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A NOTE ON SOME COMPLEMENTED SPACES OF OPERATORS

IOANA GHENCIU (River Falls, WI)

Abstract. Let W(X,Y), Pwe(X,Y), CC(X,Y), and UC(X,Y’) denote respectively
the sets of all weakly compact, pseudo weakly compact, completely continuous, and un-
conditionally converging operators from X to Y. We use classical results of Kalton to
study the complementability of the space W(X,Y) in the spaces Pwc(X,Y), UC(X,Y),
and CC(X,Y).

1. Introduction. A bounded subset A of a Banach space X is called a
Dunford—Pettis (DP) subset of X if every weakly null sequence (z}) in X*
tends to 0 uniformly on A, i.e.,

ligl(sup{\x;i(x)] cx € A}) =0.

A sequence (z,,) is DP if the set {z,, : n € N} is DP.

A subset S of X is said to be weakly precompact provided that every
sequence from S has a weakly Cauchy subsequence. Every DP set is weakly
precompact (see e.g. [R} p. 377]).

An operator T : X — Y is called weakly precompact (or almost weakly
compact) if T(By) is weakly precompact, and completely continuous (or
Dunford—Pettis) if T maps weakly convergent sequences to norm convergent
sequences.

In [PVT] the authors introduced the Right topology on a Banach space X.
It is the restriction of the Mackey topology 7(X**, X) to X and it is also
the topology of uniform convergence on absolutely convex o(X™*, X**) com-
pact subsets of X*. Furthermore, 7(X**, X) can also be viewed as the
topology of uniform convergence on relatively o(X™*, X**) compact subsets
of X* [K].

A sequence (z,) in a Banach space X is Right null if and only if it is
weakly null and DP [G1, Proposition 2|.
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An operator T' : X — Y is called pseudo weakly compact (pwc) (or
Dunford—Pettis completely continuous (DPcc)) if it takes Right null sequences
to norm null sequences (JPV™], [WC]). Every completely continuous operator
T : X — Y is pseudo weakly compact. If T': X — Y is an operator with
weakly precompact adjoint, then T is a pseudo weakly compact operator
G2l Corollary 5].

In [BBG| the authors studied the complementability of the spaces
W(X,{lx) and CC(X,ls) in L(X, ls). It was shown that if X is not reflex-
ive, then W (X, /) is not complemented in L(X, /) [BBG, Theorem 3|.
Further, if X does not have the Schur property, then CC(X, ) is not com-
plemented in L(X, ¢ ) [BBG, Theorem 30].

In this paper we use classical results of Kalton and separably deter-
mined operator ideals to investigate the complementability of W(X,Y)
in Pwe(X,Y), UC(X,Y), and CC(X,Y). Further, we study the comple-
mentability of K(X,Y) in Pwc(X,Y) and CC(X,Y), and of CC(X,Y) in
Pwe(X,Y).

2. Definitions and notation. Throughout this paper, X and Y will
denote Banach spaces. The unit ball of X will be denoted by Bx, and X*
will denote the continuous linear dual of X. An operator T : X — Y will be
a continuous and linear function. The set of all operators, weakly compact
operators, and compact operators from X to Y will be denoted by L(X,Y),
W(X,Y), and K(X,Y). We will denote the canonical unit vector basis of ¢y
by (ey) and the canonical unit vector basis of ¢; by (e}).

A bounded subset A of X™* is called an L-subset of X* if each weakly
null sequence (z,,) in X tends to 0 uniformly on A, i.e.,

1iTan(sup{|x*(a:n)| cxt e A}) =0.

A Banach space X has the Dunford—Pettis property (DPP) if every
weakly compact operator T': X — Y is completely continuous, for any Ba-
nach space Y. Schur spaces, C'(K) spaces, and Lj(u) spaces have the DPP.
The reader can consult [D1], [D2], and [DU] for a guide to the extensive
classical literature dealing with the DPP.

A Banach space X has the Dunford—Pettis relatively compact property
(DPrcP) if every Dunford—Pettis subset of X is relatively compact [E2].
Schur spaces have the DPrcP. The space X does not contain a copy of ¢; if
and only if X* has the DPrcP if and only if every L-subset of X ™ is relatively
compact (|B} Corollary 7|, [E2, Theorem 1|, [E1, Theorem 2]).

