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Abstract

This article unifies the theory for Hardy spaces built on Banach lattices on R™ satisfying certain
weak conditions on indicator functions of balls. The authors introduce a new family of func-
tion spaces, named the ball quasi-Banach function spaces, to define Hardy type spaces. The
ones in this article extend classical Hardy spaces and include various known function spaces,
for example, Hardy—Lorentz spaces, Hardy—Herz spaces, Hardy—Orlicz spaces, Hardy—Morrey
spaces, Musielak—Orlicz—Hardy spaces, variable Hardy spaces and variable Hardy—Morrey spaces.
Among them, Hardy-Herz spaces are shown to naturally arise in the context of any function
spaces above. The example of Hardy—Morrey spaces shows that the absolute continuity of the
quasi-norm is not necessary, which is used to guarantee the density of the set of functions having
compact supports in Hardy spaces for ball quasi-Banach function spaces, but the decomposition
result on these Hardy-type spaces never requires this absolute continuity of the quasi-norm.
Moreover, via assuming that the powered Hardy—Littlewood maximal operator satisfies certain
Fefferman—Stein vector-valued maximal inequality as well as it is bounded on the associate space,
the atomic characterizations of Hardy type spaces are obtained. Although the results are based
on the rather abstract theory of function spaces, they improve and extend the results for Orlicz
spaces and Musielak—Orlicz spaces. Moreover, local Hardy type spaces and Hardy type spaces
associated with operators in this setting are also studied.
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1. Introduction

One of the techniques in harmonic analysis is to replace the function with the grand
maximal function. We apply this approach to investigate the properties of many function
spaces. Among them, we show that the Herz space Kp_,,?/p(R”), defined by below,
plays a crucial role. We unify the results on Hardy spaces built on general function spaces
by proposing the notion of ball quasi-Banach spaces in Definition Our main contri-
bution in this article is to establish the theory without assuming the absolute continuity
of the quasi-norm (see Definition [2.5).

Recall that Stein and Weiss [122] as well as Fefferman and Stein [36] introduced
classical Hardy spaces. The family of classical Hardy spaces naturally generalizes and
substitutes the one of Lebesgue spaces. Moreover, the works in [36, 122] also inspire
many new ideas for the theory of function spaces. The characterizations of classical Hardy
spaces show the connections among some important notions in harmonic analysis, such as
harmonic functions, the Hardy-Littlewood maximal function (see (2.5)) and the square
function (see Definition . One of the prominent examples is the boundary value of
various harmonic functions.

As we have mentioned, Fefferman and Stein introduced an important notion on Hardy
spaces, the grand maximal function (see (2.13))), which plays a key role in [36]. It is worth
noticing that it is one of the convenient ways to handle operators acting on function spaces
appearing in partial differential equations or potential analysis, whenever these function
spaces possess the grand maximal function characterization. Morrey spaces [65], Orlicz
spaces [102] and Lorentz spaces are examples of such spaces. Most recently, Herz spaces,
variable Lebesgue spaces [28, [[01] and Musielak—Orlicz spaces are some other important
examples (see Section [7)).

There are several extensions of classical Hardy spaces to those spaces built on general
Banach lattices via various maximal functions. A series of studies on Hardy type spaces
motivates us to establish a unified theory for Hardy spaces built on general function
spaces. Orlicz spaces, Lorentz spaces and variable Lebesgue spaces are quasi-Banach
function spaces; they are often ingredients of Hardy type spaces. We refer the reader to
[10, Chapter 1] and [26] Section 2.10.3] for more details on quasi-Banach function spaces.
However, Morrey spaces and weighted Lebesgue spaces are not necessarily quasi-Banach
function spaces (see [I17] for Morrey spaces, and Subsection for weighted Lebesgue
spaces). Therefore, the notion of quasi-Banach function spaces is restrictive. We aim to
extend it further so that Morrey spaces are included in this generalized framework. This
new notion is a little more restrictive than the one of Banach lattices.

5]



6 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

We find that the difficulty lies in the role of Lebesgue measurable sets appearing in the
definition of quasi-Banach function spaces. Roughly speaking, in the example of Morrey
spaces, the characteristic function of Lebesgue measurable sets is not necessarily in the
associate space (Ko6the dual) of Morrey spaces. Therefore, to overcome this difficulty,
we introduce a new family of function spaces, the ball quasi-Banach function spaces.
Their definition is similar to that of quasi-Banach function spaces. All we have to do is
to replace Lebesgue measurable sets with balls in R™. The precise definition is given in
Definition 2.2

For a ball quasi-Banach function space X, we actually introduce the Hardy space
Hx(R") via the grand maximal functions (see Subsection 2.3)). One of the methods to
define Hx (R™) employed in this article is the maximal operator of Peetre type appearing
in [36, Lemma 1]. A reduction to the classical grand maximal operator given by
is to require the boundedness of the Hardy—Littlewood maximal function or at least its
weak variants. When it comes to local Hardy spaces, we can replace the assumption of
the boundedness of the Hardy—Littlewood maximal function with the weaker one of the
translation operator (see for the details). Whenever the Hardy-Littlewood maximal
function is bounded on the p-convexification of X, then different choices of admissible
functions to define Hx (R™) yield equivalent quasi-norms (see Definition . That is,
several different types of quasi-norms defined in terms of different maximal functions are
equivalent. We give the precise statement of this result in Theorem

Although we introduce the Hardy space Hx(R™) via the grand maximal function,
we also characterize Hx (R™) by using the Lusin-area function (see Theorem for the
details). Indeed, there exist several different approaches to the characterization of general
function spaces in terms of the Lusin-area function (see, for example, [48], 50, [86, [90]).

Furthermore, one of the major breakthroughs in the theory of classical Hardy spaces
is atomic characterization. Coifman and Latter found an atomic characterization of the
classical Hardy space [23] [82]. One of the big advantages of atomic characterizations is
the separation of the quality of functions (atoms) and the quantity of functions (sequence
norms). However, there does not exist a unified theory for this direction of research: the
study of the generalized function space and the grand maximal operator. Another aim of
this article is to unify the existing theories by means of ball quasi-Banach function spaces
so as to include Morrey spaces, which are not necessarily quasi-Banach function spaces.
More precisely, we establish an atomic characterization for the Hardy space Hx (R") in
Theorems and Moreover, we find that these atomic characterizations rely on the
Fefferman—Stein vector-valued maximal inequality and its boundedness on the associate
space of the powered Hardy—Littlewood maximal operator (see and )7 although
we do not have to depend on this inequality to a large extent, as is seen from Lemma
below. We have already demonstrated the relation between atomic decompositions
and the Fefferman—Stein vector-valued maximal inequality in [58| 10T, 102).

In addition, as the example of Hardy—Morrey spaces shows, we still have another diffi-
culty regarding the convergence of the atomic decomposition. It arises from the failure of
the absolute continuity of quasi-norms (see Definition [2.5|or [10, Chapter 1, Definition 3.1]
for the definition of the absolute continuity of quasi-norms). Comparing with [121I], we
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cannot use the same argument as in [121], Section 2.3.2]. We do not impose any assump-
tion on the (quasi-)norm of the ball (quasi-)Banach function spaces in our main results
(see Theorems and . The Herz space K;g/p(R”), with some p, ¢ € (0,1], re-
moves the obstacle arising from the failure of the absolute continuity of quasi-norms,
which is also a ball quasi-Banach function space. It appears naturally from the standing
assumption. With this Herz space, it turns out that there is no need to assume that the
(quasi-)norm is absolutely continuous. It is known that there exist many attempts to
replace the functions in X with their grand maximal functions in many concrete spaces.
In the present article, what is different from the cases of Orlicz-Hardy spaces [102],
variable Hardy spaces [28| [101], 115], Hardy—Morrey spaces [65], [71] and variable Hardy—
Morrey spaces [58] is that we need to extract some concrete and quantitative information
from the vector-valued inequality (see Lemma and for more details).
More precisely, as we have mentioned, our key space is the Herz space K, o /» (R™) with
p,q € (0,1). In a word, we can embed X continuously into K,;Z;/I’(R"), and moreover
Kpq /p (R™) does not contain the constant function 1, which is crucial to the application
of Whitney’s decomposition theorem in the proof of Proposition [£.9]

The layout of the remainder of this article is as follows.

Section [2| contains the definitions of the ball (quasi-)Banach function spaces as well as
of the corresponding Hardy spaces. In Proposition we show that ball Banach spaces
are closed under taking the associate spaces. Moreover, we also formulate an atomic
characterization for the ball (quasi-)Banach function spaces in Theorems and
Section 3| consists of some fundamental properties of the Hardy type space Hx (R™). In
Subsection [3.4] we formulate our results in full generality. The additional assumption
of the absolute continuity of the (quasi-)norms guarantees the density of the set of all
elements which are represented by L>°(R") functions in Hardy type spaces (see Corol-
lary . We postpone the proofs of the results of Sections |2[ and 3| until Section
more precisely, we prove Theorems and and the results of Section [3] together
with some related assertions in Section @l Whenever we are not able to use the absolute
continuity of the quasi-norms of the function spaces, we need to prove some truncation

results (see Lemma and Corollary for the details). In particular, we consider the
Herz space K,,_ :6/([?;;2 ' ](R") in Lemm and use it to obtain the convergence of the
atomic decomposition as we mentioned above.

Based on the model case obtained in Sections [2] through [ we consider some appli-
cations of our results in Sections [§] and [6] More precisely, we deal with the local Hardy
type space hx(R"™) in Section |5, and also show that our techniques are applicable to the
setting of the Hardy type space associated with operators in Section [6]

Moreover, our results complement and reinforce those obtained in [85] [102] 130} [132].
We provide many examples in Section [7} where we discuss the relation between the
existing results and the results obtained in this article. In particular, the results for
Orlicz spaces (see Theorem and Musielak—Orlicz spaces (see Theorem are new.

Furthermore, we make some conventions on notation. Throughout the whole article,
we always denote by C a positive constant which is independent of the main parameters,
but it may vary from line to line. We also use C, g, ) to denote a positive constant
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depending on the indicated parameters 7, 3, . ... The symbol A < B means that A < CB.
If A< Band B S A, then we write A ~ B. When we need to emphasize or keep in mind
that the positive constant C' does depend on the indicated parameters «, 3, v, ... :

e instead of A S B, we write A Sa.54,... B;

e instead of A 2 B, we write A 24 3,... B;
e instead of A ~ B, we write A~y 3, B.

The symbol |s] for s € R denotes the maximal integer not greater than s. For any given
normed spaces A and B with the corresponding norms ||| 4 and ||-|| 5, the symbol A — B
means that if f € A, then f € B and ||f||z < ||f|la. For each cube Q := Q(zqg,lg) C R,
with center zg € R™ and side-length lg € (0,00), and a € (0,00), let a@ = Q(zq, alg).
Denote by Q the set of all cubes having their edges parallel to the coordinate axes. For
any subset F of R, we denote by ET the set R" \ E, and by x g its characteristic function.
We also let N := {1, 2, ...} and Z; := NU{0}. For any 6 := (6y,...,0,) € Z7, let || :=
601+ - -+0,. Furthermore, for any cube Q in R™ and j € Z, let S;(Q) := (2771Q)\ (2/Q)
with j € N and Sp(Q) := 2Q. Finally, for any ¢ € [1, 0], we denote by ¢ its conjugate
exponent, with 1/q +1/¢ = 1.

2. Definitions and preliminaries

In this section, we present some definitions and preliminary facts. As we have mentioned
in Section [I, we encounter certain problems in quasi-Banach spaces. One of them is
that the proof of the boundedness of operators becomes more and more complicated be-
cause we need to handle more and more delicate quasi-Banach function spaces; it seems
that the proof of the boundedness of operators requires a remedy in each case. An-
other problem is that Morrey spaces and some other related spaces are not quasi-Banach
function spaces. These are the motivations for us to study ball quasi-Banach function
spaces.

2.1. Ball quasi-Banach function spaces. In this subsection, we give the definition
of the ball quasi-Banach function space. We use function spaces to describe the quantity
and the quality of functions. Among many function spaces, Banach function spaces are
used to describe the quantity of functions. Let us first recall the definition of Banach
function spaces from [I0, Chapter 1, Definitions 1.1 and 1.3].

Denote by M the set of all measurable functions on R".

DEFINITION 2.1. A Banach space Y C M is called a Banach function space if it satisfies

(i
(ii

(iii

) |IfIly = 0 implies that f = 0 almost everywhere;

) 1g] < |f| almost everywhere implies that ||g]ly < ||f]lv;

) 0 < fin 1 f almost everywhere implies that || f.|ly T ||f]lv;
(iv) xg € Y for any measurable set E C R" with finite measure;



Hardy spaces for ball quasi-Banach function spaces 9

(v) for any measurable set E C R™ with finite measure, there exists a positive constant
C(g), depending on E, such that, for all f €Y,

[E (@) dx < Cim | flly- (2.1)

However, it is worth pointing out that condition is too restrictive. Indeed, the
Morrey space ME(R") (see, for example, [100] or below for its definition) with
1 < ¢ < p < o violates (see, for example, [117]). Thus, although Morrey spaces and
related function spaces are important to describe the quality of functions, they are not
Banach function spaces in general. Moreover, Lebesgue spaces LP(R™) with p € (0,1) are
not Banach spaces.

With this in mind, we propose the following notion of ball quasi-Banach function
spaces. For x € R™ and r € (0,00), let B(z,r) :={y € R": |z —y| < r} and

B:={B(z,r): x € R" and r € (0,00)}. (2.2)
We now extend the notion of Banach function spaces as follows.

DEFINITION 2.2. A quasi-Banach space X C M is called a ball quasi-Banach function
space if it satisfies

(1) |Ifllx = 0 implies that f = 0 almost everywhere;

(ii) |g| < |f| almost everywhere implies that ||g||x < || f]lx;
(iii) 0 < fi, 1 f almost everywhere implies that || fn|lx T ||f]lx;
(iv) B € B implies that xp € X, where B is as in .

Moreover, a ball quasi-Banach function space X is called a ball Banach function space
if the norm of X satisfies the triangle inequality: for all f,g € X

1+ gllx < [fllx +llgllx

and, for any B € B, there exists a positive constant C'p), depending on B, such that, for
all fe X,

/B (@)l de < Com £l x. (2.3)

Obviously, every Banach function space is a ball Banach function space. On the other
hand, the family of ball Banach function spaces includes Morrey type spaces, which are
not necessarily Banach function spaces (see [I17] for the details).

For any ball Banach function space X, the associate space (Kothe dual) X' is defined
by

X' = {f e M ||flx = sup{llfglloan) : g € X, llglx =1} < o0}

(see [10, Chapter 1, Section 2] for the details). For any ball Banach function space X, we
prove that X’ is also a ball Banach function space:

PROPOSITION 2.3. Let X be a ball Banach function space. Then its associate X' is also
a ball Banach function space.

Proof. We need to show (i) through (iv) of Definition and (2.3) with X replaced
by X’. We concentrate on (iii) since the other assertions are easily proved.
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Indeed, by Lebesgue’s differentiation theorem and , we conclude that (i) of Defi-
nition With X replaced by X’ holds true. From Deﬁnition and the definition of X',
it follows that (ii) of Definition with X replaced by X’ holds true. By again, we
obtain (iv) of Definition [2.2] with X replaced by X’. Moreover, from the fact that xp € X
for all B € B and the definition of X’, we deduce that with X replaced by X’ holds
true.

Finally, we prove (iii) of Definition with X replaced by X'. Let {f,}neny C X',
let f € X’ satisfy 0 < f,, T f almost everywhere, and let A € (0, || f||x/). Then, by the
definition of || f||x, there exists a real-valued function g € X with ||g||x = 1 such that

A< [ fa)gle)ds < / F(@)lg()| da,
R® R

which, combined with the monotone convergence theorem, implies that there exists N € N
such that

fn(@)lg(x)] da.
R™

Thus, ||fn]|xs > A, which together with the arbitrariness of A € (0, ||f||x/) implies (iii)
of Definition with X replaced by X’. This finishes the proof of Proposition "

The notion of ball quasi-Banach spaces extends the one of quasi-Banach spaces, which
we recall now.

DEFINITION 2.4. A ball quasi-Banach function space Y C M is called a quasi-Banach
function space if, for all measurable sets £ C R™ with finite measure, yg € Y.

A typical example of all of these notions is, needless to say, the Lebesgue space L?(R™)
with p € (0, o0].
We summarize the above notions in the table:

Triangle inequality Quasi-triangle inequality
2 1] Banach function space quasi-Banach function space
2.3) ball Banach function space ball quasi-Banach function space

As an analogy of the absolute continuity of the quasi-norm of quasi-Banach spaces,
we introduce the following notion.

DEFINITION 2.5. A ball quasi-Banach function space X is said to have an absolutely
continuous quasi-norm if |xg;||x | 0 whenever {£;}52, is a sequence of measurable sets
that satisfies Ej; D Ej;1 for all j € Nand (;2, E; = 0.

For example, the Lebesgue space LP(R™) with p € (0, 00) has an absolutely continuous
quasi-norm. On the other hand, the space L>(R") and the Morrey space M?(R™) with
1 < ¢ < p < oo do not have an absolutely continuous norm.

Now we recall the notions of convexity and concavity of ball quasi-Banach spaces.

DEFINITION 2.6 ([106 Chapter 2], [91) Definition 1.d.3]). Let X be a ball quasi-Banach
function space and p € (0, 00).

(i) The p-convezification XP of X is defined by setting X? := {f € M : |f|P € X}
equipped with the quasi-norm || f||x» = || |f|P|| ¥
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(ii) The space X is said to be p-convez if there exists a positive constant C' such that,
for any {f;}jen C X'/7,

o o0
(DI E=eh Sy V1 e
j=1 j=1

In particular, when C' =1, X is said to be strictly p-converz.
(iii) The space X is said to be p-concave if there exists a positive constant C' such that,
for any {f;}jen C X1/,

oo

Sl < S5,
j=1

j=1
In particular, when C' =1, X is said to be strictly p-concave.
For example, it is easy to see that, for any p € [1,00), (L}(R"))? = LP(R") with

equivalent norms; here and hereafter, for any p € (0,00), LP(R™) denotes the space of all
measurable functions f on R™ such that

I lzmeny = | [

2.2. Convolution estimates. In what follows, for any L € Z, Py, denotes the set of
all polynomials on R™ of degree no more than L; for any a € L*(R") satisfying

[l o)l do < o,
R

1/p
f(x))P dm} < 0.

we write a L Py, if
/ a(x)x®dr =0

for all & € Z7 with |a| < L; the symbol C*(R") denotes the set of all functions on R™
which have continuous derivatives up to order L. The next lemma is our starting point
here; its proof can be found in [43] p. 466].

LEMMA 2.7. Lety,z € R", v,u € Z withv > u, M € (0,00), LENand N e (M + L+
n,00). Suppose that ¢ is a CL(R™)-function such that, for all z € R",
ou(n+L)
(1 + 20|z —yM’
where VY denotes the gradient operator of order L, namely, V¥ := V(VE~1) and V°

denotes the identity operator. Assume, in addition, that v is a measurable function such
that ¥ L Pr_1 and, for all x € R™,

[VEp(z)| <

2VTL
(1+27|x —2|)N”
Then there exists a positive constant C, independent of y, z, ¢ and v, such that

| @t iz

()] <

gun—(v—n)L

<C :
T2y =M
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Denote by S(R™) the space of all Schwartz functions and by S'(R™) its dual space
(namely, the space of all tempered distributions). Let F and F~! be the Fourier transform
and its inverse, respectively: for any f € S(R™) and £ € R,

Ff(&) = (2m)~"/2 -~ f(@)e™ ™S de and FLf(€) = (2m) /2 5 F(a)e™€ d.

By [125], (2.66)] and the argument in [I125] proof of Theorem 2.8], we have the following
estimate, the details being omitted here. In what follows, let 0, denote the origin of R™.

LEMMA 2.8. Let ® € S(R") satisfy

Fo(0,) #0 (2.4)
and f € §'(R™). Then, for allt € [1,2], 0 <b< N, r € (0,00) and z € R",

sup [Py * f(y A < ZQk - Nr)/ | Doy *f(y)b|r dy.
yeRn(lJrlw—yl r zn (L4 [z —y[)r

where, for all t € (0,00) and y € R™, Oy(y) :=t " P(y/t), and the positive constant C' is

independent of ®, f, x and t, but depends on r.

Denote by Li (R™) the set of all locally integrable functions on R™. Recall that the
Hardy- thtlewood mazimal operator M is defined by setting, for all f € L] (R™) and
x e R™

1
Mf(z):= sup 1f(y)| dy. (2.5)
r€(0,00) |B(1’,7”)| B(z,r)

We now present a statement on atomic decompositions for ball Banach function

spaces, whose proof is given in Subsection [£.1]

THEOREM 2.9 (Reconstruction). Let r € (1,00] and X be a ball Banach function space
such that the M in (2.8)) is bounded on (X')'/"". Assume that {Q; 721 C Q9 {a;}52, C
LT(R™) and {\;}32, C [0,00) are such that, for any j € N,

: ;M
= lxellx

laj]lLr@ny < , supp(a;) C Qj, ——XQ,|| <o (2.6)

HX X

Then f = Z] 1 Aja; converges in S’ (R™) and has the property that there exists a positive
constant C, independent of f and dependmg on X and r, such that

[fllx < (2.7)

To - 1. XQj

||X X

For any # € (0, 00), the powered HardyLittlewood mazimal operator M) is defined
by setting, for all f € L] (R™) and x € R,

MO (f)(x) = {M(f°) ()}

In order to obtain a variant of Theorem [2.9] on any given ball quasi-Banach function
space X, we need the following additional assumption: For some 6, s € (0, 1], there exists
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a positive constant C' such that, for any {f;}52; C M,

H{ o) <l ilfjs}l/sHX. 28)

We point out that it is crucial to use to establish an atomic characterization of the
Hardy spaces studied in this article. The inequality is called the Fefferman—Stein
vector-valued maximal inequality, and its version with X := LP(R") for p € (1,00),
0 =1 and s € (1, 00| was originally established by Fefferman and Stein [37, Theorem 1].
Observe that, by [37, Theorem 1], we know that also holds true when 6,s € (0, 1],
0 <s, X :=LP(R") and p € (6, 00).

Using Theorem we obtain its variant on strictly s-convex ball quasi-Banach func-
tion spaces as follows.

THEOREM 2.10 (Reconstruction). Let s € (0,1] and ¢ € (1,00]. Assume that X is a

strictly s-convex ball quasi-Banach function space satisfying (2.8) for some 6 € (0,1] and
that, for all f € (X'/5Y,

M) x17y < CllF N xa7ey (2.9)

where C' is a positive constant independent of f. Let {Q;}52; C Q, {a;}32; C LI(R")
and {\;}32, C [0,00) be such that, for any j € N,

: QM
= xellx

H{ (nmnx)Sm}US

Then f = Z]Oil Aja; converges in S'(R™) and has the property that there exists a positive
constant C, independent of f, such that

)\ s 1/s
e <o (o) o )
I71x o, lx ) <@

Theorem follows directly from Theorem [2.9] together with

HZM%‘H <H{ vt}

Moreover, we can also consider the case when a; is not compactly supported. In this case,
we can extend Theorem 2.1(0] as follows.

llajllLarny < , supp(a;) C Q;
and

< 00.

X

X

X.

THEOREM 2.11 (Reconstruction). Let T € (0,00), 6 € (0,1] and q € (1,00] be such that
T>n(1/0 —1/q). (2.10)

Assume that X is a strictly s-convez ball quasi-Banach function space satisfying (2.8)) for
some s € (0,1] and ( . Let {Q;}32, C Q, {m;}32, C LYR™) and {\;}32, C [0,00) be
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such that, for any j € N and k € Z,

o Q1M
X5k (@)™l Lagrny < 277"
k(Q5)"Y5 (R™) ||XQJ-HX
and
s 1/s
{2 (o) e},

Then [ := Zjoi1 Ajm; converges in S'(R™) and has the property that there exists a
positive constant C, independent of f, such that

)\J )s }1/5
Ml = H{ () @

The proof of Theorem is also given in Subsection

X

2.3. Grand maximal operators. In this subsection, we recall the definitions of various
maximal functions. To formulate our results, we first recall the following fundamental
notion.

Topologize the space S(R™) by norms {pn} nven given by setting, for any N € N and
p € S(R™),

pn(e) = D sup (1+[a))V]0%p(@)]. (2.11)
ani, la|<N zER™

Then, for any N € N, define Fy := {p € S(R") : py(p) < 1}. We also endow S’(R™)
with the weak-* topology.

DEFINITION 2.12. Let f € S'(R"), N € N, a,b € (0,00), ® € S(R") and R}™' =
R" x (0, 00).
(i) The radial mazimal function M(f, ®) is defined by setting, for all € R",

M(f,®)(x) := sup [(®;*[f)(x)]. (2.12)

t€(0,00)

(ii) The grand mazimal function My (f) is defined by setting, for all z € R™,
My (f)(x) = sup{[t 7"t~ ) * f(y)] : t € (0,00), |z —y| <t, € Fn}.  (2.13)

(iii) The non-tangential mazimal function MY (f, ®), with aperture a € (0, 00), is defined
by setting, for all z € R™,

M(FO)@) = s {  swp |0 ()]}

te(0,00) ~ yeER™, |y—z|<at

(iv) The mazimal function M;*(f, ®) of Peetre type is defined by setting, for all z € R,

- _ (@ % f)(x — y)|
My (f, ®)(x) := (y,slelﬂgiﬂ = (2.14)
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(v) The grand mazimal function My*n(f) of Peetre type is defined by setting, for all
r € R",

My N () (@) = sup

YEFN

sup -
(y,)ERTH! L+t y[)?

{ CARTEI

The following lemma is the key to the definition of Hardy type spaces in this article.

