there are

many operators that are not bounded on Lebesgue spaces Lp(Rn) with p ∈ [1,∞],

especially on L1(Rn) and L∞(Rn). Orlicz spaces are used to cover the failure of the

boundedness of some integral operators. For example, the Hardy–Littlewood maximal

operator M fails to be bounded on L1(Rn). Thus, one is fascinated with the Orlicz space

L1(logL)1+ε(Rn) with ε ∈ (0,∞), since these function spaces have finer and subtler struc-

tures. These examples show that Orlicz spaces are useful when we study the boundedness

properties of operators appearing in PDE and potential theory.
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We first recall Young functions. A function Φ : [0,∞) → [0,∞) is called a Young

function if:

(i) Φ is continuous;

(ii) Φ is convex: for any t1, t2 ∈ (0,∞) and θ ∈ (0, 1),

Φ((1− θ)t1 + θt2) ≤ (1− θ)Φ(t1) + θΦ(t2).

Let f be a measurable function on Rn. Set

‖f‖LΦ(Rn) := inf

{
λ ∈ (0,∞) :

ˆ
Rn

Φ(|f(x)|/λ) dx ≤ 1

}
.

The Orlicz space LΦ(Rn) is defined to be the set of all measurable functions f on Rn
such that ‖f‖LΦ(Rn) <∞. For any Young function Φ, LΦ(Rn) is a Banach function space

(see, for example, [10, p. 269, Theorem 8.9]).

As shown in [79], the class of Young functions can be widely extended. Let

Ξ :=
{

Φ : [0,∞)→ [0,∞) measurable : lim
t→0

Φ(t) = Φ(0) = 0, lim
t→∞

Φ(t) =∞
}
.

If Φ ∈ Ξ and Φ(t) > 0 for all t ∈ (0,∞), then Φ is called an Orlicz function.

To discuss the boundedness of the Hardy–Littlewood maximal operator on LΦ(Rn),

we recall the following notion of convexity and concavity.

Definition 7.3. Let Φ,Ψ ∈ Ξ and ` ∈ (0,∞).

(i) If there exists a constant C̃ ∈ [1,∞) such that, for any r ∈ [0,∞),

Φ(r/C̃) ≤ Ψ(r) ≤ Φ(C̃r),

then we write Φ ≈ Ψ and say that Φ is equivalent to Ψ.

(ii) Φ is `-convex if Φ((·)1/`) is convex. Moreover, Φ is quasi-`-convex if Φ ≈ Ψ for

some `-convex Ψ ∈ Ξ. In particular, if ` = 1, one abbreviates quasi-`-convex to

quasi-convex.

(iii) Φ is `-concave if Φ((·)1/`) is concave. Moreover, Φ is quasi-`-concave if Φ ≈ Ψ for some

`-concave function Ψ ∈ Ξ. In particular, if ` = 1, one abbreviates quasi-`-concave to

quasi-concave.

It is easy to see that, for any Φ ∈ Ξ, LΦ(Rn) is a ball quasi-Banach function space.

Moreover, by [79, Theorem 1.3.3], if Φ ∈ Ξ is such that Φ(2t) . Φ(t) for any t ∈ (0,∞)

with the implicit positive constant independent of t, and that there exists β ∈ (0, 1) such

that Φβ is quasi-convex, then the space LΦ(Rn) satisfies (2.8) for some θ, s ∈ (0, 1] (see

also Theorem 7.14(i) below).

According to [102, Theorem 2.6], we have the following boundedness result.

Proposition 7.4. Let 1 < `− ≤ `+ < ∞. If Φ is a convex function that is `−-convex

and `+-concave, then `− ≤ lLΦ(Rn) ≤ uLΦ(Rn) ≤ `+, where lLΦ(Rn) and uLΦ(Rn) are,

respectively, as in (2.27) and (2.28).