A series > x;, in X is said to be weakly unconditionally convergent (wuc)
if for every x* € X* the series Y |z*(x,)| is convergent. An operator
T : X — Y is called unconditionally converging if it maps weakly uncondi-
tionally convergent series to unconditionally convergent ones.
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A bounded subset A of X* is called a V-subset of X* provided that
lim(sup{|z*(xp)| : 2" € A}) =0

for each wuc series > x,, in X.

A Banach space X has property (V') if every V-subset of X* is relatively
weakly compact [P]. A Banach space X has property (V) if every uncon-
ditionally converging operator 1" from X to any Banach space Y is weakly
compact [Pl Proposition 1]. C(K) spaces and reflexive spaces have property
(V) |PL Theorem 1, Proposition 7].

A Banach space X has the reciprocal Dunford—Pettis property (RDPP)
if every completely continuous operator 1" from X to any Banach space Y is
weakly compact. The space X has the RDPP if and only if every L-subset of
X* is relatively weakly compact |L]. Banach spaces with property (V) have
the RDPP [P].

A subset K of X* is called a Right set (R-set) if each Right null sequence
(zn) in X tends to 0 uniformly on K [K], i.e.,

liqgl(sup{|x*(xn)| cxt e K})=0.

A Banach space X is said to be sequentially Right (SR) (or to have
property (SR)) if every pseudo weakly compact operator T': X — Y is weakly
compact, for any Banach space Y |PVT|. Banach spaces with property (V)
are sequentially Right [PV ™, Corollary 15]. A Banach space X is sequentially
Right if and only if every Right subset of X™ is relatively weakly compact
|Kl, Theorem 3.25].

3. Complemented subspaces of operators. The sets of all pseudo
weakly compact, completely continuous, and unconditionally converging op-
erators from X to Y will be respecyively denoted by Pwc(X,Y), CC(X,Y),
and UC(X,Y).

We begin by investigating the complementability of the space W (X, £+,)
in Pwe(X,ls), UC(X,ls), and CC (X, ls).

LEMMA 3.1 ([Ka, Proposition 5]). Let X be a separable Banach space,
and ¢ : boo — L(X,ls) be a bounded linear operator such that ¢(ey) =0 for
all n. Then there is an infinite subset M of N such that ¢(b) = 0 for each
b € loo(M), where boo(M) is the set of all b = (by,) € loo with by, = 0 for
eachn & M.

OBSERVATION. If T': Y — X* be an operator such that T%|x is [weakly]|
compact, then T is [weakly| compact. To see this, let T : Y — X* be
an operator such that T™*|x is [weakly| compact. Let S = T™|x. Suppose

x** € Bx«+ and choose a net (z,) in Bx which is w*-convergent to z**.

Then [T*(z4)] N T*(z**). Now, (T™*(zq)) € S(Bx), which is a relatively
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[weakly] compact set. Then (T*(z4)) — T*(z**) (resp. T*(x) — T*(2**)).
Hence T#(Bx++) C S(Bx), which is relatively [weakly| compact. Therefore
T*(Bx-+~) is relatively [weakly| compact, and thus 7T is [weakly| compact.

If T is a weakly compact operator, then T takes Dunford—Pettis sets
to relatively compact sets ([Al Theorem 1], [G2, Corollary 5|), hence T is
pseudo weakly compact.

THEOREM 3.2. If X is not sequentially Right, then W (X, ) is com-
plemented neither in Pwe(X, ) nor in UC (X, ls).

Proof. Let A be a Right subset of X* which is not relatively weakly
compact |[Kl Theorem 3.25]. Let (z}) be a sequence in A with no weakly
convergent subsequence. Define S : X — (o by S(z) = (z}(z))n, v € X.
Since S*(e}) = x, S*, and thus S, is not weakly compact. Let (y,) be a
sequence in Bx such that (S(y,)) has no weakly convergent subsequence.
Let Xo = [yn] be the closed linear span of {y, : n € N}. Note that Xy is a
separable subspace of X and L = S|x, is not weakly compact. If v = =7 | x,,
then (y;;) € X is bounded and has no weakly convergent subsequence. (If
(yr) is weakly convergent, then L*|y, is weakly compact, since L*(e}) = yz.
By the Observation above, L is weakly compact. This is a contradiction.)