LEMMA 2.13. Let N be a large positive integer, b € [n + 1,00), and ® € S(R™) sat-
isfy (2.4). Then there exists a positive constant C such that, for all f € S'(R™) and
r € R™,

My () (2) < CMy™(f, ®)(). (2.15)

Proof. Denote by ¢ the Dirac delta function at zero. Let L := [2b + 1]. Following the
argument in [I11l Theorem 1.6], we see that there exist O, p € S(R™) such that

§=0x0+ ) [2"p2" )]« [2D(2") — 207271 )] (2.16)
=1
and p L Pr.
Fix ¢t € (0,00) and k € S(R™) such that py(x) < 1. Then, by (2.16)), we find that, for
all z,y € R™,

Kex f(x —y) = ke x O x Oy x fx —y)

+ ) ke poeig # [Domrp — Doy * flw — ). (2.17)
1=1
Since N is a large positive integer and p L Pr, it follows from Lemma that, for all
xz eR”?,
1

< -
‘/ﬁ* @(1')‘ ~ (1 i |l‘|)b+n+1

and
2—lL

in l
|k [27p(2°))(2)] S W7
which, combined with b > n + 1, implies that

|kt * pa—iy ¥ [Poty — Poriry] ¥ fw — y)|
L+t y))?
< 2—lL/ [ o1y # f(@ =y —2)| + [Po-riry x f( —y — 2)| d
~ (1 + =y o1+ 1 2ot
< 9—UL—2b) / |Po—iy x f(z —y — 2)[ + [Po—rr1y x fz —y — 2)|
~ ro 0014207 y[)P (L 2071 [2])P (1 + etz
< 9—l(L—2b) / |Py—iy x fz —y — 2)| + [Po-vr1y x flz —y — 2)| dz
~ n tr(1+ 21y + 2))° (1 + e 2] Ht
<o-lL-2b) |y x f(z —w) 1
~ o<v<t,wern (1 +v 7 Hw|)b Jpu t7(1 + 1 z[)nH!

dz.
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From this, we conclude that, for all z,y € R",

|ke * po—iy * [Po—1y — Po—ri1y] * f(z — y)|
(L+t=tyl)b

<ot g |PerflEowl] g g
~ o<v<t,wern (1 4+v7tHwl|)®
Furthermore, similarly to (2.18)), we know that, for all z,y € R™,
|kt * O Dy x f(x —y)| 4 |D, * [z — w)|
(L+tty|)b ~ o<v<t,wern (14 v Hwl|)b
Therefore, it follows from (2.17)—(2.19)), the definition of M;*(f, ®) and L > 2b that, for
any x, y € R",

(2.19)

m ST N 0)e) ~ M (8

which, together with the arbitrariness of k € Fnx and x € R™, implies that (2.15]) holds
true. This finishes the proof of Lemma [2.13] =

2.4. Maximal estimates. In this subsection, we discuss what our standing assumption
implies. Let w be a weight, that is, w is a measurable function on R™ such that
0 < w < oo almost everywhere. The weighted Lebesgue space LI (R™) with ¢ € (0,00) is
defined by setting

1/q
@)= {f e Mi g = | [ @Pu@as] <o} 220
Moreover, for p,q € (0,00) and a € R, the Herz space K, (R") is defined by setting

Ka (RY) = {f € M [[fllxg ) < 0},

where

o0

. 1/q
151 a1 = I, vy + { D12 s o, an Flreml?} - @220)

j=1
For the spaces K ,(R") and X, we have the following significant conclusion.

LEMMA 2.14. Let X be a ball quasi-Banach function space satisfying (2.8]) for some
0,s € (0,1] with 8 < s. Then there exist positive constants C and £(X), depending on X,
such that, for all f € X,

—n/[0+e < . 2.22
1 lezgscon gy < Cllfllx (222)

Proof. As was proved in [83, p. 366], (2.8) implies that there exists a positive con-
stant €(X), depending on X, such that, for any {f;}32, C X,

[z} s |[{ S (22

1/s
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Moreover, by the definition of the powered Hardy—Littlewood maximal operator, we con-
clude that, for all z € R™,

o 1/s
4 s
{Z 1[M =09 (s, (0, @I} 2 e, ey rrio4e001 @n) X@,.1) (%)
=

Likewise, we also know that, for all z € R",
M(9+E(X))(XQ(6M2)JC) (x) 2 HfXQ(de) HK;:E/([}G(?S(X)](Rn)XQ(ﬁn,U (x)

Thus, we conclude that, for all z € R",

||f||Kg+7;/(§;r’fs(X>l(Rn)XQ(ﬁn,l)(m)

oo 1/s
<MD (g, 0 £)(@) +{ UMD (g o, NI}

Jj=1

Since X is a ball quasi-Banach function space, it follows that XQ(@,.1) € X and

|| f” Ke_ilg/([;‘;'fs(x)] (Rn)

> 1/s
SIMOHN (o5 0 Dllx + | { MOV (g 06,117}

j=1
which, together with (2.23]), implies (2.22)). This finishes the proof of Lemma "

When the Hardy—-Littlewood maximal operator is bounded on X, we have the fol-
lowing estimates which are used when we relate the space X to the Hardy type space
Hx (R™).

)
X

LEMMA 2.15. Assume that X is a ball quasi-Banach function space on which the Hardy—
Littlewood maximal operator M is bounded.

(i) There exists a positive constant C' such that, for all R € (1,00) and f € X,
o
Q(0n, B)| Jo(@..m)

(i1) There exist a constant n € (1,00), depending on X, as well as a positive constant C,
depending on X and n, such that, for all f € X,

IMD(F)llx < ClIflx- (2.25)

(iil) Let n be as in (2.25). Then there exist a large positive constant N and a positive
constant C' such that, for all f € X,

I fllzncasrp-~) < Cllfllx-

Proof. We first prove (i). By the definition of M, we find that, for any R € (1, 00),

1
- - dy< inf Mf(z),
Q0. R) Q(amR)lf(y)l ys f(2)

lf(W)ldy < Cllfllx. (2.24)
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which, combined with the assumption that M is bounded on X, implies . The
conclusion of (ii) is well known (see, for example, [84]). The proof of (iii) is similar to
that of Lemma the details being omitted here. This finishes the proof of Lemma
.

In connection with Lemma we have the following important estimate.

LEMMA 2.16. Let p, s € (0,00). Then there exists a positive constant C, depending on p
and s, such that, for all L € N,
C'VL < X021} /oy < CV/L. (2.26)

Proof. The proof is a direct calculation, the details being omitted here. m

2.5. Boyd indices and the Hardy—Littlewood maximal function. In this subsec-
tion, we first extend the notion of Boyd indices to ball Banach function spaces. We then
apply them to establish the Fefferman—Stein vector-valued inequalities and a decomposi-
tion theorem on ball Banach function spaces.

DEFINITION 2.17. Let Y be a ball Banach function space. Denote by M the Hardy-
Littlewood maximal function in , and by Y’ the associate space of Y. The lower
generalized Boyd index ly and the upper generalized Boyd index uy of Y are, respectively,
defined by
ly :==sup({l € (1,00) : M is bounded on Y'/'} U {1}) (2.27)
and
uy = inf({u € (1,00) : M is bounded on (Y')!~%/} U {c0}). (2.28)

Recall that we have the following Fefferman—Stein vector-valued maximal inequalities
for Y with 1 < ly < uy < oo.

LEMMA 2.18 ([53, Theorem 3.3]). Let p,q € (1,00). Assume thatY is a Banach function
space with 1 < ly < uy < oo. Then there exists a positive constant C' such that, for all

{fj}g(?il c M,
1/ i 1/
H{ Mf] } q’Yp<CH{j§_:l|fj|q} q‘y

We improve this theorem in two different directions: p =1 or Iy = 1.

THEOREM 2.19 (The case p = 1). Let Y be a ball Banach function space. If 1 <
ly <uy < oo and q € (1,00], then there exists a positive constant C such that, for

all {fj}32, C M,

(e[, <el{ i},

THEOREM 2.20 (The case ly =1). LetY be a ball Banach function space. If uy € [1,00),
p € (1,00) and ¢ € (1,00], then there exists a positive constant C such that, for all

{fj}?; C M,
(S}, < l{ S}

1/q
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We prove Theorems [2.19] and [2.20] in Subsection [4

Now we state the followmg decomposition result on the functions in ball quasi-Banach
function spaces, in which we answer the following question: given a function f in X, how
good functions can we use to express f7 In what follows, let # € (0,1] be the constant

from and

dx = |n(1/0 —1)]. (2.29)
THEOREM 2.21 (Decomposition). Let X be a ball quasi-Banach function space satisfying
for some 6,s € (0,1]. Assume that lx € (1,00] and f € X. Then there exists a
triplet {\;}52; C [0,00), {Q;}32, C Q and {a;}52, C L=(R™) such that f = 3777, Aja,
in §'(R"), for any j € N, |a;| < |Ixq,||x'Xq, almost everywhere, a; L Py and

H{ <||><QJ||X)SXQJ}1/SX

where d € N, d > dx with dx as in , and the positive constant C' depends on s, but
is independent of f.

Notice that Theorem dates back to [70], where Janson and Jones proved Theorem
for the Lebesgue space LP(R™) from the viewpoint of martingales. The proof of
Theorem [2.21] is given in Subsection

2.6. Hardy type spaces. With (2.14) in mind, we now introduce the Hardy type space
associated with X, which is denoted by Hx (R™).

DEFINITION 2.22. Let X be a ball quasi-Banach function space. Then the Hardy space
Hx (R™) associated with X is defined as

Hx(R") :={f € S'®R") : |fllzx@n) = My (£, @) x < o0},
where M*(f, ®) is as in (2.14)) with b sufficiently large and ® € S(R™) satisfying

/ ®(x)dx # 0. (2.30)

When X := LP(R") with p € (0,1], the Hardy type space Hx(R™) agrees with the
classical Hardy space HP(R") (see, for example, [121]).
Later we prove that

[ M (f, @)l x ~ My (f, ¥)x (2.31)
as long as b, by are large positive real numbers and ®,¥ € S(R™) satisfy (2.30) (see
Theorem below for the details), where the implicit positive constants are independent

of f.

2.7. Calder6n—Zygmund decompositions. As we have demonstrated in the proof
of the atomic decomposition for classical Hardy spaces, we need to use the Calderén—
Zygmund decomposition to break down functions or distributions into atoms. Even
though the Calderén-Zygmund decomposition is well known, we recall it for completeness
(see, for example, [121] for the details). In what follows, C2°(R™) denotes the set of all
infinite differentiable functions with compact supports.
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LEMMA 2.23. Let f € S'(R™) and d € Zy. For any j € Z, let
0; = {y € R : Mx(f)(y) > 2}, (2.32)
where My (f) is as in Definition with N € N large enough. Then:

(i) For any j € 7Z, there exist a set K; of indices and a family {Q;r}rek, of closed
cubes with disjoint interiors such that

0;=J Q-
kEK;

Moreover, there exists a positive constant D such that, for any j € Z,

XO; < Z XQj k < Z X5Q;,k < DXOj' (233)
keK; keK;
(ii) There exist distributions {g;}jez and {b;};ez such that, for each j € Z, f = g; +b;

in S'(R™).
(i) For any j € Z, the distribution g; is such that, for any x € R,
j pnerd+1
2007

(i + o — 2 ) rart

Mn(g5)(@) S Mn(f)(@)xoe (@) + Y

keEK;

(2.34)

where the implicit positive constant is independent of f and g;. Here and hereafter,
for each j€Z and k€ K;, ;1 and {; ., denote the center and the side-length of Q; i,
respectively. Furthermore, if f € Li (R™), then, for any j € Z, g; € L>(R") and
g5l oo mry S 277 with the implicit positive constant independent of j.

(iv) If f € Hx(R"™), then, for any j € Z, b; = ZkeKj bjr in S'(R™) and, for each
k€ Kj, bjr = (f — ¢ju)njk, where {n;rtrer; 5 a partition of unity with re-

spect to {Qjk}rek,, namely, for each k € Kj, n; € CZ(R™), supp(njx) C Qjk»

0<mjx <1, and
Z Nik = Xo]'a
kGKJ‘

¢k € Pq is a polynomial satisfying, for any g € Pq,
(f —¢jrsanjk) = 0.
Moreover, for any j € Z, k € K; and v € R",

270 A
My (bj)(@) S My (f)(@)xq, . (T) + OTEr - T (2.35)
where the implicit positive constant is independent of f, k and j.
(v) For any s € (0,00) and z € R,
0o 00 s
> o, @) ~ [ D 2o, (@)]
J=—00 Jj=—00
> S
~[ 3 2Yxon0,. )] (2.36)

j=—o00

where the equivalent positive constants are independent of f.
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LEMMA 2.24. Let X be a ball quasi-Banach function space satisfying (2.8]) for some
0,5 € (0,1] and {Qx}rea a family of cubes having the bounded overlapping property.
Assume, in addition, that d € Z, with d > |n(1/6 —1)] and

xo € X, where O :=[Jyc, Q.
Then

[0(Qy)] e+ —
)\EZA [E(Q)\)}n""d“’l + | . _C(Q)\)|n+d+1 € LIOC(R )7

here and hereafter, for each X € A, £(Qy) and ¢(Qy) denote the side-length and the center
of the cube Q», respectively.

Proof. Let K C R" be a compact set of the form K := Q(0,,2R), where R € (0,00).
Define

A i={ e A:1Q) CQ(0,,20R)},

Ap:={Ne A\ A;:2Q\NQ(0,,2R) # 0},

As:={Ae A\ (A1 UAy) : 4(QN) < R},

Ay :={Ae A\ (AL UA) : 4(Qy) > R}
By the definition of As, we know that, for any A € As, Q(ﬁ’n7 2R) C @, which, together

with the bounded overlapping property of {@Qx}xea, implies that As is a finite set. From
this and the definition of Ay, it follows that

[£(Qx)]" !
/]R Z Q)] + |z — e(Qy) ‘n—&-d-&-l Z Q] + Z |Qa|

" XNEALUA AEA; A€Ay

~R'+ ) [Qx] <o (237)
AEA2

Moreover, by the definition of As, for any A € Az and x € Qx, we have |z| ~ |¢(Q2))],
le(@x)| > 8R and £(Qx) < R, which further implies that

/ [g(Q )]n+d+1 N
Q(0,,2R) Q] 1 [z — o(Qy)[rFarT

AEA3
Rd+1 Y n
5/ B, Rntd+1 — rarT
Q(0,,2R) Xch, + |z — (@)

< Z Rn+d+1|QA|

~ Rn+d+1 + ‘C(Q)\)|n+d+1
Rn+d+1

<

~ Z /Q Rn+d+1 + |x‘n+d+1 dx

Rntd+1
S/Ran+dH+|x‘n+d+ldx<oo. (2.38)

Finally, we handle A4. From the definition of A4, we deduce that, for any A € A4 and
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z € Q(0,,2R),
|z — (@A) ~ [e(@A)], (2.39)
which implies that
[ (QI o 3 QIR
Q

@n2R) o5, @] 4 |2 — c(Qy)[HiH le(@x)["+et

AEAy

Furthermore, by (2.39)), we know that, for any x € Q(Gn, 2R),

ntd+1 ntd+1
Liggiﬂ S [%] S [M(x@,) (@) "0 < MO (xq, ) ()],

which, combined with (2.8)), further implies that

2(Qy) r+d+1}1/s B { [K(Q,\) r+d+1}1/s )
{)\§4 [|C(Q>\)| ~ )\;4 EGHI XQ(6,,2R) .
1/s
s Xm0y,
PETV
S| 2 xa |, S lxollx < oo
AEA

From this, (2.37)), (2.38), (2.40) and the arbitrariness of the compact set K C R", it
follows that the conclusion of Lemma [2.24] holds true. m

3. Fundamental properties of Hx(R")

In this section, we present the main results for the Hardy type space Hx (R™). More pre-
cisely, we characterize the space Hx (R™) via various maximal functions, atoms, molecules,
Poisson integrals and Lusin-area functions, while the proofs of these results are postponed
until Section @

3.1. Characterizations by means of various maximal operators. In this sub-
section, we present maximal function characterizations of Hy (R™). More precisely, we
compare the quantities

IM(f,®)llx,  IMG(f,®)llx,  IMNHDllx,  [IMEP)xs M N (X

for any f € S'(R™).
Recall that || f[|z,®n) = [[M;*(f, ®)||x (see Definition [2.22). The main theorem of
this subsection is as follows.

THEOREM 3.1. Let a,b € (0,00), let X be a ball quasi-Banach function space and let
® € S(R") satisfy [z, ®(x)dz # 0.
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(i) Let N > |b+ 2] be an integer. Then, for all f € S'(R™),

IM(f, ®)lx < IMa(f, )lx < I1M7(f, ®)lx, (3.1)
IM(f,®)llx S IMnHDllx < [Mipzy(Hllx S MG, ®)lx, (32)
M= (f, )l x ~ My N (F)llx

where the implicit positive constants are independent of f.

(ii) Let r € (0,00). Assume that b € (n/r,00) and M is bounded on X*/". Then, for all
feS'(R),

M= (f, ®)llx < IM(f, ®)lx, (3-4)

where the implicit positive constant is independent of f. In particular, when N >
|b+ 2], if one of the quantities

IM(f,@)lx, IM(f, @)lx,  [IMn(Hllx, 1M @)lx, [IME N (F)llx

s finite, then the others are also finite and mutually equivalent with the implicit
positive constants independent of f.

The proof of Theorem is given in Subsection [4.2

We learn much more than ([2.31)) from Theorem Denote by et f the heat extension
of f € S'(R™) for t € (0,00), namely, for any ¢ € (0,00) and z € R™,

¢ f() = <f, (47rt1)"/2 exp(_|x4—t-|2>>.

Then, as a corollary of Theorem [3.1] we immediately obtain the following conclusion, the
details being omitted.

COROLLARY 3.2. Let X be a ball quasi-Banach function space such that M is bounded
on X" for somer € (0,00). Then, for any f € Hx(R™),

fll ey @n NH sup etAf H )
I7lzxqany ~ | sup [e211]

where the implicit positive constants are independent of f.

Thanks to Corollary we can define the Hardy type space Hx(R™) to be the set
of all f € §'(R") for which the quasi-norm [[sup;e o, letA f| || x is finite.

3.2. Poisson integral characterization. In this subsection, we give a characterization
of the space Hx (R™) by means of the Poisson integral.

Recall that f € S'(R™) is said to be a bounded tempered distribution if, for any
v € S(R™), ¢ x f € L>®(R™). Moreover, for any bounded tempered distribution f, the
Poisson semigroup of f is defined by setting, for any ¢ € (0, c0),

Bif = VA= FHe UIFS)

(see, for example, [121], p. 89] for the details). Then we have the following characterization
for the space Hyx (R™).
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THEOREM 3.3. Let X be a ball quasi-Banach function space such that M is bounded on
X" for some r € (0,00) and there exists a positive constant C' satisfying

wienngn IXB@lx > C. (3.5)
Assume that f € 8'(R™). Then the following are equivalent:

(i) f € Hx(R");
(ii) f is a bounded distribution and sup;e(o.o0) [Pt * f| € X.

The proof of Theorem [3.3]is given in Subsection

3.3. Relation between X and Hx(R"™). In this subsection, we discuss the relation
between the spaces X and Hyx (R™). More precisely, we have the following assertion.

THEOREM 3.4. Let X be a ball quasi-Banach function space with lx € (1,00]. Then:

(i) X — S'(R™), the space X embeds continuously into S'(R™).
(ii) If f € X, then f € Hx(R™).
(i) If f € Hx(R™), then there exists a locally integrable function g € X such that g
represents f, which means that f = g in S'(R™) and ||gl| g @) = [|f |75 ®n)-

Theorem is a bridge connecting X and Hx (R™), which generalizes the classical
result that HP(R™) = LP(R™) with p € (1,00). The proof of Theorem is given in
Subsection .3

3.4. Atomic characterization. In this subsection, we present an atomic decomposition
of Hx(R™). We first give the notion of atoms.

DEFINITION 3.5. Let X be a ball quasi-Banach function space satisfying (2.8]) and let
q € [1,00]. Assume that d € Z, satisfies d > dx, where dx is as in (2.29)). Then the
function a is called an (X, q, d)-atom if there exists @ € Q such that supp(a) C @,

|QI'

Ixallx (3.6)

llall Lamny <
and a L Py.

We use the LY(R™)-norm in the size condition for atoms. Notice that, for the
classical Hardy spaces, we also have atoms with size conditions defined in terms of Banach
function spaces. The reader is referred to [49, 511, 52, [68] for details.

We now state an atomic characterization for the space Hx (R™): Similar to Theorems
and there are atomic and molecular decompositions for Hx (R™). We first present

a reconstruction theorem.

THEOREM 3.6 (Reconstruction). Lets € (0,1], ¢ € (1,00] and dx be as in (2.29)). Assume
that X is a strictly s-convez ball quasi-Banach function space satisfying (2.8) for some
6 € (0,1] and, for any f € M,

ML ()| ey S Wl (3.7)

where the implicit positive constant is independent of f. Let {aj}jo-‘;l be a sequence of
(X, g, dx)-atoms, supported on the cubes {Q;}52; C Q, and {A\;}52; C [0,00) be such
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H{ > (um] ||X>SXQJ‘ }1/5

Jj=1

that

< 0. (3.8)
X

Then the series

f = i)\jaj (39)
j=1

converges in S’'(R™), f € Hx(R"™) and

)\ s 1/s
e = {33 (Rae) ve

where the implicit positive constant is mdependent of f

The proof of Theorem [3.6] - is given in Subsection [£.3] Theorem [3.6] can be seen as a
counterpart of Theorem [2.9, Now we formulate a decomp051t10n theorem.

)

X

THEOREM 3.7 (Decomp081t10n). Let X be a ball quasi-Banach function space satisfying

(2.8) for some 6,s € (0,1], d > dx be a fixzed integer, where dx is as in (2.29), and
f € Hx(R™). Then there exist a sequence {a;}32; of (X,o0,d)-atoms, supported on the
cubes {Q;}52, C Q, and a sequence {\;}52, C [0,00) such that

f= i Aja; in 8'(R™) (3.10)

Jj=1

H{ (HXQJHX)SXQJ}US

where the implicit positive constant is independent of f, but depends on s.

and

Ss 1l x @y
X

The proof of Theorem [3:7]is given in Subsection Now we consider the molecular
decomposition of Hx (R™). We begin with the notion of molecules.

DEFINITION 3.8. Let X be a ball quasi-Banach function space satisfying for some
0,5 € (0,1], ¢ € [1,00], d € N satisfy d > dx, with dx as in (2.29), and 7 € (0, 00).
A measurable function m on R™ is called an (X, q,d, 7)-molecule centered at a cube
Q € Qif, for any j € Z,
—7J ‘Q|1/q

Ixallx
and m L Pg4. In analogy, one defines an (X, q,d, 7)-molecule centered at a ball B.

Ixs;@mllLa@ny <2

It is easy to see that, for any (X, ¢, d)-atom « with ¢ € [1,00] and d € N, « is also an
(X, q,d, 7)-molecule for any 7 € (0,00). With this in mind, let us formulate a molecular
characterization of the space Hx (R™) as follows.

THEOREM 3.9 (Molecular characterization). Assume that X is a strictly s-convex ball
quasi-Banach function space satisfying for some 0,s € (0,1] and . Let q €
(1,00] and 7 € (0,00) satisfy

T>n(1/6 —1/q).
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Then f € Hx(R™) if and only if there ewist a sequence {m;}32, of (X, q, dx, 7)-
molecules, centered at the cubes {Q;}52, € Q, and {\;}32, C [0,00) satisfying (3.8)
such that

fF=Y_X\m; inS'R").

j=1

i )\j s 1/s
e ~ [{ X (220 ) e}

where the implicit positive constants are independent of f.

Moreover,

b

X

The proof of Theorem is presented in Subsection [f.3] We have some standard
applications to atomic and molecular characterizations of mapping properties of some
singular integral operators. We refer the reader to [102] Section 5] for details.

The above atomic and molecular characterization theorems for Hx (R™) extend and
unify those for classical Hardy spaces [23], [82].

Before we go further, a helpful remark may be in order.

REMARK 3.10. Let s € (0,1] and X be a strictly s-convex ball quasi-Banach function
space satisfying (2.8) for some 6 € (0, 1].

(i) For any cube Q C R™, there exists a dyadic cube Q such that |@| <|Q]and Q C 6Q).
Then, by (2.8), we find that [[xqlx ~ [[xgllx with the equivalent positive constants
independent of @) and Q.

(ii) In Theorem observing that there exists a dyadic cube R; such that R; D @; and
U(R;) ~ £(Q;) as in (i) for each Q; with j € N, with the implicit positive constants
are independent of j, we may assume that, for any j € N, @, is a dyadic cube.

(iii) Denote by D the set of all dyadic cubes in R™. Since s € (0, 1], one can rephrase the
conclusion of Theorem as follows: for any f € Hx(R™), there exist a sequence
{a;}32, of (X, 00,d)-atoms, supported on the dyadic cubes {Q;}52; C D, and a
sequence {\;}52; C [0,00) such that f = Z;‘;l Aja; in 8'(R™) and

> 1/s
X u/ixa 10X, | S 1 e,
j=1

where the implicit positive constant is independent of f, but depends on s.

When X has an absolutely continuous quasi-norm, we find that the atomic decompo-
sitions in (3.9) and (3.10]) converge in Hx (R™) (see Corollary below for the details).

COROLLARY 3.11. Let X be as in Theorem[3.6] Assume further that X has an absolutely
continuous quasi-norm. Then:

(i) Hx(R™) N L>°(R™) is dense in Hx(R™).
(ii) The convergences of (3.9) and (3.10) hold true in Hx(R™).
Corollary [3:11] is proved in Subsection [£:3]
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REMARK 3.12. Let X be as in Corollary-, 3.11} and let f € Hx(R™), {\;}32; and {a;}52

be as in Theorem For any N € N, let fy = Z 1 Ajaj. Then, for any N € N
fn € LA(R"), Wthh together with Corollary |3.11] -(11 1mphes that || f — fn|lax@ny = 0
as N — oo. Thus, L2(R") N Hx (R") is dense in Hx (R™).

3.5. Boyd indices and Hardy spaces. In this subsection, we rephrase our results in
terms of Boyd indices, as a direct consequence of Theorem the details are omitted.

THEOREM 3.13. Let Y be a ball Banach function space satisfying uy € [1,00), let
{Mk}ren C [0,00) and let {Qk}ren C Q be a sequence of cubes. Then, for any q € (uy, 0]
and sequence {bg}ren C LI(R™) such that, for any k € N, supp(by) C Qx and

|Qk| 1a
- HXQkHY

H ZA’““H H 2 ol ||><Qk

where the implicit positive constant is independent of {Ag}tren and {bg}ren-

16k | o ()
we have

)

Y

Iy @

Notice that, in Theorem no moment condition on {by } ke is necessary. Moreover,
we generalize Theorem to the case when X := Y? with p € (0, 1] as follows.