As a corollary of this proposition and Theorem 2.9, we have the following decompo-

sition results.
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Theorem 7.5 (Reconstruction). Let 1 < `− ≤ `+ < r <∞. Assume that Φ is a convex

function that is `−-convex and `+-concave. Let {Qj}∞j=1 ⊂ Q, {aj}∞j=1 ⊂ Lr(Rn) and

{λj}∞j=1 ⊂ [0,∞) be such that, for any j ∈ N,

‖aj‖Lr(Rn) ≤
|Qj |1/r

‖χQj‖LΦ(Rn)

, supp(aj) ⊂ Qj

and ∥∥∥∥ ∞∑
j=1

λj
‖χQj‖LΦ(Rn)

χQj

∥∥∥∥
LΦ(Rn)

<∞.

Then f :=
∑∞
j=1 λjaj converges in S ′(Rn) and satisfies

‖f‖LΦ(Rn) .r,Φ

∥∥∥∥ ∞∑
j=1

λj
‖χQj‖LΦ(Rn)

χQj

∥∥∥∥
LΦ(Rn)

,

where the implicit positive constant is independent of f , but depends on r and Φ.

Remark 7.6. In [102, Theorem 4.14], the requirement on the r of Theorem 7.5 is that r

is large enough. Thus, Theorem 7.5 improves [102, Theorem 4.14].

We point out that Hardy–Orlicz spaces date back to [66, 119], where they were used

to investigate the properties of the Jacobian. Hardy–Orlicz spaces for more general Φ

are defined by letting X be the Orlicz space LΦ(Rn) (see, for example, [102, 126]).

In 1987, Viviani [126] defined Hardy–Orlicz spaces in the context of preduals of general-

ized BMO spaces. Indeed, Viviani [126, Theorem 2.2] showed that Hardy–Orlicz spaces

naturally arise as such preduals. Compared with [126], Nakai and Sawano [102, 126] re-

moved the condition on ρ and redefined Hardy–Orlicz spaces. Moreover, D. Yang and

S. Yang [130, 131] generalized Hardy–Orlicz spaces on Rn to those on Lipschitz domains

of Rn. Theorem 3.1 generalizes the maximal function characterizations of Hardy–Orlicz

spaces.

7.7. Musielak–Orlicz spaces. Recently, more and more attention has been paid to

(weak) Musielak–Orlicz–Hardy spaces (see, for example, [16, 17, 64, 81, 87, 88, 128, 132]).

In this subsection, we recall the setting of [81]. Let us start with the notions of the

upper type and lower type of Orlicz functions.

Definition 7.7. Let Φ be an Orlicz function and p ∈ (0,∞). The function Φ is said to

be of upper (resp. lower) type p if there exists a positive constant C such that Φ(st) ≤
CtpΦ(s) for all t ∈ [1,∞) (resp. t ∈ (0, 1]) and s ∈ (0,∞).

Proposition 7.8. Let p ∈ (1,∞), Φ be a Young function and Ψ its conjugate.

(i) If Φ is of upper type p, then Ψ is of lower type p′.

(ii) If Φ is of lower type p, then Ψ is of upper type p′.

Proof. We first prove (i). Recall that, for any t ∈ (0,∞),

Ψ(t) := sup
s∈(0,∞)

{st− Φ(s)}.
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Let u ∈ (0, 1] and t ∈ (0,∞). Then, from the definition of upper type, it follows that

there exists a constant C ∈ [1,∞) such that

Ψ(u−1t) = sup
s∈(0,∞)

{u−1st− Φ(s)} = sup
s∈(0,∞)

{st− Φ(us)}

≤ sup
s∈(0,∞)

{st− C−1upΦ(s)} ≤ C−1up sup
s∈(0,∞)

{Cstu−p − Φ(s)}

= C−1upΨ(Cu−pt).