Define T : oo — L(X, ) by T(b)(x) = (b x}(x))y for b = (by) € oo
and x € X. Note that the operator T is well-defined and T'(e,,) = z}, ® ey, for
each n € N. Let b € £, and suppose that (x,,) is a weakly null DP sequence
in X. Since (x}) is a Right set,

lim || 7(b) (x4, )|| = limsup bz (z,,)] = 0,

and thus T'(b) is pseudo weakly compact.

Suppose that W (X, ¢y ) is complemented in Pwc(X,{ls) and let P :
Pwe(X, ls) = W(X, L) be aprojection. Let R : L(X, o) — L(Xo,¢x0) be
the natural restriction map. Define ¢ : oo — Pwc(Xo, loo) by ¢(b) = RT(D)
and ¢ : log — W(Xo,lx) by ¥(b) = RPT(b). Since T'(ey) is a rank one
operator, it is compact, hence weakly compact. Thus

Y(en) = RPT(en) = RT'(en) = ¢(en)

for each n € N. By Lemma there is an infinite subset M of N such that
V(xam) = ¢(xar). Hence ¢(xar) is weakly compact. However, for n € M and
x € X,

POxar)"(€3) () = yn ().
Therefore ¢(xar)*(el) = yi for all n € M. This contradiction proves that

n
W (X, ) is not complemented in Pwe(X, lx).
Since every pseudo weakly compact operator is unconditionally converg-

ing |PV™, Proposition 14|, W (X, {s) is not complemented in UC(X,{~)
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(otherwise W (X, ¢) would be complemented in Pwe(X, {), a contradic-
tion). m

THEOREM 3.3. If X* does not have the Schur property, then K(X, )
is complemented neither in Pwc(X, lo) nor in UC(X, ).

Proof. Since X* does not have the Schur property, there is a Right subset
of X* which is not relatively compact [G1, Corollary 9]. The proof is similar
to that of Theorem .

If T is a weakly compact operator, then T is unconditionally converging,
by the Orlicz—Pettis theorem.

THEOREM 3.4. If X does not have property (V'), then W (X, l) is not
complemented in UC (X, ls).

Proof. The proof is similar to that of Theorem [3.2] =

THEOREM 3.5. If X has the DPP and does not have the RDPP, then
W (X, ls) is complemented neither in CC(X,lx) nor in UC(X, lx).

Proof. Since X has the DPP, every weakly compact operator T : X — f
is completely continuous. Let A be an L-subset of X™* which is not relatively
weakly compact [L]. Let () be a sequence in A with no weakly convergent
subsequence. Define S : X — fo by S(z) = (2, (x)), for x € X. As in
the proof of Theorem [3.2] S is not weakly compact. Let X be a separable
subspace of X such that S|x, is not weakly compact. If y} = z}|x,, then
(yr) € X§ has no weakly convergent subsequence.

Define T : lo, — L(X, ) as in Theorem [3.2] Since (z}) is an L-set,
T'(b) is completely continuous.

Suppose that W (X, {s) is complemented in CC(X,{s) and let P :
CC(X,lx) = W(X,lx) be a projection. Let R : L(X,ls) — L(X0,l00)
be the natural restriction map. Define ¢ : {o, — CC(Xp,lx) and ¢ : log —
W(Xo,lx) as in Theorem and note that ¥(e,) = ¢(ey,) for each n € N.

By Lemma there is an infinite subset M of N such that ¥(xa) =
d(xar). Hence ¢(xar) is weakly compact. However, ¢(xar)*(ek) = v for all
n € M. This contradiction concludes the proof. m

THEOREM 3.6. The Banach space X contains a copy of 1 if and only if
K(X, ) is not complemented in CC(X,{x).

Proof. Suppose X contains a copy of ¢;. Then X* contains an L-set
which is not relatively compact [EIl Theorem 2|. The proof is similar to the
proof of Theorem [3.5

If X does not contain a copy of ¢, then CC(X,/lx) = K(X,/lsx) by a
result of Odell [R] p. 377|. =
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COROLLARY 3.7. Suppose X and Y are Banach spacees, and loo — Y .