THEOREM 3.14. Let Y be a ball Banach function space satisfying uy € [1,00), and
let s € (0,1], ¢ € (max{l,suy},o0], d € NN (|n/s —n],00) and X := Y?°. Then,
for any sequence {a;}jen of (X,q,d)-atoms, supported on the cubes {Q;}jen C Q, and
{Aj}jen C [0, 00) satisfying

H{ (nmjnx):“?j}l/s

the series f:= Y72 Ajaj converges in S'(R™), f € Hx(R™) and

)\j s 1/s
”f”Hx(R") ~ H{ (||XQ||X> XQJ}
J

where the implicit positive constant is independent of f.

< 00,
X

b

X

THEOREM 3.15. Let X be a ball Banach function space with 1 < lx < ux < oo, and
let f € X and L € N. Then there exists a triplet {\;};en C [0,00), {Q;}jen C Q and
{aj}jen C L=(R™) such that f =372, Nja; in S'(R™) and, for some s € (0,1],

(1) lajl < xq,/lIxq;lx,
(ii) aj 1 Pr,
1

1/s
(i) |[{ 5200/ Ixas Ix)*xe, } || Ss 151,
where the implicit positive constant is independent of f, but depends on s.

The proofs of Theorems and [3.15] are given in Subsection [4-3]
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3.6. Characterizations by means of Lusin-area functions. As Peetre established
in [109], Triebel-Lizorkin spaces cover classical Hardy spaces as a special case. Indeed,
in addition to the study of Hardy spaces built on general function spaces, there are some
general approaches to the study of Triebel-Lizorkin spaces built on general function
spaces (see, for example, [48] [50, 86, 00]). We seek the relation between Hardy spaces
built on general function spaces X and Triebel-Lizorkin spaces built on general function
spaces X.

In this subsection, we characterize the Hardy space Hx(R™) by means of the Lusin-
area function. We begin by introducing the tent space associated with the ball quasi-
Banach function space.

DEFINITION 3.16. For z € R, let I'(z) := {(y,t) € RT™ : |z — y| < ¢}, which is called
the cone of aperture 1 with vertex x € R™.

For a closed set F' C R™, denote by R(F') the union of all cones with vertices in F,

R(F):= | ().
TzEF
For an open set O C R", define the tent O over O by
O = {(x,t) e R™' : B(z,t) C O}.

It is easy to see that O = [R(OF)]C.
Let g : Ri‘“ — C be a measurable function. Then the Lusin-area function of g is
defined by setting, for all x € R™,

Alg) () i= { / oo L }/

where I'(x) for all x € R™ is as in Definition Coifman et al. [24] introduced the tent
space T5 (Ri“) for any p € (0,00). Recall that a measurable function g is said to belong
to the tent space T3 (RTT), with p € (0,00), if HgHsz(RTl) = A9l Lr@ny < 0.

For a given ball quasi-Banach function space X, the X-tent space Tx (R’™) is de-
fined to be the set of all measurable functions g : RT” — C for which the quasi-norm
19l ey = [1A(g)[|x is finite.

DEFINITION 3.17. Let p € (1,00). A measurable function a : Riﬂ — C is said to be a
(Tx, p)-atom if there exists a ball B C R™ such that

(i) supp(a) C B,
(i) flallgpgn+ry < 1BI?/||xBllx.

Furthermore, if a is a (Tx, p)-atom for all p € (1,00), then a is called a (T’x, 00)-atom.

By the definition of (Tx, p)-atoms, the following conclusion holds true, the details
being omitted.

LEMMA 3.18. Let p € (1,00). Then, for any (Tx, p)-atom a supported on E, A(a) is
supported on B and || A(a)||Lr@ny < |B|1/”||XB||)_(1.
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We write ,
[e%s) s 1/s
v = [{E ) o)
7€ ; ||XB HX X
or
o /\j s 1/s
A({Aja5}jen) = Z m XQ; )
j=1 j D'e

where {)\;}52; C [0,00) is a sequence, {c;}72; a sequence of atoms (resp. molecules)
supported on (resp. centered at) balls {B;}32, or cubes {Q;}32,, and s € (0,1]. The
main result on Tx (R}™) is as follows.

THEOREM 3.19. Let f : Ri"’l — C be a measurable function. Assume that X satisfies
for some 8, s € (0,1], with 6 < s, and for some q € (1,00). Then f € TX(]RT'I)
if and only if there exist a sequence {\;}52; C [0,00) and a sequence {a;}52, of (T'x, o0)-
atoms such that, for almost every (z,t) € RT‘l,

)= Naj(z,t), [fl@.)] =3 Nlaj(a, )] (3.11)
j=1 J=1

and
A({Aj;}jen) < oo, (3.12)
where, for each j € N, B; appears in the support of a;j. Moreover,
||fHTX(R1+1) ~s A{Ajo}jen),
where the implicit positive constants are independent of f, but depend on s.

To relate Hardy spaces built on ball quasi-Banach function spaces to the square func-
tions, we recall a notion of distributions vanishing weakly at infinity. For any ¢ € (0, 00),
feS'(R") and ¥ € S(R™), let

Y(D)(f) = F [t ) Ff]. (3.13)

Recall that a distribution f € S'(R"™) is said to vanish weakly at infinity if lim, o ¢ (tD) f=0
in §'(R™) for all ¢ € S(R™).

—

ExXAMPLE 3.20. Let p € (1,00). Then, for any f € LP(R™), f vanishes weakly at infinity.
Indeed, let ¢ € S(R™) be such that XB(G, A\B@Gn,2) S P < XB(,.8)\B(@.,1)- BY the well-
known g-function characterization of LP(R™) (see, for example, [44]), we know that, for
all f € LP(R™),

Lr (Rn) ’

Pl | § _fj e D)(pI} |

which, combined with the well-known fact that, for any ¢ € S(R"™),
> iy %
{ X lwepyee/pyne} |

Jj=—00

as t | 0, implies that f vanishes weakly at infinity.

Lr(R™)
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THEOREM 3.21 (Lusin-area function characterization). Assume that X is a ball quasi-
Banach function space satisfying (2.8)) for some 6,s € (0,1] with 0 < s, and (2.9) for
some q € (1,00). Let f € S'(R™) and ¢ € S(R™) be such that

XB(G,,40\B(0n.,2) = P = XB(G, 8)\B(@n,1)"
Then f € Hx(R™) if and only if f vanishes weakly at infinity and

H{/F(-> (e(tD) (1) ) ] }1/2

where T'(+) is as in Definition [3.16| Moreover,

{/F(.) lo(tD)(f)(y)|? ;igit}lm

where the implicit positive constants are independent of f.

The proofs of Theorems and are presented in Subsection [£.4]

< o0,
X

’
X

1 ey ~ ‘

4. Proofs of main results

In this section, we give the proofs of the main results stated in Sections[2and 3] The proofs
of the equivalent characterizations of Hx(R™) via various maximal functions, atoms,
molecules and Lusin-area functions are presented in Subsections through [£.4] To
be precise, in Subsection we prove Theorems [2.19] [2.20], [.11] and in Sub-
section the proofs of Theorems and are given; in Subsection we show
Theorems [3.6] -, [3:9 and [3:13] and Corollary finally, in Subsection [£:4] the proofs
of Theorems [3.19] and [3:21] are presented.

4.1. The maximal estimates. We begin with the proof of Theorem [2.19]

Proof of Theorem . Going through the same argument as in [27, proof of Theo-
rem 4.10], we prove Theorem m For completeness, we supply the details.

Recall that a function w on R™ is called an A; (R™)-weight if there exists a positive
constant C such that Mw(z) < Cw(z) for almost every x € R™. Moreover, a non-negative
function w on R™ is called an Ay (R"™)-weight if

Ly g o o) <

where the supremum is taken over all cubes @ C R™. Tt is well known that w € A3 (R™)
if and only if w = wiw, ' for some wy,wy € A;(R™) (see, for example, [78, Theorem,
p.511]).

Thanks to Definition iii), to prove Theorem it suffices to show that there
exists a positive constant C' such that, for any N € N,

H{ o}, <0H{Zlfjl"} "

(4.1)
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where M denotes the Hardy—Littlewood maximal function in (2.5)). For any N € N, let

_qul/q Q3~—NM-q1/q h'_l 16
3—{;%'} e (M s S

Jj=

Assume that g € Y’ is a non—negative function. Define

G Z H__i M'h
2] \MIIY/ 2(IM[lyr—y)V L= 2(IMlysy)Y

where, for any [ € N, Ml := M(M'~') and M° denotes the operator given by M°h(z) :=
|h(z)| for all h € L} (R") and z € R". Here and hereafter, ||M||y/ -y, and |M|y_y
denote the operator norms of M from Y’ to Y’, respectively, from Y to Y. Then

g<G, h<H, GeA[R"), HeAR" (4.2)

(see, for example, [27, Chapter 4]). By (4.2), Holder’s inequality and the weighted norm
inequality for As(R™)-weights (see, for example, [2]), we conclude that

16921 (rn) < |G L1 (rn)

1/2
<{ [ @PH@ G G,

—Y/

loc

1/2

Sty ity { [ B@PHEIGa) o) IO

which, combined with the facts that ||G|ly: < 2||g|lys and ||H||y < 2||hlly < 2, further
implies that

169122 @) Shartyoay dnrly s IFH Il (4.3)
Moreover, from the definition of & and (4.2), it follows that § < [|§||yh < |||ly H, which
implies that §2H ' < [|§]|y§. From this and (£.3), we find that

189l L1 @) Sintlly v iinllyr v I8l gy,
which implies (4.1)). This finishes the proof of Theorem "

Proof of Theorem |2.2( The proof is similar to that of [27] Theorem 4.6]. For complete-
ness, we give it here. Similarly to the proof of Theorem [2.19] it suffices to show that there
exists a positive constant C' such that, for any N € N,

H{ 00y N <0H{Z|fj|‘J}p/qH (4.4)

where M denotes the Hardnylttlewood maximal function in .
Let N € N, let g € Y’ be non-negative and set

N p/q
L= [ g@{ s} .
j=1
For any x € R", define
o~ Myg(x)
G =2 gy
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Then g < G and G € A;(R"™), which further implies that
N r/q
1< / Ga){ D IMf@) ) de.
n =
From this, G € A;(R") and the weighted Fefferman—Stein vector-valued maximal in-
equality (see, for example, [2]), we conclude that

1< /R G(x){ﬁ:lﬁj(mﬂq}p/q da. (4.5)

By the definition of G, we find that |G|y < 2||g||y+, which, together with (4.5]), implies

that
N r/q
e {2 1| gl
j=1

From this, we know that (4.4)) holds true. This finishes the proof of Theorem n

Proof of Theorem[2.9. We argue by duality. Let the notation be as in Theorem With-
out loss of generality, we may assume that, for all j € N, a; is non-negative; otherwise,

we consider a := max{a;,0}, respectively, a; := max{—a;,0}. For any N € N, let

j
N = Z;V:1 Aja;. Assume that g € X’ is non-negative and ||g||x» = 1. Then, by Holder’s
inequality,

N

1wl geny = }:A/(% g@)de < 3 Mlaslor@n ol oy (46)

7j=1

Moreover, from the definition of M ' ), it follows that, for any j € N and z € Qj,

’ 1
M(T) g)x Z T~ 719 ! )

which, combined with (4.6)) and ( g further implies that

s
wmmw<2/ i o, () dz

HXQJHX

N
- A
= [ MgXx>{§:?XQxx>}dx. (4.7
Furthermore, by the assumption that M is bounded on (X’)Y/ " we know that M) is
bounded on X', which, together with and HgHX/ =1, implies that
1 glleseny < 1M (9)]x

XQJ XQJ

From this and the arbitrariness of N € N and g, together Wlth Definition iii), it
follows that

I£llx = Jim vl S ) H}j
N—oc ||XQJ
which implies (2.7)).

XQ;

b

X

]

lx ||X

X
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Finally, we prove that f =372, A\ja; converges in 8'(R"). Let ¢ € S(R™). Then, by
the deﬁnition of the operator M), we find that M /)(XQ(on ) 2 |#|, which, combined
with (| and XQ(@,.1) € X/, further implies that, for any NV 6 N,

s
: XQ;

I Nl ey S 1M© )(XQ(6 Tx

1))HX'

ny

X

Z HXQJ

From this, the monotone convergence theorem and the arb1trar1ness of ¢ € S(R™), we
deduce that

< o0.
X

< o, 1 llx o,

——Xq,
|| ! (B

f= ZAjaj in S'(R™). (4.8)

This finishes the proof of Theorem [2.9] w
Proof of Theorem|[2.11] Let the notation be as in Theorem [2.11] First, by Theorem [2.10

IS ansoml,
j=1
To finish the proof, it remains to show that

H ZZAJXSk(QJ)mJH S A{Najbjen). (4.9)

j=1k=1

S A{Ajaj}jen).

For any j,k € N, let ;1 := )\j2_(7+”/Q)k||X2k+1Qj IxIIxo, I and
aj =20 O¥ g lxlIxarq, I X, m;
Then 1 kajk = AjX S, (Q;)M> supp(a; k) C 2871Q;, and by the assumption that

Tk _
HXsk(Qj)ijLq(Rn) <277 ‘Qj|1/q||XQj||Xla
we further know that ||a; | Lerny < [2872Q; ||| xor+10. || %t Thus, applying Theorem
7, (R™) J Q;llx

to Z;’il > b Kk, we conclude that
(t4+n/q) ky 1/s
H z puer N S5 (i) e, )

(4.10)
222\ xa, Ix

X

Furthermore, it is easy to see that, for any j € N, xort1g, < 2’“”/0M(9)(XQ].), which,

together with (2.8]), (2.10) and (4.10)), further implies that
x© (T+n/q7n/9)k>\j s 1/s
|= 2 s, s [{ XX (° ) xa |
=1 k=1

o, Ix

H{ (HXQJnx)SXQf}US

From this, we deduce (4.9). Moreover, similarly to the proof of (4.8), we conclude that
f= Zj‘;l Ajm; converges in §’(R™). This finishes the proof of Theorem u n

X

X
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Proof of Theorem [3.4} We first show (i). Let f € X. By the assumption Ix € (1,00], the
Hardy-Littlewood maximal operator M in (2.5)) is bounded on X. Then, from Lemma
2.15((1), it follows that, for any R € (1,00),

/ W)y < R,
Q(0,,R)

which implies that f € S'(R™), and hence completes the proof of (i).
Now we prove (ii). Let f € X. By (i), we know that f € S'(R™). Thus, for any
€ (0,00), 2 f makes sense and is a smooth function on R”. Then, from basic calculus,
we deduce that sup;c (g o) letA f| < M f (see, for example, [32, Proposition 2.7]), which,
combined with the fact that M is bounded on X and Corollary [3:2] implies that f is in
Hx (R™), and hence completes the proof of (ii).
Finally, we prove (iii). Let n € (1,00) and N > 1 be as in Lemma [2.15[iii), and
f € Hx(R™). Then, by Corollary {e!® f}i>0 is a bounded set of X. According to
Lemma M(iii)» X embeds continuously into the space L"((1+ |-|)~%), which, together
with Banach—Alaoglu’s theorem (see, for example, [99] p. 229, Theorem 2.6.18]), implies
that there exists a sequence {tj}]‘?';l decreasing to 0 such that e%“f converges to a
function F € L7((1+]-])™") as j — oo. Since L"((1+]-|)~Y)  &'(R"), it follows that
F e §'(R™). Thus, for any ¢ € S(R™),
= lim ‘ / eli® f(x) dx
j—=oo | Jgrn

‘/n o(x)F(x
< / e@) s et f(a) da, (a.11)

te(0,00)

which, combined with the arbitrariness of ¢ € S(R™) and Lebesgue’s differentiation
theorem, further implies that, for almost every z € R",

[F(a)] < sup [ f(z)].
te(0,00)

From this, it follows that F' € X.
Now we show that F' represents f. Let ¢ € S(R™). Notice that
n — 4 /
SR™) C (L"((A+]-)7) =L"((1+]-DY)
and, for any h € S'(R"),
(h, ) = lim ("R, ),

j—o0
which, together with (4.11)), implies that
()= Jim [ pla)efa)da= [ Flayols) da.

Jj— R» n
Thus, F represents f. This finishes the proof of Theorem [3.4] =

4.2. Fundamental properties of Hardy spaces. In this subsection, we give the proofs
of Theorems [3.1] and
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Proof of Theorem[3.1 Let f € S’(R™). We first prove (i). From Definition it follows
that, for all z € R",

M(f,@)(z) < M, (f, ®)(z) S My~ (f, ®)(),

which implies (3.1)).
Moreover, by Definition [2:12] again, we find that, for all z € R,

M(f, @)(z) S Mn(f)(2) S Mipt2)(f)(). (4.12)
Furthermore, from [44, proof of Theorem 6.4.4(d)], we deduce that M, 1o(f)(z) <
My*(f, ®)(x) for all x € R™, which, together with , implies (3.2]).
It is easy to see that, for all z € R™, My™*(f,®)(x) < M;*y(f)(z), which, combined
with Lemma implies (3.3). This finishes the proof of (i).
Now we prove (ii). Applying Lemma with r, b and N satisfying r = 6, Nr > n
and (b — N)r > n, we know that, for all x € R™,

M (£ 2)(0) § MO sup (@0 1] @) ~ MO, D)(@)

(see [10I, Lemma 3.2] for the details), which, together with the assumption that M is
bounded on X/7, further implies that

1M (f, @) lx S MO (M(f,®))]x S [IM(f, ®)]x-
Thus, (3.4 holds true. This finishes the proof of Theorem n

Proof of Theorem[3.3 We first prove (i)=(ii). Let f € Hx(R"). Then |[Mny(f)|lx < oo
for some N € N. Tt is easy to see that, for any fixed ¢ € S(R™), there exists a positive
constant D, such that D,p € Fy. Therefore, M{(f, Do) < Mp(f), which, together
with (3.5)), further implies that, for all x € R™,
Dylipx NI < int Mi(f,Dy)(v)
ly—z|<1
IXB@1n M (f, Do)l x

IXB(1)llx

SIMn(fllx < oo.

This guarantees that f is a bounded tempered distribution. Moreover, from the proof of
[44, Theorem 6.4.4(e)], we deduce that, for any N € Nand x € R, sup,¢ (g o0y [P* f ()] S
M f(x), which implies that sup,e g ooy 1% * f| € X. Thus, (ii) holds true.

Now we prove (ii)=-(i). Let f be a bounded tempered distribution and

sup |P;* f| € X.
te(0,00)
Then, by an argument as in [I2I, p.99], we know that, for some ®3 € S(R™) with
Jin @o(x) dz # 0 and any = € R",
M(f, ®o)(x) S sup [P f(x)],
t€(0,00)

which, together with supye g, o) [P * f| € X and Theorem [3.1ii), implies (i). This finishes
the proof of Theorem [3.3] =
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4.3. Proofs of theorems on atomic characterizations of Hx(R™). In this sub-

section, we give the proofs of Theorems 2.21] [3.14] and [3.15] in this or-
der.

Proof of Theorem Let ¢ € S(R") satisfy supp(¢) C Q(0,,1) and Jgn ( da: £ 0.
Assume that 0 is as in . It follows from the assumption that X satisfies ) that
M is bounded on X'/ 9, Whlch combined with Theorem [3.1} .(11 ), implies that for any
fes' (R,

M5 (f, @)l x ~ [IM(f, ¢)lx,

where b and ® are as in Definition [2 Thus, to prove Theorem [3.6] it suffices to

show
o ~ N 1/s
UGBTI N H{ 2 () )

Let a be an (X, ¢, dx)-atom supported on the cube @ = Q(zg,lg) with zg € R”
and g € (0,00). Then, for any = € 2Q,

(4.13)

X

M(a, ¢)(z) S Ma(a). (4.14)

Moreover, repeating the proof of [I01], (4.4)] with ||x¢l ) replaced by ||xqllx, we find
that, for any = € R™ \ 2Q,

gQ n+dx+1
Me 0@ 5 (2] el S o MO, (419
|z — 2q Ixellx
which, together with (4.14)), implies that, for any z € R",
M(a, ¢)(z) < x2q(x)Ma(z) + MO (xq) (). (4.16)

Ixellx
By the boundedness of M on L9(R™) with ¢ € (1, 00|, we know that

X2 Mal| Loy S QI lIxellx
or, equivalently,

1(x2@ M) [l Lars@ny S (1QIY/lIxellx)*,

which, combined with (3.7) and Theorem implies that

0 1/s 0 s 1/s
St} = (S v,

{HZ(HXQJHX) e st}us

~ A({Njaj}jen).
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From this, (4.16) and (2.8)), we deduce that
(S0,
=

<| iAjMWﬁ)H
< H{i(AjXQQf'M“”S}US - H{iLu; )]} x

S AfAja;}jen),
which implies . This finishes the proof of Theorem [
To show Theorem we need Lemma [4.1] below.
LEMMA 4.1. Let X be as in Theorem g € (1,00], dx be as in , and 7 € (0,00)
satisfy T > n(1/60 —1/q). Assume that @9 € S(R") satisfies X3, 1) < Po < X (5, ,2) ond

m is an (X, ¢, dx, 7)-molecule centered at the cube Q := Q(zq, ) with xg € R™ and
Lo € (0,00). Then, for all x € R™,

M(®o, m)(x) < xs(@)Mm(x) + Y Xaer1g\300(@) M (Xzr+2g\35-1m) ()
k=1

1
+ M@ (xq) (),
Ixellx

where 0 is as in (2.8) and the implicit positive constant is independent of m and x.

Proof. When x € 3Q), it is easy to see that
M (®o, m)(z) < Mm(x) (4.17)

(see, for example, [32, Proposition 2.7]).
Now we assume that z € 3*¥1Q \ 3¥Q with k € N. To prove Lemma we need to

show that
1

Ixellx

M (@9, m)(z) S M(Xsr+20\38-1Qm) (%) + M (xq)(x). (4.18)

When ¢ € (0,4g], it is easy to see that
[(@o)e * m(z)| S M(Xzeraq\ze-1qm) (). (4.19)

When t € (¢g, 00), repeating the proof of [I0T] (5.2)] with ||xgllzr) replaced by |xollx,

we obtain
S e MO () (@),
Ixallx

which, together with (4.19)), implies (4.18)). Then, by (4.17) and (4.18)), we conclude that
Lemma (1] holds true. m

Now we prove Theorem [3.9] using Lemma[£.T] above and Theorem 3.7] which we admit
now.

[(@o)¢ * m(z)
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Proof of Theorem . Via Theorem and the fact that, for any (X,q,d)-atom «,
a is also an (X, q,d, 7)-molecule, we find that the necessity part of Theorem holds
true. The proof of the sufficiency part is similar to that of Theorem More precisely,
replacing and by Lemma respectively, Theorem by Theorem m
then repeating the proof of Theorem [3.6] we complete the proof of Theorem [.9] the
details being omitted. m

We move on to the proof of Theorem The proof is made up of Lemmas 4
and Proposition and Corollary The idea is taken from the book of Stein
[121, pp.101-112]. Following Stein, we consider the Calderén-Zygmund decomposition
{9, }?i—oo of f. It is known that g; can be easily handled but f is difficult despite the fact
that one has the decomposition in Lemma iii) below. Lemma[4.2] concerns the decom-
position basically based on [121, pp. 107-109]. Among other things, it matters that we
cannot use the absolute continuity of the quasi-norm of X in the proof of Lemma iii).
To overcome this absence of absolute continuity, we first establish Lemma [£.4] below.
On the other hand, Lemma [4.5] below is obtained from the standing assumption (2.8)),
which will justify our strategy: g; is a locally integrable function. Finally, applying the
technique described in [121), pp. 109-111], we obtain the decomposition with the help of
the fact that g; is a locally integrable function.

LEMMA 4.2. Let f € Hx(R"™), {K,} ez, {Qj,k}jeZ,keKj; {9;}jez and {b;}cz be as in
Lemma 223l Assume that s is as in Theorem B0 Then:

(i) Forallj€Z,
. 1/s
S @xar} |, < I licce (1.20)
kZEKj
(ii) Let ® € S(R™) satisfy pn(®) < 1, where N is as in Theorem[3.1] and py as in ([2.11)).
Then there exists a positive constant C, independent of f, such that, for all j € Z,
[(bj, @) < Cl[flay ®n)- (4.21)

(iii) In the topology of S'(R™), g; — 0 as j — —oo and b; — 0 as j — oco. In particular,

F= (g+1—9) inSR").

j=—o0

Proof. We first prove (i). For any j € Z, let O; be as in Lemma [2.23} By the fact that
{Qj x}rex; is the Whitney decomposition of O;, we find that

) 1/s .
1S @xe} ||, = 12x0,x < Wil
k)EKj

which shows (i).
Now we show (ii). From the definition of the grand maximal operator My in (2.13)),
it follows that, for any j € Z,

(b, @) S Eér(léf 2)MN(bj)(x) < IMN () xlIxg@, 2% (4.22)
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where the implicit positive constant is independent of ®. Moreover, from d > dx and
(2.29), we conclude that, for any j € Z, k € K; and x € R",

Zr]ndeJrl /. L n/6 ®
= 2 <MD (xo. 4.23
(Ej,k + ‘.’L‘ _ xj,k')n+d+l = (Zj,k: 4 |JI _ xj,k:l) ~ (XQ]k)(x), ( )

where, for each j and k, ¢;, and z;; denote, respectively, the side-length and the center
of Q;k; together with (2.35) and (4.22)), this implies that, for any j € Z,

;

(5, @) S IMu(Dlx + || D2 27M P (xq,0)
keK;

From this and s € (0, 1], we deduce that, for any j € Z,
1/s

B3, @) S IMu(H)llx +[|{ D0 R2M O (xg, 01
keK;

X

which, combined with (2.8) and (4.20)), implies that, for any j € Z,

. 1/s
1G5 @) S IMaDlx + [{ D2 @xa,0 ) ||, S Wl
keK;
This shows (ii).
Finally, we prove (iii). It suffices to prove that b; — 0 as j — oo and g; — 0 as
j — —oo. We concentrate on the former since the latter is similar.