By replacing t with upt, we conclude that Ψ(up−1t) ≤ C−1upΨ(Ct), which implies that,

Ψ(vt) ≤ C−1vp
′
Ψ(Ct) for any v ∈ (0, 1] and t ∈ (0,∞). Via replacing Ct and v by t

and Cv, respectively, we find that, for any v ∈ (0, C−1] and t ∈ (0,∞),

Ψ(vt) ≤ Cp
′−1vp

′
Ψ(t). (7.2)

Moreover, from the fact that Φ is increasing and the definition of Ψ, it follows that Ψ is

also increasing, which further implies that, for any v ∈ [C−1, 1] and t ∈ (0,∞),

Ψ(vt) ≤ Ψ(t) ≤ Cp
′
vp
′
Ψ(t).

From this and (7.2), we conclude that Ψ(vt) ≤ Cp
′
vp
′
Ψ(t) for any v ∈ (0, 1] and t ∈

(0,∞). Thus, Ψ is of lower type p′.

The proof of (ii) is similar, the details being omitted. This finishes the proof of Propo-

sition 7.8.

Now we recall the definition of the Musielak–Orlicz function.

Definition 7.9. Let p ∈ [0,∞) and ϕ : Rn × [0,∞) → [0,∞) be such that ϕ(x, ·) is an

Orlicz function for any x ∈ Rn. The function ϕ is said to be of uniformly upper (resp.

lower) type p ∈ [0,∞) if there exists a positive constant C such that ϕ(x, st) ≤ Cspϕ(x, t)

for all x ∈ Rn, t ∈ [0,∞) and s ∈ [1,∞) (resp. s ∈ [0, 1]).

In addition to the conditions on the second variable of ϕ, we need another condition

on the first variable.

Definition 7.10. Let ϕ : Rn× [0,∞)→ [0,∞) be such that ϕ(·, t) is measurable for any

t ∈ [0,∞).

(i) The function ϕ is said to satisfy the uniform Muckenhoupt condition for q ∈ [1,∞),

denoted by ϕ ∈ Aq(Rn), if

Aq(ϕ) := sup
t∈(0,∞)

Aq(ϕ(·, t)) <∞,

where the supremum is taken over all t ∈ (0,∞) and, for any given t ∈ (0,∞),

Aq(ϕ(·, t)) is as in Definition 7.1.

(ii) The class A∞(Rn) is defined by setting

A∞(Rn) :=
⋃

q∈[1,∞)

Aq(Rn).

(iii) For any ϕ ∈ A∞(Rn), the critical weight index q(ϕ) is defined by setting

q(ϕ) := inf{q ∈ [1,∞) : ϕ ∈ Aq(Rn)}.

Now we recall the notion of growth functions from Ky [81].
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Definition 7.11. A function ϕ : Rn × [0,∞)→ [0,∞) is called a growth function if:

(i) ϕ is a Musielak–Orlicz function, namely,

(a) ϕ(x, ·) is an Orlicz function for all x ∈ Rn;

(b) ϕ(·, t) is a measurable function for all t ∈ [0,∞).

(ii) ϕ ∈ A∞(Rn).

(iii) The function ϕ is of uniformly lower type p for some p ∈ (0, 1] and of uniformly upper

type 1.

For a Musielak–Orlicz function ϕ as in Definition 7.11, a measurable function f on Rn
is said to be in the Musielak–Orlicz space Lϕ(Rn) if

´
Rn ϕ(x, |f(x)|) dx < ∞. Moreover,

for any f ∈ Lϕ(Rn), the quasi-norm of f is defined by setting

‖f‖Lϕ(Rn) := inf

{
λ ∈ (0,∞) :

ˆ
Rn
ϕ(x, |f(x)|/λ) dx ≤ 1

}
.

In view of the definition of A∞(Rn), we find that χB ∈ Lϕ(Rn) for any B ∈ B with B
as in (2.2). Therefore, the Musielak–Orlicz space Lϕ(Rn) is a ball quasi-Banach function

space.

Moreover, we have the following Fefferman–Stein vector-valued maximal inequalities

for Lϕ(Rn).