Fix ¢ € S(R™) such that XQ@,.2) S ¥ < Xq(@, 4)- For any [ € N, let
Yoy () =) -,

and hence supp(i()) € Q(0n,2!+2) \ Q(0,,2!). Let ¢ € S(R™). To prove that b; — 0 as
j — 00, it suffices to show that

(bj» ) = (bj, ) + > (b, ) = (4.24)
=1
as j — o0o. By ¢ € S(R") and the definition of 1/(;), we find that, for all [ € N,
pN(wa)so) s27 (4.25)
Via (4.21)) and - to prove , we only need to show that, for any given [ € N,
jlgngo (bj (2~ )) = 0. (4.26)

For any j € Z and [ € N, let K;(I) := {k € K; : supp(b; ) N Q(0,, 2"+2) # 0}, where K;
is as in Lemma 2.23] Notice that

pn($(270)e) S pa(p)
with the implicit positive constant independent of [, which, together with (2.35) and
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([@.23)), further implies that, for all z € Q(0,,2),
(B, 027D S D Mu(bix)(@)

keK; (1)

S Mu(f)@)xo, (@) + Y PMP(xq,,)(@). (4.27)

keK; (1)

Assume that there exists k € K;(I) such that \QJ k| > 21 Then, by (2.33) and the
fact that Q;x N Q(0,,24?) 7& @ we know that Q(0,,2) € Q(0,,2"+2) D(’)j, Where the
positive constant D is as in 7 which further implies that, for any = € Q(Om 2),

|<bj’¢(2_l')<P>| < Xpo, (T)My (f)().
From this and (£.27), it follows that, for any € Q(0,, 2),

(b, ¥(27")@)| S xpo, (T)MN (f)(2) + > 2 M (xq,,)(x).  (4.28)

keK; (1), |Qjk|<21H1

Moreover, when there does not exist k& € K;(l) such that |Q; x| > 21, by (£27), we
conclude that (4.28)) is trivial.

Let € € (0,00). By (4.28), the Fefferman—Stein vector-valued maximal inequality for
LO+e)/9(R™) (see [37, Theorem 1]) and (2.32), we know that

[{bj, ¥ (27") )]

S IXpo,nq@, 22y M ()l Lo+e @ny

+ H Z 2/ [MXQj,k]l/el
keK;(1),1Qjk|<2MH1

L6+E (]Rn)

S HXDoij(ﬁn,le)MN(f)||L9+6(Rn) + H Z 2ijj,k Lot (i)
]{)EKj(l), ‘Qj’k|§2l+1
S HXDoan(an,Ql%)MN(f)||L0+E(Rn)a

which, together with the fact that O; | 0 as j — oo, further implies that (4.26) holds
true. This finishes the proof of Lemma[£.2] m

PROPOSITION 4 3. Assume that f € Hx(R™) N L{ (R™). Then there exists a decomposi-

tion as in and, for any v € (0,1],

H{ (HXQJHX)v"QJ}W

where the implicit positive constant is independent of f, but depends on v.
Proof. For each j € Z, let O; be as in (2.32)). Then, by Lemma for any j € Z,

F=gi+bj, b= bik,  biki=(f —cip)mik
k‘EKj

SU ||f||Hx(R")a
X

where Kj, c; . and 7% are as in Lemma [2.23]
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From Lemma iii), it follows that

o}

F=> (941—9)

Jj=—00
with the series converging in §'(R"). Let {Qjx}jcz, rex; be as in Lemma Then the
same argument as in [I21] pp. 108-109] shows that, for any j € Z,

f=Y Ajx and gip—gi= > A inSRY),
JEZ, keK,; keK,
where, for any j € Z and k € K, A, is such that supp(A4; ;) C Qjk, there exists a
positive constant Cy such that
I14; k]l Lo @n) < Co2?,
and [, Ajr(z)z* de = 0 for every a € Z'} with |a| < d € [dx,00) NZ,. For any j € Z
and k € Kj, let

A .
aj = =——"—— and kK, := Co2’|x0,,llx-
J CO2J||XQ] kHX J QJ,kH
Then it is easy to see that, for any j € Z and k € Kj, a; is an (X, 00, d)-atom, and

f= ZJ'GZ,IceKj Kjkajp in S'(R").

For any v € (0,1], let
. v 1/v
w2 2 (Rem) v}

22 \Txauullx

Then, from (2.36]), it follows that

= COH{ Z 2XQ, 4 }1/v

X

j=—o0 keK; X
> . 1/v
{2 @xopen’}
j=—o0
o0
NH Z 2X0,\0;4 5’
j=—o00

which, combined with the fact that 2/ < Mf(z) for any = € O; with j € Z, further
implies that

0 5| 3 xonoruMu ()], ~ IMN(Plx ~ iy s

j=—00

This finishes the proof of Proposition "
To deal with the general case, we need the following lemma.

LEMMA 4.4. Assume that X is as in Theorem and f € Hx(R™). For any j € Z, let
g; be as in Lemma with d € [dx,00) N Zy, where dx is as in (2.29). Then, for any
J € Z, we have g; € Hx(R™) and

Ngillzrx ®ny S Il Ex @7

with the implicit positive constant independent of f and j.
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Proof. Let {Kj}jez be as in Lemma For any j € Z and k € Kj, let Q; 1 be as in
Lemma [2.23] Denote by ;5 and ¢;;, the center and the side-length of Q; 1, respectively.

Then, by (4.23) and (2.34)), for any j € Z,
M) llx S IMu(Dllx + 273 10, 1|

keK,
. 1/s
SlMa Pl +|[{ X m@@xa0r ) -
kEKj
From this, (2.8)) and (2.33)), it follows that, for any j € Z,
. 1/s
Mgl S 1My Dl +[[{ 3 @xan) ),
kEKj
SIMa(Hlix +1127x0,lIx S IMn(f)llx, (4.29)

which implies that g; € Hx(R"™) and [|g;| g, &») S ||f|l 2 ®n)- This finishes the proof of
Lemma 44 =

Following the idea from [9, Lemma 7], we now prove that, for any j € Z, the function
g; is locally integrable.

LEMMA 4.5. Let X be as in Theorem and f € Hx(R"™). Assume that {g;}jez is as
in Lemma|2.23| Then g; € L{ (R™) for any j € Z.

loc

Proof. Let {Kj}jez be as in Lemma For any j € Z and k € Kj, let Q;; =
Q(zjk,Lj k) be as in Lemma From Lemma it follows that

n+d-+1
Ej .

> 1 n
et i+ |- =z )t € Lioo(®"), (430

where d is as in (2.34). Then, by (4.30), (2.34) and the fact that X@;MN(f) < 29,

we conclude that Mn(g;) € Li.(R"), which, together with an argument similar to

loc

that in [9, proof of Lemma 7|, implies that g; € L (R™). This finishes the proof of
Lemma 4.5 =

Combining Proposition Remark and Lemmas and we have the fol-
lowing corollary, the details being omitted.

COROLLARY 4.6. Let X, d and s be as in Theorem 3.7 Assume that f € Hx(R") and
{9;}jez is as in Lemma[2.23| Then, for any j € Z, g; admits a decomposition

g; = Z )\j,Qaj,Q n S/(Rn),
QeD
where, for any Q € D, aj g is an (X, 00,d)-atom supported on the dyadic cube Q and
AN Qa0 ep) S I1f 1y ) (4.31)

with the implicit positive constant independent of f and j.



Hardy spaces for ball quasi-Banach function spaces 43

Via Corollary we finish the proof of Theorem To this end, we need the
following notation: For any L € Z, let

Dy, := {QGD: ‘Q|:27Ln}, DEL = UDl’ ’D§L = UD[
I>L I<L

Moreover, for any @) € D, denote by cg and £q its center and its side-length, respectively.

Proof of Theorem [3.7 Let {X\;q}jez, gep and {ajq}jez, gep be as in Corollary
Then, by (4.31)), we know that, for each @ € D, {); ¢},cz are bounded, which, combined

with the fact that the dual of L'(R") is L>(R"), implies that, for each @ € D, there
exists a subsequence {j}72; such that \;, o = Ag and a;, g — ag as k — oo, where
the latter convergence is in the weak-* topology of L>°(R™). Then, for each @ € D, aq is
an (X, oo, d)-atom. From Fatou’s property of X (see, for example, [I0, Chapter 1, Lemma
1.5(ii)]), it follows that

A({Aqaqtqen) < liminf A({A), a)..q}qep),
which, together with (4.31]), implies that

A{AQaqtqep) S [Ifllax @) < oo (4.32)

Since |ag| < me almost everywhere and ag L Py, similarly to the proof
of (4.15)), we find that, for any z € R™,
1

Mrle0)) S el

MO (xo)(@).

Let

g = Z /\QG,Q S Hx(]Rn).
QeD

Once we show that f = ¢ in S'(R™), by we know that the conclusion of Theorem
holds true for any f € Hx (R™).

To prove that f = g in S'(R"), let ¢ € S(R"). Then, from Lemma [4.2(iii) and
Corollary it follows that

(f,¢) = lim (g;,, ¢) = lim D X0l 9)- (4.33)
QeD
On the other hand,
(g0) = Xalag,¥). (4.34)
QeD

In what follows, we denote {\;, o}72; and {a;, @}, simply by {\;q}j2, and
{aj@}32,. Fix j € Nand L € Z,. By Lemma H and since |Q| = 27"F < 1 for all
Q € Dy, we know that, for all Q € Dy,

+d+1
A@lo

Nalaso o)l S :
Q% e Q% (1 + leg)"/ T+ [xq | x
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which, combined with (2.21)) and s € (0, 1], implies that

> Nelae 9l

QEDy
<2 L{n+d+1-n/[0+(X)]} /\j,Q o
Txallx Xl =000 g
QED 04e(x), s (R7)
- - s s 1/s
sy ”/[9+E(X)]}H{ Z (||XJ’C|2X) XQ} —n/[04+£()] (mny
QeDr Q Kollixys (R
From this, Lemma (4.31)) and the fact that
n n
d4+1— ——— > d+1——->0,
n+a+ 6+ 2(X) n+a+ 9

it follows that, for any L € Z; and j € N,

o0
> Nalajg o) S 2t d /0RO £l
QED>, k=L

< 2_L{"+d+1—n/[9+5(x)]}||f||HX(R,,L), (4.35)
Moreover, (2.26]) implies that, for any L, j € N,

> x(00) N ele0.9)

QeD<_1 A\
= Q
S 2 el
QeD<_. Q

- o
S H Z X5Q(0n) 7= X{0,2£]n H 5
VLI 052, IxeQ H Ko /53 m 00 e

which, together with Lemma [2.14] implies that

I
X5Q(0 )

T 0 2L]n
o2 el

> weleluaedlls o= ¥

QED<_,
From this, (2.8]) and (4.31]), we conclude that, for any L,j eN,

> (00N ele0.9)

QeD<_1 1
1 N A S S
< On J,Q M(G) :|}
sz ll T e (xa)

X

o2 . Ixallx X
1 { . >\Q s 1/s
< Js
S X5 (On)( ) X }
\/ZH QDZ SN\ allx ) XSy
1
< ny.
~ \S/ZHf”HX(R )
Thus, for any L,j € N,
> xse0n)Nelae @)l S \SFHfHHx(R” (4.36)

QeD<_1
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Moreover, from ¢ € S(R™), we deduce that, for any L,j € N,

> xwnse0n)Nelaie )l

QeD<_1
2

o Trallx

A

Qo) /Q (14 [a])~Crra) gy

s [ﬂ-}-d-i—l

< .
~ Q€;7L (1 + |CQ|)2n+d+1||XQ”X

Using this estimate, similarly to the proof of (4.36)), we find that, for any L,j € N,

> xemse0n)elaq 9l

QeD<_1,
)\ £n+d+1

<o inm X[0,2]"
QDZ (1 +|cQ|>n+d+1||><Q||x !

A
sy 3 A0
oo, Ixallx X

sl s [ opg] )

—n/(0+<(X)] (g
K9+6(X),s (R )

o2 LTnalx .
i s s 1/s
sl 2 () o)
QeD<_, Q X
S 27| 1l b - (4.37)

Moreover, from Fatou’s lemma, we deduce that (4.35) through (4.37) hold true for Ag
and ag. Thus, by (4.35), (2.26), (4.36) and (4.37), we find that, for any L, j € N,

1
> (N @aj@ — Agaq:¢)| S Tﬁ\lfllemny (4.38)

QE€(D>rUD< 1)

Moreover, from (4.35) with L = 0, and (4.36) and (4.37) with L = 1, we further deduce
that, for any j € N,

> iaiq — Aeaq @) S IIf lx@n)- (4.39)
QeD

It then follows from (4.38) that, for any given € € (0, 00), there exists Ly € N, depending
on €, such that, for any j € N,

€
> [(N@ajQ = AQuq: ¢)l < 3 (4.40)
Q€(DP>r,UD<-1,)
Moreover, by (4.39), for any j € N,

Lo—1

Y D INeaie — Aeaq, o) S Il @n,

kZ*(Lofl) QEDy
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which further implies that, for any given € € (0, 00) as in , there exists Ry € (0, 00),
depending on ¢, such that, for any j € N,
Lo—1
> > [(A@ajq — Agaq, @)l < % (4.41)
k=—=(Lo~1) QeDy, QZQ(0n,Ro)

Furthermore, since
{(QeD:QeDy, —(Lo—1)<k<Lo—1,Q C Q(0,,Ro)}

is a finite set and \j g — Ag and a; ¢ — ag as j — oo, we deduce that, for any € € (0, 00)
as in (4.40)), there exists jo € N such that, for any j € N with j > jo,

Lo—1 .
> > [{A.as.0 — A, )l < 3
k==(Lo—1) QeDy, QCQ(0n,R)
which, combined with (4.40) and (4.41), further implies that, for any € € (0,00) as in
(4.40)), there exists jpo € N such that, for any j € N with j > jo,

D Neaie — Agaqg,¢)| < e,
QeD

and hence

lim > |(X.a0 — Agag, @)l = 0.

! QeD
From this, (4.33]) and (4.34]), we conclude that f = g in §'(R™). This finishes the proof
of Theorem B.71 =

Proof of Corollary|3.11] Let f € Hx(R"), {b;};ez and {O;};ez be as in Lemma
Then, via (2.8]), (2.33)) and (2.35]), similarly to the proof of (4.29)), we conclude that, for
any j € Z,

[Mn(05)x < lIxo, Mn(H)llx

which, together with the absolute continuity of the quasi-norm of X, implies that b; — 0
in Hx(R™) as j — oo. From this and the fact that, for any j € Z, f = g; +b; in S'(R"™),
we deduce that g; — f in Hx(R") as j — oo. Moreover, thanks to Lemma we know
that g; € Ll .(R™) for each j € Z. Thus, to prove Corollary it suffices to show that
L>*(R™) N Hx(R™) is dense in L] (R™) N Hx (R™).

Let g € L (R")NHx (R™). Then, by Lemma we know that there exist sequences
{9;}jez and {gj}jEZ of functions such that, for any j € Z, g = g; + Zj in §'(R™),
g; € L*(R")NHx(R") and g; = ¢ in Hx(R") as j — oo. Thus, L*(R"™) N Hx(R") is

dense in L (R™) N Hx(R"). This finishes the proof of Corollary n

loc

Proof of Theorem [2.21} Theorem [2.21]is just a corollary of Theorems [3.4 and [3.7] »

Proof of Theorem[3.1] We will use Theorem [3.6] It suffices to show that all the assump-
tions of Theorem [3.6/hold true in this case. Namely, we only need to prove that (2.8) and

(3.7) hold true.
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Let p € (1,00) and define 6 by s = 6p. Assume that {f;};en C M. Then

H{ M(e ()1 }1/8 X

| Soasi],

—sup{ [ (Z5@) o) oz g e Vgl =1]. (442

By [42l Chapter II, Theorem 2.12], for any p € (1,00) and non-negative measurable
function ¢,

S

/ M f ()P () dr < / (@) P Mo(x) du
which, together with (4.42]), implies that

H{ S}
ssu{ [ [Zm gty g€ v lally: =1}
suiw

~H{ 15 TN suptintgly g e v, gl =13, (143)

S

Sl Mgllyrcg €Y', flgllyr =1}

Moreover, from uy < oo, it follows that || Mg|ly: < ||g|ly- for any g € Y, which, combined
with (4.43)), implies that

S} < S mr} ],

=1
Thus, holds true in this case.

Furthermore, from uy < oo again, we conclude that, for any v € (uy,00), M ) ig
bounded on Y’, which implies that holds true for any ¢ € (max{1, suy }, o0]. This
finishes the proof of Theorem [3.14] =

Proof of Theorem [3.15 Let f € X. By the assumption lx € (1,00), we know that M
is bounded on X, which, together with Theorem implies that f € Hx(R™) with
[ fllez ny ~ |If]lx. Moreover, an argument as in the proof of Theorem indicates
that holds true. By monotonicity, we may assume that L > d = dx. Then we obtain
the desired result via Theorem "

4.4. Proofs of theorems related to tent spaces. In this subsection, we give the

proofs of Theorems [3.19] and [3:21]
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To show Theorem we first introduce some notation. Let f € Tx (R’:™). For each

k € Z, let
O :={x e R": A(f)(x) > 2¥} and Fj := [R"\ O4].
Moreover, for any given v € (0,1) and k € Z, define
(Or)y ={z € R": M(xo,)(z) > 1 -~} and (Fy); :=[R"\ Of]. (4.44)

Since A(f)(z) < oo for almost every x € R", it follows that f € L2 (R?""). There-
fore, the set of all Lebesgue points of f is almost equal to Rﬁ“ except for a Lebesgue
measurable set of measure zero.

LEMMA 4.7. Let f € Tx (R} and v € (0,1). Then

supp(f) C | (Ox); U E, (4.45)
keZ
where, for each k € Z, (Oy)% is as in (4.44) and E C R satisfies [, —dytdt =0.
Proof. For each k € Z, denote (Og)3 simply by Oj. Let (z,t) € R/ be a Lebesgue

point of f and (z,t) ¢ Ukezéi' Then, as (z,t) ¢ Ukezéiv there exists a sequence
{yr}rez C B(z,t) such that yx & Oj for each k, which, together with (4.44)), implies that
Mxo, (yr) <1 —~ for each k € Z. From this, we further deduce that |B(z,t) N O] <
(1 —4)|B(z,t)|, and hence
|B(a,t) N {z € R" : A(f)(2) < 2"}| = 7|B(a,1)].

Letting k — —oo, we see that |B(x,t) N {z € R" : A(f)(2) = 0}| > ~|B(z,t)|. Therefore,
since v € (0,1), there exists y € B(z,t) such that A(f)(y) = 0. From this and the
definition of A(f), we find that f = 0 almost everywhere in I'(y), which, combined
with Lebesgue’s differentiation theorem, implies that f(x,t) = 0. Since almost every
(z,t) € R is a Lebesgue point of f, we deduce that holds true, which completes
the proof of Lemma [£.7] =

To prove Theorem we also need the following estimate; see [24) Lemma 2] for its
proof.

LEMMA 4.8. There exist positive constants v € (0,1) and C(y such that, for any closed
subset F' of R™ whose complement has finite measure, and any non-negative measurable
function H on Rf{_ﬂ,

/ H(y,t)t" dydt < C(,) / { H(y,t)dy dt} dz,
R(F}) F /T (2)

where F := [{x € R" : M(xpc)(z) > 1 — ~HE.

PROPOSITION 4.9. Let X be a ball quasi-Banach function space satisfying (2.8) for some
0,5 € (0,1, with 0 < s, and f € Tx(R}™). Then there exist a sequence {152, € [0,00)
and a sequence {a;}32, of (Tx,00)-atoms such that, for almost every (z,t) € R,

flat) = 3 Naglant), @0 = 3 Alay(a.o)

and
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A({)\]afj}jil) 5 Hf||Tx(R1+1)a

where, for each j € N, E; appears in the support of a; and the implicit positive constant
is independent of f.

Proof. Let v € (0,1) be as in Lemma
Since X satisfies 7 and by Lemma 0+e(X), 5

1 ¢ X, which, together with f € TX(Ri+ ), implies that, for each j € Z, Oj, is a proper
subset of R™. Since Oj is open, from the well-known Whitney decomposition theorem
(see, for example, [120, p. 167)), it follows that there exist a set {Ij}rez of indices and a
family {Q ;}jer, of closed cubes with disjoint interiors such that

0= Qn;

JEIk

8l For each k € Z, denote (Oy)% simply by Oj.
we find that 1 ¢ KM o=(X)] (R™) and hence

and
Vil < dist(Qugs (OF)°) < 4v/nli,
where, for each k and j, £ ; denotes the side-length of Q; 1, and
dist(Qu5. (OF)°) = inf{le —y| : 2 € Qi y € (O}
For any k and j, let By ; be the ball with the same center as Q); ; and with radius
Hffk,j. Moreover, for each k and j, let

Apj = Bij N[Qr; x (0,00)] N 0; N (0f )",
ar; =2""xB.,Ix fXar,>  Awji=2"xs,.,lx-

Notice that -
{[Qn % (0,00)] N (03 \ 07 1)} € Bi,
which, combined with (4.45), implies that
[= Z Z Akjak; and |f|= Z Z Ak,jlag, ;]
keZ jel} keZ jeIy

almost everywhere on Ri‘“.

We now show that, for each k € Z and j € I, ay,; is a (T'x,00)-atom supported
in By up to a harmless constant multiple. Let p € (1,00) and h € T4 (R%™!) with
||h||T2,,/(]R:+1) < 1. Since A ; C (OZ_H)C = Iy, from Lemmaand Holder’s inequality,

we deduce that

g = [ okt 000000

dy dt
lak,; (y, )Wy, t)| -~ dx
/Fk+1 /F(z) ! tnt

< / Alax ;) (@) A(h) () da
(Ok41)®

dy dt

1/p
SR [ P Ty,
k.,j k41

§ |Bk,j |1/p||XBk,j ”)_(17
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which, together with (T4 (R:1))* = Tfl (R**) (see [24], Theorem 2]), where (T4 (R7))*
denotes the dual space of TQ"D(R?_“) and 1/p +1/p’ = 1, implies that

s sllp ety S 1Bl 2l 15

Thus, ay, ; is a (T'x, p)-atom supported in BTH up to a constant multiple for all p € (1, 00),
and hence a (T'x, 00)-atom up to a constant multiple.
For each k € Z, we know that
> (2xq0,)" S 2% x0:
J€lk ks
~ 27X (z€Rn: M(x0, ) (2)>1-7}
~ 2ksy n. MO YT
{weRn: MO (xo, )(2)> YT=7}
which, combined with (2.8]), further implies that

1/s 1/s
ks
D ID S S I [ o —
kEZ jEI, kEZ
1/s
< {20} |
kez
1/s
S {Z2ksxo’“} b's
keZ
From this and ([2.8)), we further deduce that
1/s 1/s
HEXewm ) | s [{E Xem@aer} |,
keZ jely, keZ jely
1/s
T e},
k€eZ jel},
1/s
S {Zwm} . (4.46)
kEZ
Moreover, there exists a positive constant C such that, for all m € N,
1/s
Hi= "{Z2ksxo’“} X
keZ
~ol/s ks s ~ol/s ks s
§ C2 Z 2 Xok\ok+7n X + 02 Z 2 Xok+m X
€z kEZ
~ 1/s S (me1/s
= 02| {3 2% x0,1001. } O, (4.47)

keZ

Take mo € N such that C2-(mo=1/9) < 1/2, where C is as in ([£.47). Then, by (£.47)
again,

15 {2 0n0um )|, 2 140, (1.48)

kEZ
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which, together with (4.46)) and the definition of A; j, implies that
A{Ajrasrtiez, jen) S I llrg @ney-
This finishes the proof of Proposition "

Proof of Theorem , Assume first that there exist {\;};eny C [0,00) and a sequence
{aj}jen of (T'x,00)-atoms such that (3.11) and (3.12) hold true. For any N € N and
(z,t) € RTT let

N
t) = Z /\jaj (.’13, t).

Then, from s € (0, 1], Lemma and Theorem [2.10) m it follows that, for all N € N,

X

N 1/s
AU < || 3o A < |{ St

j=
S AfAja;tjen) < oo (4.49)
By the monotone convergence theorem, for almost every x € R™,
A(f)(z) < lim inf A(fn) (),
N—o00
which, combined with (4.49)), implies that
AN x < liminf [LACf¥) xS A ;) jen)-
— 00
Conversely, let f € Tx (Riﬁ“). We obtain the desired conclusion via Proposition
This finishes the proof of Theorem [3.19] =

Proof of Theorem|3.21. Let f € Hx(R™). Then, by Theorem we know that
=Y Agaq in Hx(R"), (4.50)
QeD
where, for each Q € D, ag is an (X, 00, d)-atom supported on @, d € [dx,00) N Zy and
{Xg}gep C [0, 0) satisfies
A{rqaqtqep) Ss [1f lmx ®nys (4.51)

where s € (0,1] is as in Theorem
Take ¢, 1) € S(R™). Then, for any ¢ € (0,00) and a finite set § C D,

BED)(H)@)p@) dr= 3 Ag / (D) (ag) (1) p(x) dx

R Q€3
+ Y AQ/WD )(ag)(x)e(x) de. (4.52)
Notice that ag € L?(R™) for each Q € D, which implies that ag vanishes weakly at

infinity. Thus, for any given € € (0, 00) and a finite set § C D, there exists t. 5z € (0, 00)
such that, for any ¢ € (0, 5),

(4.53)

/¢tD ag)(z)p(x)de| <e

QEF
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Moreover, for any @ € D, using the fact that |ag| < ||xol %' Xq almost everywhere
and ag L Py, similarly to the proof of (4.16)), we conclude that, for any ¢,¢; € (0,00)
and z € R",

MO (xq)(=),

—ha ag)(x
e 20 (eD) ) ()| S

which, together with the fact that Hx (R") < S’(R"), Corollary [3.2] s € (0,1] and (28],
implies that

] S do [ w(D)ag)w)e(e) de

QED\F R

S /\Q¢(tD)(aQ)H

QED\F

~| s | ST Age R un) o) |
tle(0,00) QGD\S X

Hx (R™)

A
< & 2emen)
o255 Txallx x
A sy 1/s
s = [2emn) |
o5 LTxallx x
A s 1/s
{2 (i) xe)
o5 \xallx x
From this and the fact that
A s 1/s
H{Z<n g )XQ} =
gep \IXQllx X

we deduce that, for € € (0,00) as in (4.53)), there exists a finite set § C D such that, for
any t € (0,00),

<e,

\ > o [ vD)ao) @) dr

QeD\F

which, combined with (4.52)) and (4.53)), further implies that f vanishes weakly at infinity.
For any g € S'(R™) and = € R™, let

1/2
Sto)a) ={ [ D6 L

Now we prove that S(f) € X and |[S(f)|lx S [Ifllzy @) By (4.50), for any x € R,
x) < Z AoS(ag)(z). (4.54)
QED

Let g € (1,00) be as in Theorem Since S is bounded on LI(R™), for any Q € D we
have

Ix205(aQ) | Lawny S llagllLaen) < 1Q1Mxqllx s
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which, together with Theorem [2.10} implies that

8 1/s
ol Al ()
Moreover, Simllarly to the proof of , for any Q € D and x € R™,
1 0
Xem\2Q ()5 (ag)(7) S WM( '(xQ)(x),
which, combined with and s € (0, 1], implies that
\ s 1/s
| 2 eveestal], = [{ ¥ (et ) vef
QeD QeD X
From this, (4.54), (4.55)) and (4.51), we know that
\ s 1/s
I < | - rastaal], 5 |{ (22 ) xe} || S Molnvcen
QeD Qep \XQllX X

Therefore, S(f) € X and [[S(f)llx < ||fll#y®n), which completes the proof of the
necessity of Theorem [3.21

Conversely, assume that f € §’'(R™) vanishes weakly at infinity and S(f) € X. For
any (z,t) € RT let F(x,t) :== @(tD)(f)(z). Then F € Tx(R}™). Thanks to Theorem
we know that there exist a sequence {a;}32, of (Tx, 00)-atoms and {);}52; C [0, 00)
such that, for almost every (z,t) € Riﬂ,

2) =Y Nay(e . D@ = Y Nl nl  (@56)

and, for some s € (0, 1],

H{ (|XB ||x> }1/5

where, for each j € N, Bj appears in the support of a;.

Ss 1F Ny nery ~ 15l (4.57)

X

Moreover, since f vanishes weakly at infinity, there exists ¢ € S(R™) with 0 ¢

supp(F4) such that

r= [ waneen)n 5

in §'(R™) (see, for example, [44] Section 6.4]). For any j € N, let

= [ wenas 01
0

Using the expression (4.56)), we formally obtain
=Y XA, (4.58)
j=1

Let ¢ € (1,00), d € [dx,00) NZ4 and 7 € (0,00) satisfy 7 > n(1/6 — 1/q). Then an
argument similar to that in [64, proof of Lemma 4.8] shows that, for any j € N, A; is



54 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

an (X, ¢, d, 7)-molecule up to a harmless constant multiple. From this, (4.57), (4.58) and
Theorem we conclude that f € Hx(R™) and
1l mx ey S AQA A ien) SISOl

Finally, we establish (4.58]). Let

g = Z >\jAj~
j=1

Then, from (4.57), the fact that, for any j € N, A; is an (X, q,d, 7)-molecule up to a
constant multiple, and Theorem we deduce that g € Hx(R"™), and hence g vanishes
weakly at infinity. Thus, to show (4.58)), it suffices to prove that, for any ¢; € (0,00),

p(t1D)(f) = ¢(t1D)(9)-
Fix t; € (0,00). By the fact that ¢(t1D) is bounded on &’'(R™), we conclude that

AN = [ AuD)sD)eD) 1) T (4.59)

Moreover, from the definition of ¢(tD) and a direct calculation, it follows that, for any
t € (0,00),

p(tiD)Y(AD)p(tD)(f) = F (ot ) (t )e(t)F(f)),
which, together with (4.59)) and the fact that

XB(@,4\B@0,.2) S P S XB(@,.8)\B(0,.1)
further implies that
8t1 dt
AD)(f) = [ A6DEDIAD) T
t1/8

Furthermore, by the fact that f is a band-limited distribution, we find that there exists
N € N such that, for any ¢ € [t;/8,8t1] and = € R",

(D) (f)()] S (1 + [z,
which, combined with (4.56)), implies that, for all ¢ € [t;/8,8t1] and = € R™,

> Nlaj(a )] = (D) (f)(@)] S (1 + ). (4.60)
j=1

Thanks to (4.60)), (4.56) and Lebesgue’s convergence theorem, we conclude that

At D)= [ et DD (0]

From this and the arbitrariness of ¢; € (0, 00), we deduce that (4.58]) holds true. This fin-
ishes the proof of the sufficiency of Theorem [3.21] and hence the whole proof of Theorem
B21l =
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5. Local Hardy type spaces

In this section, we introduce the local Hardy type space hx(R™), associated with the
ball quasi-Banach space X, and obtain several maximal function characterizations of it.
Moreover, we also establish the relation between the local Hardy type space hx (R™) and
the Hardy type space Hx (R™).

5.1. Definition of local Hardy type spaces. So far, we have introduced the Hardy
type space Hx(R™) in Definition and we have been investigating its properties.
Keeping in mind Definition and the works [45, 46], we now introduce the local
Hardy type space hx (R™) via first giving the following local version of Definition m

DEFINITION 5.1. Let f € 8'(R™), N € N, a,b € (0,00) and ® € S(R").

(i) The local radial mazimal function m(f, ®) is defined by setting, for all x € R™,
m(f, ®)(x) = sup [(®s* f)(z)].

te(0,1)

(ii) The local grand mazimal function my(f) is defined by setting, for all z € R,

my (f)(@) = sup{|t (") * fy)l st € (0,1), [~y <t, ¥ € Fn}.

(iii) The local non-tangential mazimal function m(f, ®), with aperture a € (0,00), is
defined by setting, for all x € R™,

mi(f0) ) = swp { s [ f(y)l ]
te(0,1) ~ yeR™, |[y—z|<at
(iv) The local mazimal function m{*(f, ®) of Peetre type is defined by setting, for all
xz e R”,

- (@ * f) (@ — )]
(b = T L i—11.,0\b
I P (= i

(5.1)

v) The local grand mazimal function m;*\ (f) of Peetre type is defined by setting, for
b, N
all x € R™,

my N (f)(x) = wseufp

sup —
y,t)ER™ x (0,1) 1+t 1|y|)b

{ e e},
(

DEFINITION 5.2. Let ® € S(R") satisfy [, ®(x)dx # 0. Then the local Hardy type space
hx(R™) is defined to be the set of all f € S'(R™) satisfying || f||;, &) := [[mg*(f, )l x
< 00, where mZ*(f, ®) is as in (5.1) with b sufficiently large.

Then we have the following estimates, which further give several maximal function
characterizations of the space hx (R™).

THEOREM 5.3. Leta, b € (0,00), X be a ball quasi-Banach function space and & € S(R™)
be such that [o, ®(z)dx # 0.
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(i) Let N > |b+ 2] be an integer. Then, for all f € S'(R™),

Im(f, ®)llx < llma(f, ®)lx S [mg™(f, @) x, (5.2)

[m(f, 2)lx < lmpprz) (H)llx S llma(Hllx < llmg” (f, @)lx, (53
my™ (f, @)llx ~ [lmyn (F)llx (5.4
where the implicit positive constants are independent of f.
(ii) Let r,b, A € (0,00) satisfy

(b—A)r >n. (5.5)

If X is strictly r-convex and, for all f € X,

1/r
[ e-ara}™| sa+iris. 69

[0,1]™ X

where the implicit positive constant is independent of f, then, for all f € §'(R™),
Imp N (Nlx < lm(f, @)l|x,

where the implicit positive constant is independent of f. In particular, when N €
NN[[b+2],00), and one of the quantities

Im(f, ®)llx,  lma(f;®)llx,  lmn(Hllx, [me™(F, @)lx,  lmy v (Hllx

is finite, then the other quantities are also finite and mutually equivalent with the
implicit positive constants independent of f.

REMARK 5.4. We refer the reader to [69, [90, [TT0] for the assumption (5.6)).

Proof of Theorem[5.3 Let f € S'(R"). We first prove (i). The proofs of (5.2) and (5.3)
are similar to those of (3.1)) and (3.2)), the details being omitted here.

From ([2.18) and (2.19), we deduce that, for all z € R™,
my N () (@) S my” (f, @)(2),

which, combined with the fact that m;*(f, ®)(z) < m;*y(f)(z) for all € R", implies
that . holds true. This finishes the proof of (i).

Now we prove (ii). Let b, N € (0, 00) satisfy
Nr>n and (b—A)r>n. (5.7)

Using Lemmawith a dilation, we conclude that, for any m € N, t € [1,2] and = € R",

|q)2_7:rf*f 9 NTZQk(n Nr)/ | P, k:t*f( )|: dy
yern (142M(z re (14 27m[z —y[)b

ST Z 2k(n71\77‘) / |(I)2’k’mt * f( b)|r dy,
= (L4 |z —y])r

n
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which, since m € N and ¢ € [1,2] are arbitrary, further implies that, for any x € R,

R e R
{sz(n e / ((J;’f)ﬁ&ry . dy}m'

k=0 mezn Y m+0,1]"

From this and the assumption that X is strictly r-convex, it follows that

N m(f, @) -y "
{Z2k( N)Z/mﬂo,un (1+ [m])or dy}

mezmn

IS L

l[mg™(f, @)l x Sr

X

mezn X
{sz(n S Lo dyHXw}/r
- vy 1/r
{sz(" " mze;n /m+[o,1]n EH—??(?%D )dy x} ’

which, combined with (5.5)—(5.7]), further implies that

1/r
Hk k(n—Nr)
Imi? (£, 9)]1x < Im(f. |X{ N }
~ |lm(f, ®)l|x-
This finishes the proof of (ii), and hence of Theorem ]

5.2. Relation between local Hardy spaces and Hardy spaces. In this subsection,
we establish the relation between the spaces hx (R™) and Hx (R™).

Let ¢ € S(R™) and b € (0,00). For any f € 8'(R") and € R™, let

SO e) i sup PPN

yeRr 1+ |l‘ - y|b 7

where ¢(D) is as in (3.13)). Then we have the following equivalence.

LEMMA 5.5. Let ¢p € S(R™) satisfy XQ@,.2) < ¥ < Xq(@,.4)- Then, for any b € (1,00)
sufficiently large and f € S'(R™),

[fllnx @y ~ 105 (D) H)lx + 11 = (D) fllax @, (5.8)

where the implicit positive constants are independent of f.
Proof. Let f € S'(R™). We first claim that, for any z € R™,

b (L F ) (@) ~ (D) f () + My (1= (D)) f, F~ 1) (). (5.9)
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Once (5.9) holds true, we know that

lmg* (f, F~ ) llx ~ 05 (D) (f) + M (1 = »(D) £, F~'4) | x
S s (D)Nllx + 1M (1= »(D) f, F ) x
< s (D)) + My (L= (D) £, F~19)lIx
~ Nl (F, F 1) x

which implies that (5.8)) holds true.
Now we prove (5.9)). Via f = (D) f + (1 —¢(D))f and the fact that
my* (1= ¢(D)) f, F ') < My* (1 = (D) f, F '),
to prove < in ([5.9)), it suffices to show that, for any x € R",

(D)D) W)
B iy sp ey R AL (5.10)

It is easy to see that, for any t € (0,1] and z,y,z € R™,

WD)Ny =2 _ LR(D)()y -2l

A4+tYe—y—z|)b (t+]z—y—x|)?
< D))y = =)l
S lemy—a)

which implies that, for any ¢t € (0,1) and z,y € R",

(D)D) » (D)) — =)
e - mb —/' Ve Gl T = &
PO -2)
(R Ep—)

< [ AE @I )

< 5 (D)(f)(x) o [t F T () (1 + ) de
~ Py (D)(f)(@).

From this, we conclude that ([5.10) holds true. Thus, we obtain < in ([5.9).
Finally, we prove 2 in (5.9). To this end, it suffices to prove that, for any = € R,

wp DO —9(D) W)

sk —1
t€(0.00), yeR™ (1 ¥ t_1|1‘ _ y|)b S my, (va: 1/’)(95) (511)

From the assumption that XQ(@G,.2) < Y < Xo@., 1) We deduce that, for any t € (4,00)
and £ € R™, ¥(t&)[1 — ¥ (§)] = 0. Therefore, (5.11]
r € R™,

) is equivalent to the estimate, for any

(WD) = DDA o wnp 71
(roernx@oa) (L1 1z —y])? S my”(f, F ) (@). (5.12)
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However, by (5.10]), we find that, for any =z € R",

wy REDIO GO RO
(y,t)ER" % (0,4) (I +t=Haz —y|)° T (wt)errx(0,4) (1+t7z —y|)°
s D)

(wt)eRn x(0,4) (1 + 17z —y[)b
Smp*(f, F o) (@) S mp*(f, F ) (@),

which implies that (5.12)) holds true. This finishes the proof of 2 in (5.9)), and hence of
Lemma 5.5 =

6. Hardy type spaces associated with operators

In this section, we study Hardy type spaces associated with operators. More precisely, we
introduce the Hardy type space via the Lusin-area function associated with operators,
and then establish its molecular and atomic characterizations.

6.1. Definition of Hardy type spaces associated with operators. We first recall
some notation and terminology.
For 6 € [0, 7), the open and closed sectors, Sg and Sy, of angle 6 in the complex plane
C are defined, respectively, by setting
SY:={2€C\{0}:|argz| <0} and Sp:={z€C:|argz| <0}
Let w € [0, 7). A closed operator T in L?(R™) is said to be of type w if
(i) the spectrum of T, o(T), is contained in S,;
(ii) for each 6 € (w, 7), there exists a positive constant C such that, for all z € C\ Sy,
(T = 27 2 @nyy < Clzl ™
here and hereafter, for any normed linear space H, ||S||(3) denotes the operator
norm of the linear operator S : H — H.
For p € (0, m) and 0,7 € (0, 00), let
H(Sg) :={f : f is a holomorphic function on Sﬁ},
Hoo(Sp) == {f € H(S)) : || fllzoe(s9) < o0}

and

\11677(52) ={fe H(Sﬁ) : there exists a positive constant C such that,
for all € € Sy, |£(€)] < Cinf{l¢]7, €77 }}.

It is known that every one-to-one operator T of type w in L?*(R") has a unique
holomorphic functional calculus (see, for example, [98]). More precisely, let T be a one-to-
one operator of type w with w € [0, 7), and let p € (w,7), 0,7 € (0,00) and f € \I/@T(Sg).
The operator f(T') can be defined by the H-functional calculus in the following way:

1 -
F(T) = o— | (€I -T)7 f(€) de, (6.1)

- 27
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where
Ii={re”:00>r>0U{re™:0<r< oo},

with v € (w, ), is a curve consisting of two rays parameterized anti-clockwise. It is
known that f(T') in is independent of the choice of v € (w, ) and the integral in
is absolutely convergent in || - ||z(z2®n)) (see [98]).

In what follows, we always assume w € [0, w/2). Then it follows from [47, Proposition
7.1.1] that, for every operator T of type w in L?(R™), —T generates a holomorphic Co-
semigroup {e’ZT}Zesgm_w on the open sector Sg/Q_W such that [|e™*T || z(z2(rny) < 1 for
all z € Sg 2w and moreover every non-negative self-adjoint operator is of type 0.

Let W(S})) := Usr>0 Uy ,(S)). It is well known that the above holomorphic func-
tional calculus initially defined on W(S}) can be extended to Hu(S)) via a limit process
(see [98]). Recall that, for any p € (0, ), the operator T' is said to have a bounded
Hm(Sg)—functional calculus in the Hilbert space H if there exists a positive constant C'
such that |[Y(T)||z(x) < C”'(/JHLOO(SB) for all ¢ € Hoo(S)); and T is said to have a bounded
Hoo-functional calculus in the Hilbert space H if there exists p € (0, m) such that T has
a bounded Ho,(S})-functional calculus.

(R™), each ball B C R™ and j € Z, let

1
dxr == — dz.
1, o e = i [ sl

Now we recall the notion of LP-L? off-diagonal estimates on balls, which was first
introduced in [§].

For any given f € L

loc

DEFINITION 6.1. Let m € N, p,q € [1,00] with p < ¢, and {A;}+~0 be a family of linear
operators. Let Y(s) := max{s,s~ !} for any s € (0,00). The family {4;};~o is said to
satisfy LP-L? off-diagonal estimates on balls of order m, written {A;}is0 € O (LP-LY),
if there exist constants 61,602 € [0,00) and C, ¢ € (0,00) such that, for all ¢ € (0,00) and
all balls B := B(zp,rp) C R” with 23 € R" and rp € (0,00), and all f € L} (R™),

finosnwra)” el (e [ firerel™ e

and, for all j € N with j > 2,

{][gj(B) |[A¢(xBf)(x)[? dm}l/q

i 02 2m/(2m—1) /p
‘ Y L @rp)
< 210 |:T<t1/[2i])] e ﬁ/(ZnL D {][ |f ‘P dx}
and

1/q
{]i At<><s,.<B>f><x>|de}
1 02 j 2m/(2m—1) 1/p
) 2rpg _ @y m/EmT )
< ¢itr |y 2B from Pz
< [ (tl/pm]ﬂ e {]éj(B)f(x)l }
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Similarly to the comments after [8, Definition 2.1], we have the following properties
of O, (LP-L9).

REMARK 6.2. Let m € N and p, ¢ € [1, 00] with p < q.

(i) From Holder’s inequality, we deduce that, for any p < p; < ¢; < ¢,
O (LP-LY) C O, (LP*-L%),

(ii) Similarly to [8, Proposition 2.2], we conclude that {A;};~0 € O, (L'-L%°) if and
only if the associated kernel p; of A; satisfies the Gaussian upper bound estimates,
namely, there exist positive constants C' and ¢ such that, for all ¢ € (0,00) and
x) y E R/’L’

C |:C7y|2m/(2m71)
|pt(xa y)| < W exp{_c t1/(2m—1) :

(iii) {A¢}is0 € Op(LP-L9) if and only if {A* Y50 € Oy, (LY-LP).

Now we postulate the following two assumptions on the operator L, which are used
throughout this section.

ASSUMPTION 6.3. L is a one-to-one linear operator of type w in L?(R™) withw € [0,7/2),
has dense range in L*(R™) and a bounded H,-calculus in L*(R™).

ASSUMPTION 6.4. Let m € N. There exist py, € [1, 2) and q;, € (2,00], depending on L,
such that the family {(tL)*e=*F},~0, with k € Z, satisfies the reinforced (pr, qr, m) off-
diagonal estimates on balls, namely, {(tL)*e="};~q € O, (LP-L9) for all p,q € (pr,qr)
with p < q.

REMARK 6.5. Let p;, and ¢, be as in Assumption and m, k € N. Denote by L* the
adjoint operator of L in L?(R™).

(i) If (tL)*e~tL satisfies the reinforced (pr,qr,m) off-diagonal estimates on balls, then
(tL*)ke=tE" also satisfies the reinforced (g}, py, m) off-diagonal estimates on balls.
(ii) Here we present some examples of operators satisfying Assumptions and

(a) the second-order divergence form elliptic operator div(AV) interpreted in the
usual weak sense via a sesquilinear form, where A is an n X n matrix with entries
{ajk}}r=y C L>(R", C) satisfying the ellipticity conditions, namely, there exist
constants 0 < Ag < A4 < oo such that, for any &, ¢ € C™ and almost every
r € R™,

Aalél? < Re((A(2)€,€)),  [A(@)E, ¢)| < Aalél[C]

(see, for example, [62]);
(b) the 2m-order homogeneous divergence form elliptic operator
=)™ Y 9%(aa,s0%)
lo|=m=|B]|
interpreted in the usual weak sense via a sesquilinear form, with complex bounded

measurable coefficients aq g for all multi-indices o and S with |a| = m = |f]
(see, for example, [IT], 18] [19]);
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(c) the Schrddinger operator —A + V on R™ with the non-negative potential V &

L (R™) (see, for example, [61, [75]);

(d) the Schrodinger operator —A 4+ V on R™ with the suitable real potential V as
in [4];

(e) the non-negative self-adjoint operators satisfying Gaussian upper bounds esti-
mates, namely, there exist positive constants C' and ¢ such that, for all ¢ € (0, 00)

and z,y € R™,

C |.T _ y|2m/(2m—1)
|pt($7y)| < tn/(2m) exp{—c $+1/(2m—1) }’

where p, is the associated kernel of e~*L.

Let L satisfy Assumptions and and m € N be as in (6.2). For all f € L*(R")
and z € R", the Lusin-area function Sy (f), associated with L, is defined by setting

o 1/2
sun@ = { [ 1Pt |

where I'(z) for all x € R™ is as in Definition By [14] Theorem 2.13], we know that,
for any p € (pr,qr), where p;, and ¢y, are as in Assumption there exists a positive
constant C,, depending on p, such that, for all f € LP(R"),

1S () e @n) < Cip) | Fll e gen)- (6.3)

Let L* denote the adjoint of L in L?(R"). For any £ € N, f € L?(R") and x € R", the
Lusin-area function Sp« ¢(f) is defined by setting

o m % _2mogx dy dt 1/2
Sp-al(f)(z) = { [ aemeye s pmr }
0 B(z,t)
Then it follows from [14, Theorem 2.13] that Sy« ¢ is bounded on L4(R™) for any £ € N
and q € (¢7,p})-
Now we introduce the Hardy type space Hx 1 (R™) associated with L via the Lusin-
area function of L.

DEFINITION 6.6. Let X be a ball quasi-Banach space and the operator L satisfy Assump-
tions [6.3] and Then the Hardy type space Hx, 1, (R"), associated with L, is defined as
the completion of the set

Hyx,p(R")NL*(R") := {f € L*(R") : [|S1.(f)]|x < oo}
with respect to the quasi-norm || ||z, ®n) := [|SL(f)l|x-

We point out that, via the Lusin-area function characterization of Hx (R™) and Re-
mark the space Hx 1(R™) coincides with Hx (R™) when L := —A under the addi-
tional assumption that X has an absolutely continuous quasi-norm.

6.2. Molecular characterization of Hy ;(R™). In this subsection, we establish the
molecular characterization of the Hardy type space Hx 1, (R™). We begin with the defini-
tion of molecules associated with the operator L as follows.
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DEFINITION 6.7. Let X be a ball quasi-Banach function space and L satisfy Assumptions
and and let py, and g7, be as in Assumption Assume that ¢ € (pr,qr), M € N
and € € (0,00). Denote by R(LM) the range of LM.

(i) A function a € L9(R"™) is called an (X, ¢, M, €)r-molecule associated with the ball
B := B(zp,rp) C R", with 25 € R" and rp € (0,00), if @ € R(LM) and, for each
ke{0,....M} and j € Z,

(5™ L™ al| pags, (my) < 277127 BIY || x 5] %"
Moreover, if « is an (X, g, M, €)-molecule for all ¢ € (pr,qr), then « is called an
(X, M, €),-molecule.

(ii) For f € L%*(R"), the equality f = Zj 1 Ajoy s called a molecular (X, q, M, €)-
representation of f if, for each j € N, o is an (X, ¢, M, €) p-molecule associated with
the ball B; C R™, the summation converges in L?(R") and {\; };en C [0, 00) satisfies

st = [{3 () o}

where s € (0,1] is as in (2.8). Let
M PER™) := {f € L*(R™) : f has a molecular (X, g, M, ¢)-representation}

< 00, (6.4)
X

equ1pped with the quasi-norm || - HHM a.c(gny Given by setting, for all f € HM PER™),

AW st (gny += inf {A({)‘jaj}jeN) FED PPV

j=1
is a molecular (X, ¢, M, e)—representation},

where A({)\jo;}jen) is as in (6.4) and the infimum is taken over all molecular
(X, ¢, M, e)-representations of f as above.

The molecular Hardy type space H y ’q’ (R™) is then defined as the completion of
HﬁI’Lq’ (R™) with respect to the qu351 norm | - HHM a¢(Rn)-

Let T (R and T (RH!) with p € (0,00) denote the sets of all functions in
Tx (RHY), respectively, T4 (R:"!) with bounded support in R’:!. Here and hereafter,
a function f on Rﬁ“ is said to have bounded support in Rﬁ“ if there exist a ball B C R"
and T' € (0, 00) such that supp(f) C B x (0,T). Let L2(R"™) be the set of all functions
feL? (Ri*l) with bounded support in R1+1 M eNand M > 5- [94 + %], where m, 6,
and 0 are as in Definition and (2.8)), respectively. For any f e Lg(R”H) and z € R",

define
dt

o0 _42m
m () = Conay [ B H ) @) T (65)
where C,,, 1) is a positive constant such that
o m dt
Clm.m) / $2m(M+2) o —2t* - =1 (6.6)
0

For the operator 7y, s, we have the following boundedness.



64 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

PROPOSITION 6.8. Let L satisfy Assumptions and Tr,m be as in , and X
a ball quasi-Banach function space satisfying for some 0, s € (0,1] with 6 < s, and
for some q € [2,qr), where qr, is as in Assumption . Assume that X has an
absolutely continuous quasi-norm. Then

(i) the operator 7, ar, initially defined on the space T3 C(Ri“) withp € (pr,qr), extends
to a bounded linear operator from T4 (R"™) to LP(R™);

(ii) the operator mp ar, initially defined on the space T&(R’_ﬁ“), extends to a bounded
linear operator from Tx (R'}™) to Hy 1 (R™).

We point out that we use Proposition i) to show Proposition (ii). To show
Proposition we need the following assertion for tent spaces.

LEMMA 6.9. Letp € (0,00) and X be a ball quasi-Banach function space satisfying (2.8)
for some 0, s € (0,1] with 6 < s. Then the following statements hold true.

(i) If f € TSR}, then the decomposition holds true in TY(RH).
(i) Tg (R € T3 (R as sets.
Proof. The proof of (i) is similar to that of [72, Proposition 3.1], the details being omitted
here.

Now we show (ii). Let f € T¢(Rt"). Then there exists a ball By C R” such that
supp(A(f)) C By. It is known that, for any p € (0, c0),

Ne n 2,c n
TPC(RYM) C T, (R

as sets (see, for example, [24] p. 306, (1.3)]). Thus, to prove T)C((Riﬂ) C TQQ’C(R;LH), it
suffices to show that T (R ™) € T5°(R’ ™) for some p € (0,00). Let 6, s and e(X) be
as in Lemma From supp(A(f)) C By, it follows that there exists Ny € N such that
By € Q(0,,2N0), which implies that

HA(f) HK;-:E/([;J)F,Z(X)] (R™)

No . 1/s
2 H'A(f)||L9+6(X)(Q((_)‘,“2)) + { Z[Q—n]/{Q-l—e(X)} H-A(f)HLeJra(x)(Sj(Q((jml)))]s}

j=1

Ny
~ A oseco @@, 2y + 2 2" M A porecons, (@@1)))
j=1
~ A oo @n)-
From this and Lemma we conclude that A(f) € L/+¢(X)(R™), which further implies
that f € T29+8(X)’C(]R1+1). This finishes the proof of (ii), and hence of Lemma "

Moreover, to show Proposition ii)7 we also need the following conclusion.