Theorem 7.12. Let r ∈ (1,∞] and ϕ ∈ A∞(Rn) satisfy Definition 7.11(i). Assume in

addition that ϕ is of uniformly lower type p− and uniformly upper type p+. If q(ϕ) <

p− ≤ p+ <∞, then, for any measurable functions {fj}∞j=1 ⊂M,∥∥∥{ ∞∑
j=1

(Mfj)
r
}1/r∥∥∥

Lϕ(Rn)
.
∥∥∥{ ∞∑

j=1

|fj |r
}1/r∥∥∥

Lϕ(Rn)
, (7.3)

where the implicit positive constant is independent of {fj}∞j=1.

Proof. Let r ∈ (1,∞]. In view of [85, Theorem 2.10], we have the following modular

vector-valued maximal inequality: for any measurable functions {fj}∞j=1 ⊂M,

ˆ
Rn
ϕ
(
x,
{ ∞∑
j=1

[Mfj(x)]r
}1/r)

dx .
ˆ
Rn
ϕ
(
x,
{ ∞∑
j=1

|fj(x)|r
}1/r)

dx. (7.4)

Therefore, (7.3) follows from the definition of Lϕ(Rn) and (7.4), which completes the

proof of Theorem 7.12.

Now we recall the definition of the Musielak–Orlicz–Hardy space introduced in [81].

Definition 7.13. Let ϕ be a growth function as in Definition 7.11. The Musielak–Orlicz–

Hardy space Hϕ(Rn) is defined to be the set of all f ∈ S ′(Rn) such that ‖f‖Hϕ(Rn) :=

‖MN (f)‖Lϕ(Rn) < ∞, where MN is as in (2.13) and N ∈ [bb + 2c,∞) ∩ N with b as in

(2.14).

We point out that Theorem 7.12 ensures that Lϕ(Rn) satisfies (2.8) (see Theorem

7.14(i) below). Thus, our general results in Section 3 can be applied to the space Hϕ(Rn).

We also point out that the Musielak–Orlicz–Hardy space unifies the weighted Hardy space
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and the Orlicz–Hardy space, while the Musielak–Orlicz–Hardy space is a member of the

family of Hardy type spaces introduced in Definition 2.22.

Using Theorem 7.12, we obtain the following results.

Theorem 7.14. Let 0 < p− ≤ p+ < ∞ and ϕ ∈ A∞(Rn) satisfy Definition 7.11(i) with

uniformly lower type p− and uniformly upper type p+.

(i) Assume that 0 < θ < s <∞ and θq(ϕ) < p−, where q(ϕ) is as in Definition 7.10(iii).

Then, for any {fj}∞j=1 ⊂M,∥∥∥{ ∞∑
j=1

[M (θ)(fj)]
s
}1/s∥∥∥

Lϕ(Rn)
.
∥∥∥{ ∞∑

j=1

|fj |s
}1/s∥∥∥

Lϕ(Rn)
,

where the implicit positive constant is independent of {fj}∞j=1.

(ii) Assume that Rn × [0,∞) 3 (x, t) 7→ ϕ(x, s
√
t) is a convex function with respect to

t for some s ∈ (0, p−). Let Lϕ(Rn) be strictly s-convex satisfying (2.8) for some

θ ∈ (0, 1] and dLϕ(Rn) as in (2.29) with X replaced by Lϕ(Rn). Then there ex-

ists q ∈ (1,∞) having the following property: Suppose that {aj}∞j=1 is a sequence

of (Lϕ(Rn), q, dLϕ(Rn))-atoms supported, respectively, on cubes {Qj}∞j=1 ⊂ Q, and

{λj}∞j=1 ⊂ [0,∞) satisfies∥∥∥∥{ ∞∑
j=1

[
λj

‖χQj‖Lϕ(Rn)

]s
χQj

}1/s∥∥∥∥
Lϕ(Rn)

<∞.

Then f :=
∑∞
j=1 λjaj converges in S ′(Rn), f ∈ Hϕ(Rn) and

‖f‖Hϕ(Rn) .