LEMMA 6.10. Let L satisfy Assumptions and Tr,Mm be as in and X as in
Proposition [6.8, Then, for any (T'x,o0)-atom A and some € € (n/6,00), o := wp p(A)
is an (X, M, €),-molecule, up to a harmless constant multiple, associated with the ball B,
where B appears in the support of A.
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Proof. We may assume that 0; in Definition [6.1] satisfies 6; > n by replacing #; with
max{6,n + 1} if necessary.

Assume that A is a (T'x,00)-atom associated with the ball B := B(xzp,rp) for some
zp € R" and rp € (0,00), and ¢ € (pr,qr). Since, for ¢ € (pr,2), each (X,2, M, ¢€)-
molecule is also an (X, ¢, M, €)-molecule, to prove the above claim it suffices to show
that, for any ¢ € [2,q1), a := 7, m(A) is an (X, ¢, M, €)-molecule, up to a harmless
constant multiple, associated with B.

Let g € [2,q1). When k € {0,...,4}, by Proposition [6.8(i) we know that

lllzacsisy) = llme,nr (A)llLacsi ) S 1Al g @ne
SIBIYIxallxt ~ 27128 BV x| %" (6.7)

When k£ € N with & > 5, we dualize |7z a(A)| La(s,(B)); take h € LY (R™) satisfying
7]l o @ny < 1 and supp(h) C Sy (B). Then, from Hélder’s inequality and ¢" € (¢, 2], it
follows that

(0 (A), h)| < /n /(;OO Az, ) (27 LYM 1=t L () ()] %daz

= [ ] gL e @) o

< A e A Oca (B LM 2™ E () || Ly oy

S ||A||T§(R1+1)‘B‘1/q iz

m T % _2mg dax dt 1/2
X {/§|(t2 L*)M+1e—t"L (h)(x’t)Pt} . 65)
Observe that
T(’U) eXp(—’U%) S ve—7z+01

for v > 1. Combining this inequality with the fact that 6; > n, Assumption [6.4 and
Remark [6.5(i), we find that

dx dt
t

7 k 0
S / B{z’“’l {T(2 ;E‘)] B[22k B
0
2k7‘B 2m/(2m—1) 2dt
e (52) )T
4 t

r k —2(e—n+61)
< 2ol [ 22 0
0 t t

‘/A |(t2mL*)M+1eft2mL* (h) (JJ, t)|2
B

< 2_2(6_n)k‘B‘ |2kB|—2/q’,
which, together with , implies that, for any & € N with k > 5,
(o (A), )| S 27 F12 BV %"
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From this and the choice of h, we deduce that, for each k € N with k > 5,
el Lacsemy) = l1mz,ae (Al agsimy S 27F128BIYxallx (6.9)
Moreover, let j € {1,...,M}. When k € {1,...,4}, we dualize
[(r5*™ LYY ol Lags, (8));

take i € LY (R™) satisfying ||| o ®n) < 1 and supp(h) C S(B). A calculation shows
that € > n/0 > n/q. Since 0 < § <1 < 2 < g, and Sp~ ¢ is bounded on LI(R"), from
Holder’s inequality it follows that

((r5®™ LY 7 m(A)

/ / <B> l’f>|I<t2"‘L*>M“*jeft”‘L*<h><z>|dxtdt

S A La@nllSze, a1 (W)l par gy
SN Allggnry < 1BV xelx" < 27128 BIY 4 xallx"-

From this, we conclude that, for each j € {1,..., M} and k € {0,...,4},

15" L ol Lags, ) < 27 F125BIY I xsll %" (6.10)
When k£ € N with & > 5, similarly to the proof of , we know that, for each j in
{1,..., M},

15> L™ el Lags, ) < 27 %125 BIY I xallx"
which, together with (6.7)), and (6.10]), implies that « is an (X, ¢, M, €)r-molecule,
up to a harmless constant multiple. This finishes the proof of Lemma [6.10] =

Now we prove Proposition [6.8] by using Lemmas [6.9] and [6.10}

Proof of Proposition . The proof of (i) is similar to that of [72 Proposition 4.1(i)],
the details being omitted here.

Now we prove (ii). Let f € T (R?*"). Then, by Theorem Lemma and (i),
we know that

7TL,M Z)\MTL M Ak Z)\kak in LQ(Rn)7
k=1

where {A;}ren and {Ag }ren satisty (3 and
A({)‘jaj}jeN> S Al ey (6.11)

Recall that, for each k € N, supp(Ax) C By, and By, is a ball in R”, Moreover, from (6.3)),
we deduce that St (7 a(f)) (@) < > pey MeSi(ak)(z) for almost every z € R™, which,
together with Definition ii), implies that

ISuGria ()l < |30 MuSutan) (6.12)
k=1

By Lemma we know that, for some € € (n/6,00) and each k € N, oy, = 7 pr(Ay) is
an (X, M, €)-molecule, up to a harmless constant multiple, associated with the ball By.
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Moreover, let a be an (X, M, €)-molecule associated with a ball B := B(xpg,rpg) for

some zp € R" and rp € (0,00), where € € (n/6,00) and ¢ € [2,py). Then, for any
r € R™, we have

S < = " 2mL —t2mp 2 dy dt 1z
L) (@) < Y [t"" Le (axs, )W S
j=0 ‘70 B(z,t)

0 e’}
f T et
=0 rg J B(x,t)
dy dt }1/ 2

X (xs,() (rg" L) Ma)(y)|? ]

= ZEj(g;) + Y Fj(x). (6.13)

J=0 Jj=0

For any i,j € Zy, let Bj :=2/B and
Si(Bj) == {y e R": 20732rp < |y — x| < 21+127rp}.

Now we estimate fsi(Bj)[Ej(x)}q dx. When i € {0,...,4}, by the boundedness of Sy, on
L9(R™) we conclude that, for any j € Z,

[ E@rde< [ (Sulaxse)@)ds
Si(Bj) Si(Bj)

< lloxsy ()l my S 279127 B sl (6.14)
It is easy to see that, when i > 5, d(S;(B),S;(B;)) 2 2rg. As M > ﬁ[% + %], we
know that

1 1
omMq + (92+2>q> (91+92+Z+2>q.

Let

0 2

Then, from Holder’s inequality, Fubini’s theorem and Assumption [6.4] it follows that, for
each i € Nwithi>5and j € Zy,

B o _g2m dy dt
/, | [B;(2)]9 de < / | {/ / [t Le™" " F (axs, () ()] tntq/Z}
Si(BJ) S’L(BJ) 0 B(z,t)

TB duy dt (g—2)/2
AL
0 JB@pn "
g dydt

< ,.(a=2)/2 e £2my —t3m
~TB - | ¢ (axs; () ()] 1a/2
0 S;i(Bj)

r idj 02
S Tg_Z)/2/ o {2i01 |:'r<2 :TB>:| |21+]B|1/q|2j3‘71/(]
0

T qt
Ha||L<1(sj(B)) a7z

1 1
[91+92+n+}q—1<v<2m]\/fq+ {924‘2}1—1-

o 6_( 2'i+fr5 y2m/(@m=1)
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S i P2 (272 g2 B

B t v
% {/ ( - ) t—(92q+q/2) dt}
0 27'+]7’B

~ 2—i[v—(91+9z)q]2—j[v+(e—02)q]‘2i+jB| ||XBH;(q- (6.15)

B_)[Fj(:c)]q dx. When i € {0,...,4}, by the boundedness of
Spv+1 on LI(R™) (see, for example, [I3] Theorem 2.13]) we conclude that, for any
j € Z+7

Now we estimate fs-(

[ Edrs [ Suase D Ma) @) de
Si(Bj) Si(By)

S ||XS]-(B)(7“2BmL)7MO‘||qu(Rn)
<2792 Bl |xsl X" (6.16)
Notice that, for any 4,7 € Z; and x € R™,

2i+j73T‘B

pa<{ [ [ et
rB B(xz,t)
o dy i) V? o 1/2
x (xs,(m) (rB"L) " Ma) (y)]? t"+1} + /2‘* Lo
i+i=3ppg
= Fj1(z) + Fj 2(2). (6.17)

For F, 1, similarly to (6.15)), we know that, for any ¢ € N with ¢ > 5, j € Z4 and
v € (0,00),
Si(Bj) . o
> 27][’U+1+(679271/2)q]|2Z+jB| ||XBH;(q (618)

For F; o, from the boundedness of S, ar41 on LY(R™), we deduce that
2mMq

-
. q < _ "B 2m r\—M q
/si(B,-)[Fﬂ(x)] dr S (2i+irz)2mMq ‘/Si(Bj) [Se.ar1(xs, ) (rE" L) M ) ()] da

< 27 2mMalitd) ||(TQBmL)_MquLq(sj(B))

< 2—(2qu+n)i2—(2mM+e)qj|2i+jB‘ HXB”)_(qv
which, together with (6.17)), (6.18]) and the facts that 2mMg+n > v+1+n—(01+65+1/2)q
and (2mM +€)g > v+ 1+ (e — 03 — 1/2)q, implies that, for any ¢ € N with ¢ > 5 and
j € Z+7

/s (B )[Fj(xﬂq dy < 27 = (Ot /2)al g =i lv Rl He=02=1/2)al |9 B ||y | 7.
i(Bj

From this and (6.14])—(6.16)), we conclude that, for any i,j € Z,,
x5, EjllLo@ny S 27712 BIY x| %" (6.19)

x5 Egllageny S 2710/ a7 Orr02)lgmilo/are=02)|gitd L)y p| (6.20)

x5, Fjlloqny S 27727 BIY||xsll%* (6.21)
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and

Ixs.(B,)Fjlla®n
< 9=il(v+1)/a—(01402+1/2)|9—j[(v+1)/q+e—02—1/2] |2i+jB‘1/q x5 ||;(1 (6.22)

For each oy, with k € N, let {Ej ;}jez, and {Fy ;};ecz, be as in with « replaced
by ay. Then, for any k € N, {Ey ;}jez, and {Fj ;}jez, satisfy the estimates in
through upon replacing B by By.

By the triangle inequality, we find that

1SL (o, (f)llx < H i/\ksL(ak)HX < H iAk i(Ek,j +F’“’j)Hx
k=1 k=1 =0

)

oo
Z/\szlv(mBk)Ek,jHX
k=1j ]

=0

M8

i
=]

oo 0 o0

+ H Z Z Z )\kXS,i(QJ'Bk)Fk,jHX-

k=1 j=0 i=0

A calculation shows that v > (91 +0:+ 5+ %)q — 1 implies ”;" —(01+02) > n[é -

Thus, if we use (6.19)—(6.22)) and Theorem [2.11} we then have
[} —de N\ S 1/s
Ap277
Ierear Ml 5 [{ 3 (P25 xorm |

2= Tl

Q=
[l

)

X

which, combined with the definition of the Hardy—Littlewood maximal operator, the
assumption that e > n/6 and (2.8)), further implies that

sl < [{ 3 [WW)(W]S}”S < Ayaghien).

b Ixsdlx X
From this and (6.11]), it follows that
1Sz (e (FDIx S 1Sl ey (6.23)

Hence, for any f € T%(RH),
Iz,ae (Pl o ey S [l ey (6.24)

Finally, assume that f € Tx(Ri-H). Let {Ok}keZ, {)\k7j}kez7je]k and {ak7j}kez,j61k
be as in the proof of Proposition [£.9] Then, from the definition of Oy, we deduce that
Oy 1 supp(A(f)) as k — —oo, which, together with the absolute continuity of the quasi-
norm of X, further implies that

A ) xrm 0, llx — 0 (6.25)

as k — —oo. For any N € Z, let fx := 3 1y 15N D2 jer, M,j@k,j- Then an argument
similar to (4.49) yields, for any N € Z,
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MO =mlx < > D /\’“»jA(ak’j)Hx

kEZ, k<N jel

1/s
<{ X XA},
kEZ, k<N jeli
s 1/s
<
N{ 2 Z(nxmnx) XB'W} X

k€Z, k<N jeli

-{ T T}

kEZ, k<N jelj

(6.26)

e
Furthermore, similarly to the proofs of (4.46|) and (4.48]), we find that, for any N € Z,

{2 S} s { X 2},

k€EZ, k<N jeIy k€Z, k<N

1/s
S 0000w )
kEZ, k<N

X

S A )XRMN O g |

where my is as in (4.48)), which, combined with (6.25) and (6.26)), implies that
1f = Fllrggary = IAGF = f)llx =0 (6.27)

as N — —oo. Let {Oj }xez be as in the proof of Proposmon Then from the definition
of {ak,j}trez, jer,, it follows that for any N € Z, supp(fn) C O}*V, which implies that
fn € T¢ (R, By thls and , we conclude that T (R’7™') is dense in Tx (RH),
which, together with (| and a den51ty argument, implies that ( - ) holds true for
any f € Ty (R”H) ThlS ﬁnlshes the proof of (ii), and hence of Proposition .

PROPOSITION 6.11. Assume that X is a ball quasi-Banach function space satisfying
for some 0,5 € (0,1] with 6 < s, and for some q € [2,q1). Let L satisfy Assumptions
and (6.4, and let € € (n/0,00) and M € N with M > 72 [% 4+ 1], Assume further that
X has an absolutely continuous quasi-norm. Then, for all f € Hx (R™)N L*(R™), there
exist {\;}jen C [0,00) and a sequence {a;}jen of (X, M,e)-molecules, respectively,
associated with balls {B;}jen such that f = 3772, Aja; in L*(R™). Moreover, there exists
a positive constant C' such that, for any f € Hx (R™) N L*(R"),

H{ (XB ||X>SXBJ}1/S

Proof. Let f € Hx ,(R™) N L?(R™). Then, by the H..-functional calculus for L and the
boundedness of Sz, on L?(R™), we know that

< Cllflax, o e)-
X

f _ C(m,M) / (tQmL)M+2€—2t2mL(f) % _ WL,M(tQmLe_tsz(f))
0

in L?(R"), where Cim, ) s as in . Moreover, from f € Hx r(R™) and the bound-
edness of Sy, on L2(R™) again, we deduce that 12" Le~ """ L(f) € Tx (R") N T2(RTF).
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Applying Theorem Lemma, and Proposition . to tQmLe_tsz( f), we conclude
that

f= 7TL7M(t2mL€_t2mL Z)\ T, M Z/\ Q;
in L2 R™) and

H{ <|><B ||X)SXBJ}1/S

where, for any j € N, o is an (X, M, €)-molecule associated with the ball B;, up to a
harmless constant multiple, which completes the proof of Proposition [

_ ,2m
< ||#2mLe T E( Mo @ty ~ 1 fll g, o em)s

X

THEOREM 6.12. Assume that X is a ball quasi-Banach function space satisfying for
some 6, s € (0,1] with 8 < s, and (2.9)) for q € [2,q1), where q1, is as in Assumption .
Let L satisfy Assumptions and|6.4} € € (n/0,00) and M € N with M > ;- [enl + 3.
Assume further that X has an absolutely continuous quasi-norm. Then HX,L(R") and

H)A(/{f’ﬁ(R”) coincide with equivalent quasi-norms.
Proof. We first prove that
HYPE(R™) N LA(R™) € Hx,(R") N L*(R™),
and the inclusion is continuous. Let f € H%f’E(R")ﬁLZ(R”). Then there exist {\;}jen C

[0,00) and a sequence {a;};en of (X, ¢, M, €)r-molecules such that f = Zj‘;l Ajaj in
L?(R™) and

1 iy ey ~ AlAG 0} sem) (6.28)

Furthermore, from the fact that f = Z;’il Aja; in L*(R™) and the boundedness of Sy,
on L%(R"), it follows that Sp(f) < > 721 AjSr(ay) almost everywhere, which, together
with the proof of (6.23)), implies that

ISe(Hllx < | o nisea)|, s

j=1
From this and (6.28), we conclude that f € Hy (R™) N L?*(R") and

1F e ey SN rarae gy (6.29)

A({Aja;}jen).

Now we show that
Hy  (R") N LA(R") C HY{“(R") N L*(R™),

and the inclusion is continuous. Let f € Hx r(R"™) N L?*(R™). Then, from Proposition
it follows that there exist {A;};en C [0,00) and a sequence {a; },en of (X, q, M, €)-
molecules, associated with the balls {B;};en, such that f = Z]Oil Ajaj in L2(R™) and

A({Njag}jen) S I lax . ®nys
which implies that f € Hé\(/lge(R") N L?(R™) and

AW rarae eny S 1, ey
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From this and , we deduce that
Hy  (R") N LA(R") = Hy #9(R™) N L*(R")
and, for all f € Hx (R")N L?(R"),
||fHHX,L(R") ~ ||fHH§{f’€(Rn)7

which, combined with the fact that Hx (R") N L?(R") and H;‘(/IL“(R") N L*(R") are
dense in Hx 1 (R") and H é\f ¢(R™), respectively, implies that the spaces Hx r(R") and
H%E’E(R”) coincide with equivalent quasi-norms. This finishes the proof of Theorem
0. 12| =

6.3. Atomic characterization of Hx 1, (R™). In this subsection, we establish an atomic
characterization of the Hardy type space Hx r,(R™). To obtain the support condition of
atoms via the finite propagation speed for the wave equation, we have to restrict ourselves
to a special case of operators satisfying Assumptions and More precisely, we
postulate the following assumptions on the operator L.

ASSUMPTION 6.13. The operator L is a non-negative and self-adjoint linear operator in
L2(R™).

ASSUMPTION 6.14. There exists a positive constant pr, € [1,2) such that the semigroup
{e=tE}~0 generated by L satisfies the reinforced (pr,p’y, 1) off-diagonal estimates on balls
as in Assumption [6.4]

REMARK 6.15.

(i) Tt is easy to see that if an operator L satisfying Assumptions and is one-
to-one, then it also satisfies Assumptions and and hence all results obtained
in Subsection hold true in this case. If an operator T satisfies Assumptions [6.13
and but is not one-to-one and hence does not satisfy Assumptions [6.3] and
thanks to the functional calculus via the spectral theorem, all the results obtained
in Subsection [6.2] still hold true.

(ii) The following definition of the L? off-diagonal estimates is from [5]: For all ¢ in (1, c0),
a family {T}}:~0 of linear operators is said to satisfy the L? off-diagonal estimates if
there exist positive constants C and ¢ such that

2
T2 ()] agry < Ce WEIER ) 21, )
for any closed sets E, FF C R™, ¢t € (0,00) and f € LY(E). From [8], we deduce that
{Ti}i>0 € O1(L9-L?) if and only if {T;}+>0 satisfies the L? off-diagonal estimates.
Thus, Assumption implies that {e~''};~ satisfies the L? off-diagonal estimates
with ¢ € (pr,p%).
To establish the atomic characterization of Hx 1, (R™), we first introduce the following

notions of atoms and atomic Hardy type spaces.

DEFINITION 6.16. Let X be a ball quasi-Banach function space, let L satisfy Assumptions

and and let p;, be as in Assumption Assume that ¢ € (pr,p7), M € N
and B C R” is a ball.
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(i) A function a € LI(R"™) is called an (X, q, M) -atom associated with B if there exists
a function b € D(L™M), the domain of LM, such that

(a) a= LMp;

(b) supp(Lkb) C B for any k € {0,..., M};

() [[(rLL)*b|| Laqrny < r23M|B|Y9||xp|| %" for any k € {0,..., M}, where rp denotes
the radius of B.

Moreover, if « is an (X, ¢, M) -atom associated with B for all ¢ € (pr,p}), then «
is called an (X, M)y -atom associated with B.

(ii) For any f € L*(R™), f = Y272, Nja; is called an atomic (X, g, M) -representation
of f if, for all j € N, a; is an (X, ¢, M) ,-atom associated with the ball B; C R™, the
summation converges in L*(R™) and {\;}jen C [0, 00) satisfies A({\ja;}jen) < oo,
where A({\jo;}jen) is as in (6.4). Let

ﬁ%ﬂat(R") = {f € L*(R") : f has an atomic (X, g, M)-representation}

equipped with the quasi-norm given by

X,L,at

I fllgrra gy = inf SA({ N }jen) o f = Z)‘jaj
(R™) —
J=

is an atomic (X, ¢, M)L—representation},

where the infimum is taken over all the atomic (X, ¢, M)r-representations of f as
above and A({\jo;}jen) is as in (6.4)).
The atomic Hardy type space H X,Z{at (R™) is then defined as the completion of the

set ﬁ;‘éﬁat (R™) with respect to the quasi-norm || - HH%LL{M(RM.

Then we have the following atomic characterization of the Hardy space Hx r(R™).

THEOREM 6.17. Assume that ¢ € [2,p}) with p} as in Assumption [6.14] Let X be a
ball quasi-Banach function space satisfying (2.8)) for some 6,s € (0,1] with § < s, and
(2.9) for q as above, let L satisfy Assumptions and and let M € N satisfy

M > %(% — pi,) Assume further that X has an absolutely continuous quasi-norm. Then
L

the spaces Hx 1 (R™) and H%’L({at (R™) coincide with equivalent quasi-norms.

To prove Theorem we need to introduce some operators me 1. To this end,
we first recall the following notation: For any operator T, let K be its integral kernel.
Let cos(tv/L) with t € (0,00) be the cosine function operator generated by L. By [25)
Theorem 3.4] (see also [61, Proposition 3.4]), we know that there exists a positive constant
Cy such that

supp(

cos(

wiy) € {(zy) € R* XR™ : [z —y| < Cot}. (6.30)

Moreover, let 1) € C°(R) be even and supp) C (—Cy ', Cyt), where Cj is as in (6.30).
Let ® denote the Fourier transform of ¢. Then, for all k € N and ¢ € (0,00), the kernel
of (t?L)*® (/L) satisfies

supp(K 2 kg 1vzy) C {(@,9) € R x R™ : [z —y[ < t} (6.31)
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(see, for example, [61, Lemma 3.5] for the details). Let M € N with M > (f - I%,)
L

Assume that ® is as in (6.3I). Then, for all k € N, f € L2(R}"") and z € R", the
operator 7o, 1, 1 is defined by setting

> dt
Toralle) = Capy [ ELFIUVIT D)) .
where C (g 1) is a positive constant such that
e dt
C(@,k)/ 2ED G ()2 - =1 (6.32)
0

Using Minkowski’s integral inequality and quadratic estimates (see [61, (3.14)]), we
easily find that 7g 1, can be continuously extended from TZ(R'} ™) to L2(R™). Moreover,
we have the following boundedness of 7¢ 1, a7, which can be viewed as an extension of
[132] Proposition 4.6].

PROPOSITION 6.18. Assume that X is a ball quasi-Banach function space satisfying (2.8])
for some 6,s € (0,1] with 6 < s, and (2.9) for some q € [2,p}), where pr, is as in
Assumption[6.14, Let L satisfy Assumptions[6.13] and [6.14] and let M € N satisfy M >
n(l

5(5 — p—) Assume further that X has an absolutely continuous quasi-norm. Then the
L

operator To, 1 M, initially defined on T’ (RT‘l), extends to a bounded linear operator from
Tx(Ri—i_l) to HX7L(Rn).

Proof. Similarly to the proof of Proposition we only need to show Proposition [6.18
for the space T%(RH!). Let f € T¢(R}™). From Theorem [3.19] Lemma and the
fact that 7o a is bounded from TZ(RT™) to L?(R™), we deduce that there exists a
sequence {A4;}jen of (Tx,c0)-atoms associated with the balls {B;};en, respectively, and
{\;}jen C [0, 00) such that

7T<I>,L,M Z)\ 7Tq>LM Z)\ ay in Lz(Rn)

and
A({Ajas}jen) S I oy reny- (6.33)

Moreover, by the boundedness of Sy, on L?(R"), for almost every = € R™,
Sp(me.L.a () (@) <N SL(a;) (). (6.34)
=1

Now we prove that, for each j € N, «; is an (X, M) -atom associated with B; :=
B(xp;,rp,) for some xp, € R" and rp; € (0,00), up to a harmless constant multiple.
Indeed, let

dt

o)
by = Caany | VLSV A, 1) T (6.35)
0
where C(g, yr) is as in (6.32)) with k replaced by M. From (6.31)), it follows that supp(L*b;)
C Bj forall k€ {0,...,M}.

Let q € (pr,p}). For any h € LY (B;) N L*(B;), by (6.34), Assumption [6.13] Fubini’s
theorem, the fact that supp(A4,) C B; and Hélder’s inequality, we conclude that, for all
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ke{0,...,M},

/n (r%j L)kbj (z)h(x) dx

Aj(w, ) (%}, L)) La(tv/L) (k) ()
RTL
/ / S DL RV () ()| 28

v d]?
/ ED D) 1)) =y

Moreover, it follows from [I3, Lemma 5.3] that, for all ¢’ € (pr, p}.),

dx dt’

S rE IMAAN) | Lan)

L (Rn).

H[ (L) 1oV T) () >|2d””dtr/2

{n+1

S Bl L ey
Lo (B

which, together with the arbitrariness of h and the fact that A; is a (T'x,oc0)-atom
associated with B;, implies that, for any k € {0,..., M} and j € N,

(7%, L) bjl| Lagamy S T2 1B 1Y s, I

Thus, for each j € N, «; is an (X, M) -atom associated with the ball B; up to a harmless
constant multiple.