∥∥∥∥{ ∞∑
j=1

[
λj

‖χQj‖Lϕ(Rn)

]s
χQj

}1/s∥∥∥∥
Lϕ(Rn)

,

where the implicit positive constant is independent of f .

(iii) Let ϕ be as in (ii), d ∈ [dLϕ(Rn),∞)∩Z+ and f ∈ Hϕ(Rn). Then there exist a sequence

{aj}∞j=1 of (Lϕ(Rn), ∞, d)-atoms supported, respectively, on the cubes {Qj}∞j=1 ⊂ Q,

and a sequence {λj}∞j=1 ⊂ [0,∞) such that f =
∑∞
j=1 λjaj in S ′(Rn) and∥∥∥∥{ ∞∑

j=1

[
λj

‖χQj‖Lϕ(Rn)

]s
χQj

}1/s∥∥∥∥
Lϕ(Rn)

. ‖f‖Hϕ(Rn),

where the implicit positive constant is independent of f .

Proof. We first show (i). For any x ∈ Rn and t ∈ (0,∞), let ϕθ(x, t) := ϕ(x, θ
√
t). Then

ϕθ is of uniformly lower type p−/θ and of uniformly upper type p+/θ, which, together

with q(ϕ) < p−/θ and Theorem 7.12, implies (i).

We now prove (ii). For any x ∈ Rn and t ∈ (0,∞), let ϕs(x, t) := ϕ(x, s
√
t). Then ϕs is

of uniformly lower type p−/s and of uniformly upper type p+/s, and p−/s > 1. For any

x ∈ Rn, let ψs(x, ·) be the conjugate function of ϕs(x, ·). Then, for any x ∈ Rn, ψs(x, ·) is

of uniformly upper type (p−/s)′ and of uniformly lower type (p+/s)′. Therefore, we can

apply [85, Theorem 2.7] to conclude that, for any f ∈ (Lϕs(Rn))′,

‖Mf‖(Lϕs (Rn))′ . ‖f‖(Lϕs (Rn))′ .
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Thus, it follows from Lemma 2.15(ii) that, for some ζ ∈ (1,∞),

‖M (ζ)(f)‖(Lϕs (Rn))′ . ‖f‖(Lϕs (Rn))′ .

By letting q = ζ ′ and applying Theorem 3.6, we obtain (ii).

(iii) is just a conclusion of Theorem 3.7. This finishes the proof of Theorem 7.14.

Remark 7.15. The growth function ϕ is said to satisfy the uniformly locally dominated

convergence condition if the following holds true: For every compact K ⊂ Rn and every

sequence {fm}m∈N of measurable functions on Rn, if fm → f as m → ∞ almost every-

where and |fm| ≤ g almost everywhere for all m ∈ N and some non-negative measurable

function g satisfying

sup
t∈(0,∞)

ˆ
K

g(x)
ϕ(x, t)´

K
ϕ(y, t) dy

dx <∞,

then

lim
m→∞

sup
t∈(0,∞)

ˆ
K

|f(x)− fm(x)| ϕ(x, t)´
K
ϕ(y, t) dy

dx = 0.

In [87], ϕ is required to satisfy the uniformly locally dominated convergence condition.

Notice that, in Theorem 7.14, ϕ does not always satisfy this condition. Thus, the uni-

formly locally dominated convergence condition is superfluous; see also [64, 88]. Examples

of functions satisfying this condition can be found in [77, 87, 129].

7.8. Variable Lebesgue spaces. In this subsection, we recall variable Lebesgue spaces.

The variable Lebesgue spaces were introduced in [104, 105, 107]. The “modern” theory

of variable Lebesgue spaces began from the article [80].

Let p(·) : Rn → [0,∞) be a measurable function. Then the variable Lebesgue space

Lp(·)(Rn) is defined to be the set of all measurable functions f on Rn satisfying

‖f‖Lp(·)(Rn) := inf

{
λ ∈ (0,∞) :

ˆ
Rn

[|f(x)|/λ]p(x)dx ≤ 1

}
.

If p(x) ≥ 1 for all x ∈ Rn, then ‖ · ‖Lp(·)(Rn) is a complete norm and hence Lp(·)(Rn) is a

Banach function space (see, for example, [31, Theorem 3.2.13]). The reader is referred to

[30, 31] for the details on variable Lebesgue spaces.

For any measurable function p(·) : Rn → (0,∞), let

p+ := ess sup
x∈Rn

p(x), p− := ess inf
x∈Rn

p(x), p̃ := p/p−.

Then p̃(x) ≥ 1 for all x ∈ Rn. Therefore, for any B ∈ B with B as in (2.2),

‖χB‖Lp(·)(Rn) = ‖χB‖1/p−Lp̃(·)(Rn)
<∞

(see, for example, [31, Lemma 3.2.6]). Thus, whenever p(·) : Rn → (0,∞), Lp(·)(Rn) is

a ball quasi-Banach function space. Furthermore, for any p(·) : Rn → (0,∞), the space

Lp(·)(Rn) satisfies (2.8) for any θ ∈ (0, p−) such that the Hardy–Littlewood maximal

operator M is bounded on Lp(·)/θ(Rn), and for any s ∈ (θ, 1] (see, for example, [26, 28]).

If X := Lp(·)(Rn), then HX(Rn) is the variable Hardy space studied in [28, 101, 140,

145]. Theorem 3.1 generalizes the maximal function characterizations of variable Hardy

spaces.
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7.9. Variable Morrey spaces. In this subsection, we recall variable Morrey spaces.

Let p(·) : Rn → (0,∞) and

u : Rn × (0,∞)→ (0,∞).

Then the variable Morrey space Mp(·),u(Rn) is defined to be the set of all measurable

functions f on Rn satisfying

‖f‖Mp(·),u(Rn) := sup
z∈Rn, r∈(0,∞)

1

u(z, r)
‖χB(z,r)f‖Lp(·)(Rn) <∞.

Let B be the set of all measurable functions p(·) : Rn → (1,∞) such that 1 < p− ≤
p+ <∞ and the Hardy–Littlewood maximal operator M is bounded on Lp(·)(Rn). Denote

by B̃ the set of all measurable functions p(·) : Rn → (0,∞) satisfying 0 < p− ≤ p+ <∞
and p(·)/β ∈ B for some β ∈ (0,∞). Moreover, a function p(·) : Rn → (0,∞) is said to

be globally log-Hölder continuous if, for any x, y ∈ Rn,

|p(x)− p(y)| . 1

log(1/|x− y|)
when |x− y| ≤ 1/2,

|p(x)− p(y)| . 1

log(e+ |x|)
when |y| ≥ |x|,

where the implicit positive constants are independent of x and y.

We point out that if p(·) ∈ B̃ is globally log-Hölder continuous and u ∈ Wω,p+
(Rn)

with ω ≡ 1, where Wω,p+
(Rn) is as in Definition 7.2, then the space Mp(·),u(Rn) fulfills

the requirements of Definition 2.2(iv). Thus,Mp(·),u(Rn) is a ball quasi-Banach function

space in this case (see [58, Proposition 3.4] for more details). Additionally, the reader is

also referred to [59] for some further studies on variable Morrey spaces.

Whenever p− ∈ [1,∞], by Hölder’s inequality for Lp(·)(Rn) (see, for example, [31,

Lemma 3.2.20]), we find that, for any B := B(z, r) ∈ B with B as in (2.2),∣∣∣∣ˆ
Rn
χB(x)f(x) dx

∣∣∣∣ ≤ 2‖χBf‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn),

where p′(·) denotes the conjugate function of p(·), namely, for any x ∈ Rn,

1

p(x)
+

1

p′(x)
= 1.