To prove that 7o 1 am(f) € Hx . (R™), via (6.33), it suffices to show that
1SL(me,L,m ()]l x S AN o)}t jen). (6.36)

Let o be an (X, M)—atom associated with B := B(zp,rp) for some zp € R"” and rp €

(0,00), as in Deﬁnition From M > 2 ( 1 p1 ) we deduce that there exists ¢ € [2,p])

such that M > % (7 — =). To show , via and Theorem u we only need to
prove that, for any k € Z+,

IXs0(8)SE(@) | ageny S 272MFBIV x5 (6.37)

Now we show (6.37)). By the boundedness of Sy, on LY(R™) with ¢ € (pr,p},), we know
that, for any k € {0,...,4},

Ixs.(B)SL@) | za@ny S llatllzany S 1BV xsllx- (6.38)

For any k € N with & > 5, let Dy, := HSL(O‘)Hqu(Sk(B))' To estimate Dy, we write

le—zp|/4 R dydt q/2
T N | A B T
54(B) Ba.t)

dydt]"”?
/ [/ / fﬂ] de =: Hy + T (6.39)
51(B) L |z—es|/4 B(mt) t

We first estimate Hy. For & > 5, let

G (B) := {y € R" : there exists = € Si(B) such that |y — z| < |z — zp|/4}.
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By Holder’s inequality, we have

lx—xp|/4 du dt
g @y [T et 2
Sk (B) 0 B(z,t)

A geometric observation shows that, if y € Gi(B), then 2¥~2rp < |y — x| < 2¥*lrg
Thus, G(B ) Uf+k1 15i(B) =: Sk(B). If we use Fubini’s theorem and o = LMb (see
Definition , we then obtain

dy dt

2k+1TB
< (9k q/2—1 2 7 \M+1_—t3L q
< 2 | /gm (LM e ) )

From Assumption and the fact that « is an (X, M) -atom, we deduce that

28y ko 12
2.1 [2 T‘B] dt
S ) bl [ ew{-cB o

~ 2 B [ 1, (6.40)

where C' is a positive constant. The estimation of Ij is similar: replacing Assumption
by the boundedness of the family {(t2L)Me’t2L}t>0 of operators on LI(R"™) (see,
for example, [8]), we know that

- dy dt
Ik /S (2krB)_4M(q/2_1)/ |:/ / |t2L6_t2L(b)(y)|q :| du
Sk (B) L/ |z—zp|/4 J B(x,t) gnrAM+1
* dt

k —2k —
S ) MO gy [ i~ 2B

which, together with and (6.40), implies that, for any k € N with k > 5,
Dy 272 |B| |Ixslx"-
From this and , it follows that holds true, which completes the proof of
Proposition [6.18] m
Now we prove Theorem using Proposition [6.18

Proof of Theorem . Let ¢ € [2,p}) and M > %(5 — ;%/) To show Theorem it
L
suffices to prove that

L*(R™) N Hx (R") = LA(R") N Hy'{ . (R™)

with equivalent quasi-norms.
We first show the inclusion
L*(R™) N Hy,(R") € L*(R™) N Hy' . (R™). (6.41)
For any f € L?(R™) N Hx 1 (R"), by the functional calculus in L?(R"™), we know that
e dt
f=Cla,m) / DMV Le M (f) T = ma . (PLe H(f)
0
in L?(R"), where Ce, vy 1s as in (6.32)) with k replaced by M. Moreover, from the fact

that 2Le "' L(f) € Tx(RTH) N T2(RT), Lemma i) and Theorem it follows
that there exist {\;};jen C [0,00) and a sequence {A4;};en of (T'x,c0)-atoms associated
with balls {B; };en, respectively, such that
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—¢2 Nt . n
CLe I (f) =D NA;  in TERTT
j=1

and
2
A({)\jaj}jeN) 5 Ht2Le t L(f)HTX(R:_-H) ~ ”f”Hx,L(R")? (642)

which, together with Proposition [6.18] implies that
2 i . n
f=moLm(Le” " H(f) =Y NmaLm(4;) in L*(R"). (6.43)
j=1

By the proof of Proposition for any j € N, mo.r,m(A;) is an (X, M)-atom as-
sociated with Bj, which, combined with and , implies that f € L%(R™) N
H;V{f,at (R™). Thus, holds true.

We now prove the inclusion

LX(R™) N Hy'f . (R™) € L*(R™) N Hy,(R"). (6.44)

Let f € Lz(R”)ﬂHﬁ\éf,at(R”). Then there exist {\;},en € [0,00) and a sequence {o; };en
of (X, q, M)-atoms such that f = Zjoil Ajaj in L2(R™) and

A(Dv0s}em) S 1l oy (6.45)
From ((6.37) and Theorem [2.11} we deduce that

ISLPlx < || S ASulan)| . S Altxa e,
j=1

which, together with (6.45), further implies that || S.(f)||x < ||fHH§(/1£, (rny and thus

,at

f € L2(R™) N Hyx 1,(R™). This finishes the proof of (6.44) and hence of Theorem ]

6.4. Hx 1 (R") with L satisfying Poisson estimates. In this subsection, we study the
Hardy type space Hx 1 (R™) associated with the operator L satisfying Poisson estimates.
More precisely, we obtain a molecular characterization of Hx 1 (R™).

We begin with the following assumptions on L.

ASSUMPTION 6.19. The linear operator L is one-to-one, has dense range in L*(R™) and
a bounded H . -calculus in L?(R™).

ASSUMPTION 6.20. For any t € (0,00), the distribution kernel p; of e~'L belongs to
L>*(R™ x R™) and satisfies the Poisson estimate |pi(x,y)| < hi(x,y) for all (z,y) €
R™ x R™, where hy is given by

hi(x,y) = t”/mg(|il/my|) for all (z,y) € R” x R™, (6.46)
where m € N and g is a positive, bounded and decreasing function satisfying
. n-+e _
Thﬁn;()r g(r)=0 (6.47)

for some € € (0,00).
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In this subsection, we do not assume that L satisfies Assumptions and

From Assumptions [6.19] and we deduce some useful estimates related to L.

If {e=*£}4>0 is a bounded analytic semigroup in L?(R™) whose kernels {p; };~¢ satisfy
and , then, for any k£ € N, there exists a positive constant C(y, depending
on k, such that, for any t € (0,00) and almost every z,y € R™,

% p(z, C T —
T < S (). (6.48)
It is worth pointing out that, for any k¥ € N, the function g may depend on k but it
always satisfies (see, for example, [108, Theorem 6.17]).

Let v € [0,7/2). Then L has a bounded H.-calculus in L?(R™) if and only if, for any
v € (v, 7] and each non-zero function ¢ € \II(SS)7 L satisfies the square function estimate
and its reverse, namely, there exists a positive constant C' such that, for any f € L?(R"),

- oo dt) 2
O gy < { / ||wt<L>f||%z<Rn>t} <COlfly,  (6.49)
where, for any t € (0,00) and = € R™, ¢;(z) := ¢ (tz). Notice that different choices of
v > v and ¢ € U(SY) lead to equivalent quadratic norms of f (see [98] for details).
For any operator L, let

O(L) := sup{e € (0,00) : (6.47) holds true}. (6.50)
Furthermore, for any s € Zy, f € L2(R") and (z,t) € R}, let

Bi(f)(@) =e " (f)(x) and Q. (f)(x) =" L H e (f)(x). (6.51)

In particular, when s = 0, we denote Qs simply by Q. Moreover, by (6.48), we find
that the kernels p; and gs; of P, and Qs, respectively, satisty, for any ¢ € (0,00) and
almost every z,y € R”,

pem (@, y)| + lgs,em (2, 9)| S 7" g(Je = y1/1), (6.52)

where m is as in , g satisfies and the implicit positive constant is independent
of t, z and y.

Some examples of operators satisfying Assumptions and are given in the
following remark.

REMARK 6.21.

(i) If L:= —A, then (L) = oo and L satisfies Assumptions and

(ii) If L := v/—A, then (L) = 1 and L satisfies Assumptions and

(iii) Let L := —div(AV) be a second-order divergence form elliptic operator, where
A = {a;;}1<ij<n I8 an n X n matrix with real entries a; ; € L>®(R™,R) satisfy-
ing Y07y aij(2)€&5 > NE[? for all z € R™, € := (&1,...,6,) € R™ and a certain
A € (0,00). In this case, (L) = co and L satisfies Assumptions and (see,
for example, [60]).

(iv) Let L := —A +V be a Schrédinger operator on R” with 0 <V € L{ (R™), where

n > 3. Then 6(L) = oo and L satisfies Assumptions and (see, for ex-
ample, [61]).
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For any f € L?(R"), the Lusin-area function Sp(f) associated with L is defined by
setting, for any = € R™,

1/2
S0 ={ [ e R

where Q¢ is as in (6.51) and I'(z) as in Definition From Assumption and (6.49),

it follows that Sy, is bounded on L?(R™). Moreover, Auscher et al. [6] proved that, for
any p € (1,00), there exists a positive constant C(, such that, for any f € LP(R"),
CoyIf lo@ny S USLHlzoeny < Cippllfll o ny- (6.54)

Now we introduce the Hardy type space Hy ,(R™) associated with L in a similar way
to Definition 6.6

(6.53)

DEFINITION 6.22. Let X be a ball quasi-Banach space and suppose the operator L sat-
isfies Assumptions and Then the Hardy type space Hx (R™) is defined by re-
placing the operator L, satisfying Assumptions and and the Lusin-area function
Sr(f) in of Definition respectively, by the operator L, satisfying Assumptions
[6.19] and [6.20] and S (f) in (6.53).

DEFINITION 6.23. Let X be a ball quasi-Banach function space and let L satisfy Assump-
tions and Assume that ¢ € (1,00), M € N and 1 € (0, 00). Denote by R(L)
the range of LM. A function o € LY(R") is called an (X, q, M,n)r-molecule associated
with the ball B := B(xg,r5) C R" for some xp € R" and rg € (0,00) if a € R(LM)
and, for each k € {0,...,M} and j € Z,

1™ L™ al| pags, () < 277727 B[V |5

Moreover, if « is an (X, ¢, M, n) -molecule associated with a ball B for all ¢ € (1, c0),
then « is called an (X, M, n)r-molecule associated with B.

Then the molecular Hardy space H%f’"(R") is defined via replacing (X, q, M, €) -
molecules of Definition ii) by (X, ¢, M,n)-molecules here.

Let M € N and M > n/(mé), where m and 6 are as in (6.46|) and (2.8)), respectively.
For any f € L2(R"™") and = € R", define

~ ~ > m _m dt
Frar(D)@) i= Conany [ (LML) @) T (6.59)
0
where é(m’ M) 18 a positive constant such that

Cm. 1) /OO g (M+2) =2t % =1.
0

For the operator 7, as, similarly to Proposition we have the following boundedness.

PROPOSITION 6.24. Let L satisfy Assumptions and and 7, a be as in (6.55)).
Assume that X is a ball quasi-Banach function space satisfying (2.8)) for some 0, s € (0,1]

with 0 < s, and (2.9)) for some q € [2,00). Let M € N be such that M > n/(mb) and
(L) > n(1/0 — 1) + 1/2, where O(L) is as in (6.50). Assume further that X has an
absolutely continuous quasi-norm. Then
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i) the operator Tp nr, initially defined on TEC(RMY) with p € (1,00), extends to a
) 2 +
bounded linear operator from TY(R'H') to LP(R™);
ii) the operator Tp ar, initially defined on TS (RTTY), extends to a bounded linear oper-
) xR
ator from Tx (R} to Hx, 1 (R™).

To show Proposition ii), similarly to Lemma we need the following technical

lemma.

LEMMA 6.25. Let L satisfy Assumptions and[6.20, 7 ar be as in (6.55)) and X as in
Proposition[6.24. Assume that M € N satisfies M > n/(mf) and (L) > n(1/0—1)+1/2,
where (L) is as in (6.50). Then, for any (T'x,o0)-atom A and some

€ (n[1/0 — 1] +1/2,00),

a =7 m(A) is an (X, M, n+ n)r-molecule, up to a harmless constant multiple, asso-
ciated with the ball B, where B appears in the support of A.

Proof. Assume that n € (n[1/6 — 1] + 1/2,00), A is a (Tx,c0)-atom associated with

the ball B := B(zp,rg) for some zg € R” and rg € (0,00), and ¢ € [2,00). To prove

Lemma similarly to the proof of Lemma it suffices to show that « := 7 ar(A)

is an (X, ¢, M,n + n)r-molecule, up to a harmless constant multiple, associated with B.
For any k € N, f € L?>(R") and z € R", let

1/2
Su-af)e) ={ [ T () wal

Since {e"*'};5¢ is an analytic semigroup in L?(R"), so is {e7** };~0. Let p € (1,00).
Similarly to the proof of (6.54), we can show that, for any f € LP(R"),

ISk (F)llLe@ny S N FllLen)- (6.56)

From the assumption 6(L) > n(1/6 — 1) + 1/2, we deduce that there exists a number
n € (n[1/0 — 1] + 1/2,min{0(L),n/0}). When j € {0,...,4}, we deal with the term
[(r5™ L") allLa(s,(By) via duality; take h € L9 (R") satisfying supp(h) C S;(B) and
12|l L gy < 1. Then, by (6.56) and Holder’s inequality, we conclude that, for any & in
{07 A 7M}7

(5™ L™ a, )| =

/ / ,rgmktm(M+1)LM+1—ke—tmL(A(., £)(2)h() da:tdt‘
0 n

(oo}
[Tt e e gy @)
O n

t
" k k
< / / / " r Az, t)|
0 " J B(z,t)

S ke _gmpr dy dx dt
X [ L) MR (B ()] =

tn+1

m % Ck —¢mL* dx dt dy
< [ Aol et () S
n F(y) t

A
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< | AA)W)Ste m1-k(R)(y) dy

R?L
< NAM [ La@m 1Sz are1-k (W)l Lo @ny S [All g grery-
Since n +n > n/0 > n/q, it follows that
{(rp™ L™ a, by S 2770127 BV |x g1,

which, by the arbitrariness of h € L7 (R™), implies that, for any j € {0,...,4} and
ke{0,...,M},
I(rg™ L™ el ags, (my) S 277127 B9 x|k (6.57)

Moreover, for any k € {0,..., M}, t € (0,00), h € L?*(R") and = € R", let
d]v1+1—kPT

(L M)(h) (@) i= ¢ {dm

h| (@)

where P, is as in (6.51) with ¢ replaced by r. From (6.47) and (6.52)), together with
€ (n[1/0 — 1] +1/2,0(L)), it follows that the kernel of WF(L, M), vF(L, M), satisfies,
for any ¢ € (0,00) and almost every z,y € R",

r=tm

"

(aFEriEa) o

(L, M) (2, )| < Cliom)

where C(; ) is a positive constant depending only on k and m. From this pointwise
estimate, we deduce that, for any k € {0,..., M} and = € R",

(5" L™ a(a)] N/OOO|(7‘B’”L D LML (A 1) (2 )I*

dt

S [ e L A )@

_ dydt
< mk mk
s / / (t+|z— yl)”*’7| w01

tmktn dzdy dt
<Mk Aly,t .
"B / //B(yt) tJrlﬂﬂ—yl)”*’7| s

By Fubini’s theorem, Holder’s inequality and supp(A) C B, for any z € R", we have

tmk Y S (y, 1) dy dt dz
—m7y—1 < p—mk )
o r el s [ G A0

s [ e [ / )

S ™ IIAA) | e mmy

. {/" |:/F(z) tmk+nX§(y’t)

(t+ ]z —y[)n+n
When j € N and j > 5, we know that, for any = € S;(B) and y € B, |z — y| ~ 2/rp.

Ry 5 (Y, 1)
(t+ |z —y[)ntn

Qdydt 1/2d
tntl

(6.59)

2 d’ydt q//2 1/‘1,
th] dz} .
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From this and (6.59)), we deduce that, for any k € {0,..., M},

—-m 77— —mk|oj
I(r5™ L™ * ol Lags, By S v 127 BIY Y| Al ey
R 5 (Y, 1)

* {/w [/r(z) (297 p)mtn

S 27012 BV (6.60)

Thus, by (6.57) and , ais an (X, ¢, M, n + n)-molecule, up to a harmless constant
multiple, associated with B, which completes the proof of Lemma [6.25] =

2 dydt q//2 1/q,
th} dz}

Now we prove Proposition [6.24] using Lemma [6.25]

Proof of Proposition [6.2/, The proof of (i) is similar to that of Proposition [6.8i), the
details being omitted.

Moreover, the proof of (ii) is similar to that of Proposition [6.8[ii). Here we content
ourselves with indicating the necessary changes.

Let f € T)C((RTFI). Then, by Theorem Lemma. 6.9/ and (i),

7o, (f Z Akt v (Ag) = Z Aeag  in L*(R™),

where {A; }ren and {Ag }ren satisfy (3.11) and ( -7 respectively. Recall that, for each
k € N, supp(Ay) C By, and By, is a ball in R"™. Moreover, from the boundedness of Sy, on
L?(R"), we deduce that, for almost every x € R",

SpFrm () (@) <Y MeSw o) (@),

k=1
which, together with Definition [2.2]ii), implies that holds true in this case. Fur-
thermore, by Lemma we know that, for some n € (n[1/6 — 1] + 1/2,00) and each
keN, ap =7 m(Ag) isan (X, M, n+n)r-molecule, up to a harmless constant multiple,
associated with the ball By.

Let o be an (X, M,n + n)-molecule with € (n[1/6 — 1] + 1/2,00), and ¢ € [2,0).
Then, for any x € R", we have

S1(a)() < i{ / o @ exs, )0 L L }1/2

M
+Z{/ /B(“) |Qem (r5L)
dydt}1/2

X (s, ) (FB D) M) )P S5

=Y Ji(x)+ > K;(=). (6.61)

Jj=0 Jj=0

For any i,j € Z, let B; := 2/ B and
Si(B;) :={y € R": 2°7320rp < |y — zp| < 27T'2rp}.
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Take ¢ € [2,00) such that X satisfies (2.9) for ¢. Now we estimate fSi(Bj)[Jj (7)]4 da.
When i € {0,...,4}, by the boundedness of Sy, on LZ(R™), we have, for any j € Z,

[ e < [ (Sutaxs,m))ds
Si(Bj) Si(Bj)
S s,y S 2Bl (662)

From Holder’s inequality, Fubini’s theorem, (6.58)) and the fact that, for any ¢ € N with
i > 5, d(S;(B),Si(Bj)) 2 2"rp, it follows that, for each i € N with i > 5 and j € Z,

, "o | dyd
[Jj(z)]?dz < Qe (axs; )W 073
Si(Bj) S;(B;) LJO B(z,t) "t

TB dy dt (g—2)/2
AL
0 JB@n "
g dydt

B
< (1-2)/2 / / .
<y ; §i(Bj)|Qt (axs; ) W o7

_ "B tn 1 dy dt
57](5? 2)/2/ / [/ |a<2)|n+ dz} y/z
o Js.) s,y (t+ [y —z[)"tn &

oV /% it B —~1/2)q+1
,ET%I )/ 20+ " (n+n)q”O‘Hqu(Sj(B))rg /2)q
< 2—i(n+77)fI2—j(n+277)f1‘Qi+jB| xslx% (6.63)

Now we estimate fs,i(Bj)[Kj(x)]qu' When ¢ € {0,...,4}, by the boundedness of
Sr.m+1 on LI(R™), similarly to the proof of (6.16]), we know that, for any j € Z,

[ made S 2 OB e, (6.64)
Si(Bj)

Notice that, for any 4,7 € Z; and x € R",

giti=3,. dy dt 1/2
K@{ [ e s mE D M)k T |
TB x,t

o 1/2
AL
2i+i=3rp

= Kj1(2) + K2 (). (6.65)
For K, 1, similarly to (6.63), we know that, for any ¢ € N with ¢ > 5 and j € Z,

/S . )[Kj’l(l')}q dz < Q—i[(n+n—1/2)q+1]2—j[(n+2n—1/2)q+1]|2i+jB| ”XBH;(q' (6.66)
5(B;

For K, 2, from the boundedness of Si, pr+1 on LI(R™), we deduce that

mMq
r
Koz qus#/ Sp.ar+1(xs, IV MoV ()9 da
o o2t S i [ [Sara (s, OB o)

< 9=mMa(i+d)| (TgL)’MCVH%q(sj (B))

< Q*i(qu+n)2*j(mM+n+n)q|2i+jB| Ixallx%,
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which, together with (6.65]), , M > n/(mf) and n < n/6, implies that, for any i € N
with ¢ > 5 and j € Z,

/s (B >[Kj(x)]q de S 27 =t/ Dttt 2n=1/2a 19t B || x |5,

From this and (6.62))—(6.64]), we conclude that, for any i,j € Z,

IxB,35l any S 277127 BV x5 %, (6.67)
Ixs:(B)Tjll paqrny S 27 4=/ D=3 (nt2m 27 B4y ||, (6.68)
x5, Kjll parny S 27901270 BV y g | (6.69)

and

Ixs: (8 Kill Laqny S 27t am1/2mn/ g it 2ntd/a=1/2) 191 BV 1. (6.70)

For each ay with k € N, let {Jx ;} ez, and {Kg ;j} ez, be asin (6.61) with o replaced
by . Then, for any k € N, {Ji j}jez, and {Kj ;}jez, satisfy the estimates in (6.67))—
(6.70) with B replaced by By. Moreover, from n > n(1/6 —1)+1/2 and ¢ > 2, it follows
that

n+2n>n+2n+1/g—1/2>n+n>n/0+1/2

and
n+n—n/g>n+n+1/g—1/2—n/qg>n(1/0—1/q).

From this, (6.55)), (6.11)), (6.12), (6.61), (6.67)—(6.70), (2.8) and Theorem similarly
to the proof of (6.23)), we conclude that

1Sz (T ae (DI S 1 F 1l ey

which further implies that

Froar (Dl S Wl
This finishes the proof of (ii) and hence of Proposition n

Repeating the proof of Theorem [6.12] with the application of Proposition [6.8 replaced
by Proposition[6.24] we obtain the following molecular characterization of the Hardy type
space Hx 1 (R™), the details being omitted here.

THEOREM 6.26. Let L satisfy Assumptions and q € [2,00) and X be a ball
quasi-Banach function space satisfying for some 0,5 € (0,1] with 8 < s, and
for q. Assume that 0(L) >n(1/0 —1) +1/2, n € (n[1/0 — 1] + 1/2, min{6(L),n/0}) and
M € N satisfies M > n/(m0), where 0(L) is as in (6.50). Assume further that X has
an absolutely continuous quasi-norm. Then Hx ,(R™) and H%’Lq’"+"(R”) coincide with
equivalent quasi-norms.

Finally, let us look back on the results on Hardy spaces associated with operators.
The strong thrust for the study of Hardy spaces associated with operators is the Kato
conjecture solved affirmatively in [7, 60]. Let L be a linear operator in L?*(R™) satis-
fying Assumptions and Auscher et al. [6] initially studied the Hardy space
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H}J (R™) associated with L. Moreover, Duong and Yan introduced the BMO type space
BMO/ (R") associated with L, and established the dual relation between H;(R™) and
BMO_y- (R™), where L* denotes the adjoint operator of L in L*(R"™) (see [34, [35]). Fur-
thermore, Yan [127] further generalized these results to the Hardy spaces H? (R™) with
p slightly less than 1. The Orlicz—Hardy space Hg, ,(R™) and its (pre-)dual space were
studied in [74] [76, [89]. Very recently, the variable Hardy space associated with L was
studied in [138, (139 [144].

Let L be the second-order divergence form elliptic operator on R™ with complex
bounded measurable coefficients. Hofmann et al. [62, 63] studied the Hardy space HY (R™)
associated with L, where p € (0, 1], and its dual space. Moreover, Jiang and Yang [72], [73]
studied the Orlicz—Hardy space Hg, ,(R™) associated with L and its (pre-)dual space.
Recently, the Musielak-Orlicz-Hardy space H,, r(R™) was studied in [14]. As was ex-
plained in [62], investigating H1 (R™) is not a mere quest to generalization. Indeed, using
a counterexample showing that the Riesz transform VL~1/2 is not bounded on LP(R™)
for some p € (1,2), Hofmann and Mayboroda showed that the Riesz transform VL~1/2
need not be bounded from H'(R") to L'(R™), but it is bounded from H} (R") to L' (R™)
(see [62, Theorem 3.4]). We refer the reader to [3| 15 16l 63, [64] [72] 130} 1311 [132] for
more recent progress in this direction.

Let L be a non-negative self-adjoint operator in L?(X) satisfying the Davies—Gaffney
estimate, where X’ is a metric measure space with doubling measure. Hofmann et al. [61]
studied the Hardy space H} (X) associated with L and its dual space BMOL(X), which
were extended to the Orlicz—Hardy space in [(5] and the Musielak—Orlicz—Hardy space
in [132], respectively. It is worth pointing out that the Schrédinger operator L := —A+V
with 0 < V € L _(R") and the magnetic Schrédinger operator Ly := —(V —iA)?> +V
with A € L2 (R",R") and 0 < V € L (R™) are examples of this kind of operators.

Let L be a sectorial operator having a bounded H.-functional calculus on L?(X)
and satisfying the reinforced (pr,qr,m) off-diagonal estimates on balls, where X is a
metric measure space with doubling measure, p;, € [1,2), g, € (2,00] and m € N. The
Musielak-Orlicz-Hardy space H,,, r(X) was studied in [I4]. In particular, when m := 1,
Duong and Li [33] studied the Hardy space HY (X) with p € (0,1] and its dual space.
Recently, when & := R™ and m := 1, the variable Hardy spaces associated with L were
studied in [I38].

7. Examples of function spaces

In this section, we present several concrete examples of ball quasi-Banach function spaces
X and associated Hardy type spaces Hx (R™).

7.1. Weighted Lebesgue spaces. If X is a weighted Lebesgue space, then Hyx (R™)
is just a weighted Hardy space. The weighted Hardy space HE (R"™) defined via weighted
Lebesgue spaces, with Muckenhoupt weights, was studied in [12} [39] [123].

Now we recall the definition of Muckenhoupt weights.
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DEFINITION 7.1. Let B be as in (2.2). A locally integrable function w : R” — [0,00) is
called an A,(R™)-weight, with p € (1, 00), if

i s o <

Moreover, a locally integrable function w : R™ — [0, 00) is called an A;(R™)-weight if

Ar(w) = |T£| /Bw(x) dx {ess sup [w(ac)]_l} < 00.

zEB

Then define A, (R™) :=J Ap(R™).

PpE[1,00)

It is worth pointing out that a weighted Lebesgue space with an A, (R™)-weight may
not be a Banach function space. For example, let X := L2, (R), wo(z) := 1+ |z| for any
z € R, and E = J;2,[2,2" +27]. Then, by a simple calculation, we find that |E| < oo
but ||xg||x = co. Thus, X is not a Banach function space.

On the other hand, let ¢ € (0,00) and w € A, (R™). From the definition of A (R™), it
follows that, for any B € B with B as in (2.2), xp € L% (R") (see for the definition
of LI (R™)). Therefore, LI (R™) is a ball quasi-Banach function space. Furthermore, by [2,
Theorem 3.1(b)], we know that, for any p € (0,00) and w € A (R™), the space L (R™)
satisfies the inequality for any 6 € (0,min{1,p}) satisfying w € A,/4(R™) and any
s € (6,1].

We refer the reader to [123] for more details on weighted Hardy spaces.

7.2. Herz spaces. Recall that, for the cube Q(Gn, 1) and j € N,

S;(Q(0n,1)) := Q(0,,271) \ Q(0,, 27).
Then, for any a € R and p, ¢ € (0, 00|, the Herz space Kﬁq(R") is defined to be the set
of all measurable functions f on R™ satisfying

SN 1/q
1fllxs, @) = Xq@, 2)fller @) + {Z[Qm||ij(Q(aml))f||m(w)}q} < 0.
j=1

In 1989, Chen and Lau [20] and Garcia-Cuerva [40] introduced Herz—Hardy spaces.
Later, Garcia-Cuerva and Herrero [41] and Lu and Yang [95] further developed the theory
of these spaces. Moreover, Lu and Yang [96] considered weighted Herz—Hardy spaces.

Let « € R and p, ¢ € (0,00]. It is easy to see that, for any B € B with B as in ,
xB € K ,(R"). Therefore, K’ (R") is a ball quasi-Banach function space. Furthermore,
according to [97, Corollary 1.2.1], when p, ¢ € (1, 00),

(K (R™")" =K% (R")  with equivalent norms,
which implies that, for any f € K/ (R") and B € B with B as in (2.2),

| @)@ ds

Thus, when p, g € (1,00), K, (R") is a ball Banach function space.

< ||XBHK;,”Q,(]R")Hf”Kg’q(Rn)-



Hardy spaces for ball quasi-Banach function spaces 87

Moreover, for any p,q € (0,00) and a € (—n/p, 00), the space K (R") satisfies the
inequality (2.8) for any 6 € (0, min{1,p, [a/n + 1/p]~'}) and s € (6, 1] (see, for example,
67, 196]).

7.3. Lorentz spaces. Recall that the Lorentz space LP7(R™) is defined to be the set of
all measurable functions f on R™ such that, when p,q € (0, c0),

o 1/q

t

and, when p € (0,00) and ¢ = oo,

Ilfllramny ;= sup tl/pf*(t) < 0,

te(0,00)

where f* denotes the decreasing rearrangement of f, which is defined by setting, for any
t €0, 00),

f(t) :==inf{s € (0,00) : puyr(s) <t}
with pr(s) :== [{z € R : |f(x)] > s}

The space LP>*°(R™) with p € (0, 00) is also called a weak Lebesgue space. Obviously,
when p,q € (1,00) or p € (1,00) and ¢ = oo, the Lorentz space LP*?(R™) is a Banach
function space and hence a ball Banach function space; when p, ¢ € (0,00) or p € (0,00)
and ¢ = oo, LP9(R") is a quasi-Banach function space and hence a ball quasi-Banach
function space (see, for example, [43] Theorem 1.4.11]). Furthermore, for any p € (0, 00)
and ¢ € (0, 00|, the space LP*9(R"™) satisfies the inequality for any 6 € (0, min{1,p})
and s € (0, 1] (see, for example, [29, Theorem 2.3(iii)]).

If X := LP9(R"™) with p,q € (0,00) or p € (0,00) and ¢ = oo, then the Hardy
type space Hx(R™) is just the well-known Hardy-Lorentz space (when p,q € (0,00))
or weak Hardy space (when p € (0,00) and ¢ = o0). The Hardy—Lorentz space was
originally introduced and studied by Abu-Shammala and Torchinsky [I, Section 2]. More
precisely, the atomic characterization and interpolation of the Hardy—Lorentz space were
obtained in [I, Theorems 2.1] and [I, Theorem 2.5], respectively. Ho [57] obtained the
boundedness of fractional integral operators on the Hardy—Lorentz space. Furthermore,
the weak Hardy space W HP(R™) was studied by Fefferman and Soria [38] and Liu [92].
Recently, the anisotropic Hardy—Lorentz spaces were fully studied in [93] [94].

7.4. Morrey spaces. Let 0 < ¢ < p < oco. Recall that the Morrey space Mf;(]R”) is
defined to be the set of all f € L (R™) such that

1/q
T sup|B|1/p1/q{ / If(y)lqdy} < oo, (7.1)
BeB B

where the supremum is taken over all balls B € B with B as in .

The space MP(R™) was introduced by Morrey [100] in 1938. It is well known that
MBE(R™) with 1 < ¢ < p < oo is not a Banach function space because it fails condition
(2.1) (see [I17]). Clearly, ME(R™) with 1 < ¢ < p < oo is a ball Banach function space.
Furthermore, for any 0 < ¢ < p < oo, ME(R") satisfies for any 6 € (0,min{1,¢})
and s € (6, 1] (see, for example, [22, [55] B]).



88 Y. Sawano, K.-P. Ho, D. Yang and S. Yang

Moreover, Jia and Wang [71] and Sawano [113] introduced Hardy—Morrey spaces.
Theorem also generalizes the maximal function characterizations of Hardy—Morrey
spaces. As shown in [I13], Hardy—Morrey spaces can be described by means of the
Littlewood—Paley decomposition. Once such a decomposition is available, we can combine
the theory of Hardy—Morrey spaces and the theory of Triebel-Lizorkin—Morrey spaces;
see [54) (116} [T12} [1T4) (118, 124, (133, (134} (135, (136] (137, (41, 142, [143] [103] for a more
detailed study of the latter.

7.5. Weighted Morrey spaces. We begin with the definition of Morrey weight func-
tions.

DEFINITION 7.2. Let p € (0,00) and w € Ay (R™). A Lebesgue measurable function
u: R"x(0,00) — (0,00) is called a Morrey weight function for w if there exist A € [0,1/p)
and positive constants Cy and Cs such that, for any z,y € R", u(x,r) > C; when
r € [1,00),

u(x,2r) w(B(z,2r)) ’ enr 0
u({L"T) S |: (A)(B((E,’I")) :| wh S (07 )7
and

C{lu(y,r) S u(x,t) é CQU(yvr)

when 0 < r < ¢ < 2r and |z — y| < t, where w(B(z,r)) := fB(x @ (y) dy. Denote by
W, p(R™) the class of Morrey weight functions for w.

Let p € (0,00), w € Ax(R") and u € W, ,(R™). The weighted Morrey space
M? (R™) is defined to be the set of all Lebesgue measurable functions f on R™ such
that

1
Ifllmz, ey == sup ——=|IXB(n fllLy@n) < oo
u(R™) ()R (z,7) (z.7) (BR™)
Weighted Hardy—Morrey spaces were studied by Ho [56]. In view of [56, Lemma 3.2], for
any B € B with B as in (2.2), we have xp € MP ,(R™). Therefore, when p € (0,1),
M? (R™) is a ball quasi-Banach function space. Moreover, if p € [1,00), w € A,(R")
and u € W, ,(R"), then the space MZ ,(R") satisfies the inequality (2.8) (see [56]
Theorem 2.1 and Lemma 3.1] and [55] for the details). Thus, the atomic decompositions

for weighted Hardy—Morrey spaces given in [56] can be recovered from our general results
in Subsection 341

7.6. Orlicz spaces. In this subsection, we recall Orlicz spaces. Recall that there are
many operators that are not bounded on Lebesgue spaces LP(R™) with p € [1,00],
especially on L'(R™) and L°(R"). Orlicz spaces are used to cover the failure of the
boundedness of some integral operators. For example, the Hardy-Littlewood maximal
operator M fails to be bounded on L!(R™). Thus, one is fascinated with the Orlicz space
L'(log L)< (R") with € € (0, 00), since these function spaces have finer and subtler struc-
tures. These examples show that Orlicz spaces are useful when we study the boundedness
properties of operators appearing in PDE and potential theory.
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We first recall Young functions. A function ® : [0,00) — [0,00) is called a Young
function if:

(i) @ is continuous;
(ii) @ is convex: for any t1,ts € (0,00) and 0 € (0,1),

B((1— )ty + Ots) < (1 — 0)D(ty) + 0D(ts).

Let f be a measurable function on R"™. Set

Ilfll Lo (rny := inf ¢ A € (0,00) : O(|f(z)|/A)dx <15%.
R

The Orlicz space L®(R™) is defined to be the set of all measurable functions f on R"
such that || f|| e ®n) < co. For any Young function @, L®(R™) is a Banach function space
(see, for example, [10, p.269, Theorem 8.9]).

As shown in [79], the class of Young functions can be widely extended. Let

== {<I> :[0,00) — [0, 00) measurable : }gr(l) ®(t) = ®(0) =0, tli>rrolo O(t) = oo}.

If ® € = and ®(t) > 0 for all t € (0,00), then ® is called an Orlicz function.
To discuss the boundedness of the Hardy—Littlewood maximal operator on L®(R"),
we recall the following notion of convexity and concavity.

DEFINITION 7.3. Let ®, ¥ € Z and ¢ € (0, c0).

(i) If there exists a constant C' € [1,00) such that, for any r € [0, 00),
(r/C) < W(r) < 2(Cr),

then we write ® ~ ¥ and say that ® is equivalent to V.

(ii) @ is ¢-conver if ®((-)1/¥) is convex. Moreover, ® is quasi-f-conver if ® ~ ¥ for
some f-convex ¥ € Z. In particular, if £ = 1, one abbreviates quasi-f-convex to
quasi-convex.

(iii) ® is £-concave if ®((-)'/*) is concave. Moreover, ® is quasi-£-concave if & ~ ¥ for some
f-concave function ¥ € =. In particular, if £ = 1, one abbreviates quasi-f-concave to
quasi-concave.

It is easy to see that, for any ® € =, L*(R") is a ball quasi-Banach function space.
Moreover, by [79, Theorem 1.3.3], if ® € = is such that ®(2t) < ®(¢) for any t € (0, 00)
with the implicit positive constant independent of ¢, and that there exists 8 € (0,1) such
that ®° is quasi-convex, then the space L?(R") satisfies for some 6, s € (0,1] (see
also Theorem [7.14](i) below).

According to [I02, Theorem 2.6], we have the following boundedness result.

PROPOSITION 7.4. Let 1 < {_ <l < 0. If ® is a convex function that is {_-convex
and £y -concave, then {_ < lpogn) < upemny < l4, where lpogn) and upegn) are,

respectively, as in (2.27) and (2.28]).

As a corollary of this proposition and Theorem [2.9] we have the following decompo-
sition results.
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THEOREM 7.5 (Reconstruction). Let 1 < /_ </, <1 < 0o. Assume that ® is a convex
function that is {_-convex and £ -concave. Let {Q;}52, C Q, {a;}52,; C L"(R") and
{Ai}52, € [0,00) be such that, for any j € N,

Q1M

lajllLr@n) < 7——r——, supp(a;) C Q;
D = T, lim e e
and
Q; < oQ.
L<I>(Rn)
Then f := Z;’;l Aja; converges in S8'(R™) and satisfies
[fllLe@n) Sre XQj
(&) S ZHXQJHL‘P(R" @ L‘P(R")’

where the implicit positive constant is independent of f, but depends on r and ®.

REMARK 7.6. In [I02, Theorem 4.14], the requirement on the r of Theoremis that r
is large enough. Thus, Theorem [7.5] improves [102, Theorem 4.14].

We point out that Hardy—Orlicz spaces date back to [66] [1T9], where they were used
to investigate the properties of the Jacobian. Hardy—Orlicz spaces for more general ®
are defined by letting X be the Orlicz space L?(R"™) (see, for example, [102] [126]).
In 1987, Viviani [126] defined Hardy—Orlicz spaces in the context of preduals of general-
ized BMO spaces. Indeed, Viviani [I126, Theorem 2.2] showed that Hardy—Orlicz spaces
naturally arise as such preduals. Compared with [126], Nakai and Sawano [102], 126] re-
moved the condition on p and redefined Hardy—Orlicz spaces. Moreover, D. Yang and
S. Yang [I30] [131] generalized Hardy—Orlicz spaces on R™ to those on Lipschitz domains
of R™. Theorem generalizes the maximal function characterizations of Hardy—Orlicz
spaces.

7.7. Musielak—Orlicz spaces. Recently, more and more attention has been paid to
(weak) Musielak—Orlicz—Hardy spaces (see, for example, [16] [17] 64 [RT] 87 [88] 128, 132]).

In this subsection, we recall the setting of [81]. Let us start with the notions of the
upper type and lower type of Orlicz functions.

DEFINITION 7.7. Let ® be an Orlicz function and p € (0,00). The function ® is said to
be of upper (resp. lower) type p if there exists a positive constant C' such that ®(st) <
CtP®(s) for all ¢t € [1,00) (resp. ¢t € (0,1]) and s € (0, 00).

PROPOSITION 7.8. Let p € (1,00), ® be a Young function and ¥ its conjugate.

(i) If ® is of upper type p, then U is of lower type p’.
(ii) If @ is of lower type p, then U is of upper type p'.

Proof. We first prove (i). Recall that, for any ¢ € (0, 00),

U(t):= sup {st—P(s)}.
s€(0,00)
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Let u € (0,1] and t € (0,00). Then, from the definition of upper type, it follows that
there exists a constant C € [1,00) such that

U(u )= sup {u'st—®(s)} = sup {st— P(us)}

s€(0,00) s€(0,00)
< sup {st—C 'uP®(s)} < C'uP sup {Cstu? — d(s)}
s€(0,00) 5€(0,00)

= C PV (Cu~Pt).
By replacing ¢ with uPt, we conclude that W(uP~1t) < C~1uP¥(Ct), which implies that,
U(vt) < O~ WP U(Ct) for any v € (0,1] and t € (0,00). Via replacing Ct and v by t
and Cw, respectively, we find that, for any v € (0,C~1] and ¢ € (0, ),
W(vt) < CP 1o W(t). (7.2)
Moreover, from the fact that ® is increasing and the definition of W, it follows that W is
also increasing, which further implies that, for any v € [C~!,1] and ¢ € (0, c0),
U(vt) < W(t) < CP 0P (1)

From this and (7.2), we conclude that W(vt) < CP'v? U(t) for any v € (0,1] and ¢ €
(0,00). Thus, ¥ is of lower type p'.

The proof of (ii) is similar, the details being omitted. This finishes the proof of Propo-
sition [Z.8] m

Now we recall the definition of the Musielak—Orlicz function.

DEFINITION 7.9. Let p € [0,00) and ¢ : R™ x [0,00) — [0,00) be such that ¢(z,-) is an
Orlicz function for any € R™. The function ¢ is said to be of uniformly upper (resp.
lower) type p € [0, 00) if there exists a positive constant C' such that p(z, st) < CsPp(z,t)
for all z € R™, t € [0,00) and s € [1,00) (resp. s € [0, 1]).

In addition to the conditions on the second variable of ¢, we need another condition
on the first variable.
DEFINITION 7.10. Let ¢ : R™ x [0,00) — [0, 00) be such that ¢(-, ) is measurable for any
t €0, 00).

(i) The function ¢ is said to satisfy the uniform Muckenhoupt condition for q € [1,00),
denoted by ¢ € A, (R™), if

Ag(p) == sup Ay(p(-,1)) < oo,
t€(0,00)

where the supremum is taken over all ¢ € (0,00) and, for any given ¢ € (0,00),

Aqy(p(-,t)) is as in Definition
(ii) The class A, (R™) is defined by setting

A@®") =[] AR
g€[1,00)
(iii) For any ¢ € A (R™), the critical weight index q(p) is defined by setting
q(p) :=inf{g € [1,00) : p € Ag(R")}.

Now we recall the notion of growth functions from Ky [81].
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DEFINITION 7.11. A function ¢ : R™ x [0,00) — [0, 00) is called a growth function if:
(i) ¢ is a Musielak—Orlicz function, namely,

(a) ¢(z,-) is an Orlicz function for all z € R™;
(b) ¢(+,t) is a measurable function for all ¢ € [0, c0).

(ii) ¢ € Ao (R™).

(iii) The function ¢ is of uniformly lower type p for some p € (0, 1] and of uniformly upper
type 1.
For a Musielak-Orlicz function ¢ as in Definition [7.11] a measurable function f on R"

is said to be in the Musielak-Orlicz space L¥(R") if [o,, ¢(x,|f(z)|) dx < co. Moreover,
for any f € L?(R"™), the quasi-norm of f is defined by setting

Il =it { X € (0.00): [ ptalf@l/0do <1,

In view of the definition of A (R™), we find that xg € L?(R") for any B € B with B
as in (2.2)). Therefore, the Musielak—Orlicz space L¥?(R™) is a ball quasi-Banach function
space.

Moreover, we have the following Fefferman—Stein vector-valued maximal inequalities
for L¥ (R™).

THEOREM 7.12. Let r € (1,00] and ¢ € A (R™) satisfy Definition [T.11[i). Assume in
addition that o is of uniformly lower type p~ and uniformly upper type p*. If q(v) <
p~ < pT < oo, then, for any measurable functions Y52, M,

W00} g sHE 7Y

where the implicit positive constant is independent of {f; }?‘;1

7.3
. (73)

Proof. Let r € (1,00]. In view of [85, Theorem 2.10], we have the following modular
vector-valued maximal inequality: for any measurable functions {f; };";1 Cc M,

[ el {Smnwr} s [ o {Sin@r} Ve @
j=1

j=1
Therefore, (7.3) follows from the definition of L¥(R™) and ([7.4), which completes the
proof of Theorem [7.12| m

Now we recall the definition of the Musielak—Orlicz—Hardy space introduced in [81].

DEFINITION 7.13. Let ¢ be a growth function as in Definition [7.11] The Musielak-Orlicz—
Hardy space H,(R"™) is defined to be the set of all f € S’(R") such that || f[|z, @n) =
M (f)llLe@ny < 00, where My is as in (2.13) and N € [[b+ 2],00) "N with b as in
@14).

We point out that Theorem ensures that L?(R™) satisfies (2.8) (see Theorem
[7.14{i) below). Thus, our general results in Section [3|can be applied to the space H,(R™).
We also point out that the Musielak—Orlicz-Hardy space unifies the weighted Hardy space
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and the Orlicz—Hardy space, while the Musielak—Orlicz—Hardy space is a member of the
family of Hardy type spaces introduced in Definition [2.22
Using Theorem we obtain the following results.

THEOREM 7.14. Let 0 < p~ < pt < 0o and ¢ € A (R™) satisfy Definition i) with
uniformly lower type p~ and uniformly upper type p+.

(i) Assume that0 < 0 < s < 0o and Oq(p) < p~—, where q(p) is as in Definition iii).
Then, for any {f]} L, C M,

[T bl

where the implzczt positive constant is independent of {f; };";1

(ii) Assume that R™ x [0,00) 2 (x,t) = @(x,V/t) is a convex function with respect to
t for some s € (0,p7). Let L¥(R™) be strictly s-convex satisfying for some
6 € (0,1] and dpemn) as in with X replaced by L¥(R™). Then there ex-
ists ¢ € (1,00) having the following property: Suppose that {aj};?ozl 18 a sequence
of (L¥(R"), q, dpe(wn))-atoms supported, respectively, on cubes {Q;}32, C Q, and
{Ai}52, € [0,00) satisfies

< o0.

) s 1/s
J
X .
H{ |:||XQJ|L‘P(]R” :| Q]} Le(R™)

Then f:= 3772, Aja; converges in S'(R"), f € H,(R") and

)\ s 1/s
i < {2 [t ) )
ERCS o leean ] X9

where the implicit positive constant is independent of f.

(iii) Let ¢ be as in (ii), d € [dremny, 00)NZy and f € H,(R™). Then there exist a sequence
{a;}32, of (L¥(R™), oo, d)-atoms supported, respectively, on the cubes {Q;}52, C Q,
and a sequence {\;}32; C [0,00) such that f =372, Nja; in S'(R") and

s 1/s
XQj;
”{ {nm]nmn] Q}

where the implicit positive constant is independent of f.

Proof. We first show (i). For any € R™ and ¢ € (0,00), let pg(z,t) := @(z, ¥/t). Then
g is of uniformly lower type p~ /0 and of uniformly upper type p* /6, which, together
with ¢(¢) < p~ /60 and Theorem implies (i).

We now prove (ii). For any x € R™ and t € (0, 00), let 4(z,t) := ¢(z, v/t). Then gy is
of uniformly lower type p~/s and of uniformly upper type p*/s, and p~/s > 1. For any
x € R™, let ¢¥s(x, ) be the conjugate function of ¢4(x,-). Then, for any x € R™, ¢,(x,-) is
of uniformly upper type (p~/s)’ and of uniformly lower type (p*/s)’. Therefore, we can
apply [85, Theorem 2.7] to conclude that, for any f € (L¥=(R"))’,

Le(Rn)

)

L (R™)

S e, ey
Le(R™)

1M fllzes ®nyy S I fllmes @y
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Thus, it follows from Lemma [2.15(ii) that, for some ¢ € (1, 00),

HM(C (Dllzes @y SN llzes @)y -

By letting ¢ = ¢’ and applying Theorem [3.6] we obtain (ii).
(iii) is just a conclusion of Theorem This finishes the proof of Theorem "

REMARK 7.15. The growth function ¢ is said to satisfy the uniformly locally dominated
convergence condition if the following holds true: For every compact K C R™ and every
sequence { f, }men of measurable functions on R™, if f,, — f as m — oo almost every-
where and |f,| < g almost everywhere for all m € N and some non-negative measurable

function g satisfying
t
sup / & dz < 0o,
t€(0,00) f x e, t)dy
then

. (w t)
lim sup / flz dx =
M=% € (0,00) A S S ey, t) dy

In [87], ¢ is required to satisfy the uniformly locally dominated convergence condition.
Notice that, in Theorem [7.14] ¢ does not always satisfy this condition. Thus, the uni-
formly locally dominated convergence condition is superfluous; see also [64] [8§]. Examples
of functions satisfying this condition can be found in [77, [87, [129].

7.8. Variable Lebesgue spaces. In this subsection, we recall variable Lebesgue spaces.
The variable Lebesgue spaces were introduced in [I04], 105 107]. The “modern” theory
of variable Lebesgue spaces began from the article [80].

Let p(-) : R™ — [0,00) be a measurable function. Then the variable Lebesgue space
LPO)(R™) is defined to be the set of all measurable functions f on R” satisfying

Iy = mE{ A € 0.00)s [ [ @l/AP o < 1],

If p(z) > 1 for all z € R™, then || - || () (gny is @ complete norm and hence LPO(R") is a
Banach function space (see, for example, [3I, Theorem 3.2.13]). The reader is referred to
[30, 3] for the details on variable Lebesgue spaces.
For any measurable function p(-) : R™ — (0, 00), let
py = esssup p(x), p_:= essinf p(x), p:=p/p_.
rERN rER™
Then p(x) > 1 for all x € R™. Therefore, for any B € B with B as in (2.2)),

1/p—
x| Lo @y = IXBIS gny < 00

(see, for example, [31, Lemma 3.2.6]). Thus, whenever p(-) : R" — (0, 00), LP()(R") is
a ball quasi-Banach function space. Furthermore, for any p(-) : R™ — (0, 00), the space
LPC)(R™) satisfies for any 6 € (0,p—) such that the Hardy-Littlewood maximal
operator M is bounded on LP()/¢(R™), and for any s € (,1] (see, for example, [26, 28]).

If X := LPO)(R"), then Hy (R") is the variable Hardy space studied in [28] 10T 140,
145]. Theorem generalizes the maximal function characterizations of variable Hardy
spaces.
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7.9. Variable Morrey spaces. In this subsection, we recall variable Morrey spaces.
Let p(+) : R® — (0,00) and
u: R™ x (0,00) = (0,00).
Then the variable Morrey space M.y ,(R™) is defined to be the set of all measurable
functions f on R™ satisfying
1 fla,y (g == ZeRn%‘E&Om) M||XB(z7r)f||LP(')(R") < 0.

Let B be the set of all measurable functions p(-) : R" — (1,00) such that 1 < p_ <
p4 < oo and the Hardy-Littlewood maximal operator M is bounded on LP() (R™). Denote
by B the set of all measurable functions p(-) : R™ = (0, 00) satisfying 0 < p_ < p; < 00
and p(-)/8 € B for some S8 € (0,00). Moreover, a function p(-) : R" — (0, 00) is said to
be globally log-Hélder continuous if, for any =,y € R™,

1
lp(z) = p(y)| < m when |z —y[ < 1/2,
<1

log(e + [x])
where the implicit positive constants are independent of x and .

We point out that if p(-) € B is globally log-Hdlder continuous and u € W, ,, (R™)
with w = 1, where W,, ,,, (R") is as in Definition then the space M), (R") fulfills
the requirements of Definition iv). Thus, M,(.y,(R") is a ball quasi-Banach function
space in this case (see [68, Proposition 3.4] for more details). Additionally, the reader is
also referred to [59] for some further studies on variable Morrey spaces.

Whenever p_ € [1,00], by Holder’s inequality for LP()(R™) (see, for example, [31]
Lemma 3.2.20]), we find that, for any B := B(z,r) € B with B as in ,

| @)@ ds

where p/(+) denotes the conjugate function of p(-), namely, for any = € R™,
1 n 1

p(z)  p'(x)

Consequently, for any B := B(z,r) € B with B as in ,

| @)@ ds

Ip(z) — p(y) when [y| > ||,

< 2|IxBfllLre> @) IXBl Lo ) ey

< 2[xBfllLro> @y IXBI Lo ) (meY

< 2u(z, ) fll My, o)
which implies that M,y ,,(R™) is a ball Banach function space. Indeed, the above result
is a consequence of a more general result on the duality between the variable block space
and the variable Morrey space. We refer the reader to [2I, Theorem 2.2] for the details.
Furthermore, if p(-) € B and u has the property that, for any 2 € R™ and r € (0, ),

o0
Z ”XB(x.’r)”Lp(')(Rn) w(z, 2 ) Sulz,r),
=0 IXB (2017 | Loc) @my

XB ||Lp’(‘)(]Rn)7

then the space M. ., (R™) satisfies (2.8)) (see [58, Theorem 3.1] for the details).
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The study of variable Hardy spaces was extended to variable Hardy—Morrey spaces
in [58]. Theorem 3.1|generalizes the maximal function characterizations of variable Hardy—
Morrey spaces. Furthermore, the atomic decompositions in Subsection are extensions
of the atomic decompositions for variable Hardy—Morrey spaces in [58], Section 5].
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