Consequently, for any B := B(z, r) ∈ B with B as in (2.2),∣∣∣∣ˆ
Rn
χB(x)f(x) dx

∣∣∣∣ ≤ 2‖χBf‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn)

≤ 2u(z, r)‖f‖Mp(·),u(Rn)‖χB‖Lp′(·)(Rn),

which implies thatMp(·),u(Rn) is a ball Banach function space. Indeed, the above result

is a consequence of a more general result on the duality between the variable block space

and the variable Morrey space. We refer the reader to [21, Theorem 2.2] for the details.

Furthermore, if p(·) ∈ B and u has the property that, for any x ∈ Rn and r ∈ (0,∞),
∞∑
j=0

‖χB(x,r)‖Lp(·)(Rn)

‖χB(x,2j+1r)‖Lp(·)(Rn)

u(x, 2j+1r) . u(x, r),

then the space Mp(·),u(Rn) satisfies (2.8) (see [58, Theorem 3.1] for the details).
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The study of variable Hardy spaces was extended to variable Hardy–Morrey spaces

in [58]. Theorem 3.1 generalizes the maximal function characterizations of variable Hardy–

Morrey spaces. Furthermore, the atomic decompositions in Subsection 3.4 are extensions

of the atomic decompositions for variable Hardy–Morrey spaces in [58, Section 5].
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Sup. (4) 44 (2011), 723–800.

[64] S. Hou, D. Yang and S. Yang, Lusin area function and molecular characterizations of

Musielak–Orlicz Hardy spaces and their applications, Comm. Contemp. Math. 15 (2013),

no. 6, 1350029, 37 pp.

[65] T. Iida, Y. Sawano and H. Tanaka, Atomic decomposition for Morrey spaces, Z. Anal.

Anwend. 33 (2014), 149–170.

[66] T. Iwaniec and A. Verde, A study of Jacobians in Hardy–Orlicz spaces, Proc. Roy. Soc.

Edinburgh Sect. A 129 (1999), 539–570.

[67] M. Izuki, Vector-valued inequalities on Herz spaces and characterizations of Herz–Sobolev

spaces with variable exponent, Glas. Mat. Ser. III 45 (65) (2010), 475–503.

[68] M. Izuki and Y. Sawano, Variable Lebesgue norm estimates for BMO functions, Czecho-

slovak Math. J. 62 (137) (2012), 717–727.

[69] M. Izuki and Y. Sawano, A criterion of sampling theorems on Banach function spaces,

Tokyo J. Math. 36 (2013), 131–145.

[70] S. Janson and P. W. Jones, Interpolation betweenHp spaces: the complex method, J. Funct.

Anal. 48 (1982), 58–80.

[71] H. Jia and H. Wang, Decomposition of Hardy–Morrey spaces, J. Math. Anal. Appl. 354

(2009), 99–110.

[72] R. Jiang and D. Yang, New Orlicz–Hardy spaces associated with divergence form elliptic

operators, J. Funct. Anal. 258 (2010), 1167–1224.

[73] R. Jiang and D. Yang, Generalized vanishing mean oscillation spaces associated with

divergence form elliptic operators, Integral Equations Operator Theory 67 (2010), 123–

149.

[74] R. Jiang and D. Yang, Predual spaces of Banach completions of Orlicz–Hardy spaces

associated with operators, J. Fourier Anal. Appl. 17 (2011), 1–35.

[75] R. Jiang and D. Yang, Orlicz–Hardy spaces associated with operators satisfying Davies–

Gaffney estimates, Comm. Contemp. Math. 13 (2011), 331–373.

[76] R. Jiang, D. Yang and Y. Zhou, Orlicz–Hardy spaces associated with operators, Sci. China

Ser. A 52 (2009), 1042–1080.

[77] R. L. Johnson and C. J. Neugebauer, Homeomorphisms preserving Ap, Rev. Mat. Ibero-

amer. 3 (1987), 249–273.

[78] P. W. Jones, Factorization of Ap weights, Ann. of Math. (2) 111 (1980), 511–530.

[79] V. M. Kokilashvili and M. Krbec, Weighted Inequalities in Lorentz and Orlicz Spaces,

World Sci., River Edge, NJ, 1991.
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