(i) If X is not sequentially Right, then W(X,Y') is not complemented in
Pwe(X,Y).

(ii) If X does not have property (V'), then W (X,Y) is not complemented in
UC(X,Y).

(iii) If X has the DPP and does not have the RDPP, then W(X,Y') is not
complemented in CC(X,Y).

(iv) If X* does not have the Schur property, then K(X,Y) is not comple-
mented in Pwc(X,Y).

(v) If X contains a copy of {1, then K(X,Y) is not complemented in
CC(X,Y).

Proof. We only prove (i). The other proofs are similar. Suppose that
W(X,Y) is complemented in Pwe(X,Y). Since fog < Y we have log <> Y,
since {o is injective [D1], p. 71]. Then W (X, ¢) is complemented in W(X,Y),
and thus in Pwe(X,Y). Since W (X, ls) C Pwe(X,ls) € Pwe(X,Y), it
follows that W (X, {) is complemented in Pwe(X, {o ), contrary to Theo-
rem[3.2 =

COROLLARY 3.8. Suppose X and Y are Banach spaces, and lo, — Y.
Then the following are equivalent:

(1) (i) X is sequentially Right.

(ii) Pwe(X,Y)=W(X,Y).

(i) W(X,Y) is complemented in Pwc(X,Y).
(2) (1) X has property (V).
(ii) UC(X,Y)=W(X,Y).
(iii) W (X, Y) is complemented in UC(X,Y).
(3) (i) X* has the Schur property.

(X,Y) = Pwe(X,Y).

(X,Y) is complemented in Pwc(X,Y).
0 (i

4) ( does not contain a copy of ¢1.
(i) CC(X,Y) = K(X,Y).
(i) K(X,Y) is complemented in CC(X,Y).

Proof. (1)=(ii). (1) Since X is sequentially Right, Pwc(X,Y)CW(X,Y).
Since W(X,Y) C Pwc(X,Y) (JAl Theorem 1], [G2, Corollary 5]), it fol-
lows that Pwe(X,Y) = W(X,Y). (2) By [P, Proposition 1], UC(X,Y) C
W(X,Y).Since W(X,Y) C UC(X,Y) (by the Orlicz—Pettis theorem), it fol-
lows that UC(X,Y) = W(X,Y). (3) By [G1], Corollary 9], every Right sub-
set of X* is relatively compact. Then every pseudo weakly compact operator
T:X — Y is compact by [Gl, Theorem 2|. Hence K(X,Y) = Puwc(X,Y).
(4) Apply a result of Odell [R} p. 377].

X
(i) K
(i) K
X

1
1

)
i)
)
)
)
)
)
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(iii)=>(i) follows by Corollary n

COROLLARY 3.9. Suppose X has the DPP and o, — Y. Then the fol-
lowing are equivalent:

(i) X has the RDPP.
(i) CC(X,Y)=W(X,Y).
(iii) W(X,Y) is complemented in CC(X,Y).

Proof. (i)=-(ii) since X has the DPP and the RDPP; and (iii)=(i) by
Corollary 3.7 =

We conclude this paper with another complementation theorem. We use
the following notation. Let A : X — £, be an operator and M be a nonempty
subset of N. We define Ap; : X — £ by

Ay(z) =Y en(A(z))en, z€X.
neM
DEFINITION 3.10. A closed operator ideal O has property (x) if whenever
X is a Banach space and A ¢ O(X, /), then there is an infinite subset M)
of N such that Ay & O(X, {x) for all infinite subsets M of My [BBG].

THEOREM 3.11. If X* contains a Right set which is not an L-set, then
CC(X,ls) is complemented neither in Pwc(X, o) nor in UC(X, lx).

Proof. Let A be a Right subset of X* which is not an L-set. Let (z})
be a sequence in A and (z,) be a weakly null sequence in X such that
|z} ()] - 0. Without loss of generality assume that for some € > 0,
|z} (xy,)| > € for all n. Define S : X — lo by S(z) = (z}(z)), for x € X.
Since ||S(zy)]] > €, S is not completely continuous. Let X = [z,] be the
closed linear span of {z,, : n € N}. Note that X is a separable subspace of
X and S|x, is not completely continuous. By [BBG, Theorem 25|, the ideal
of completely continuous operators has property (k). Let My be an infinite
subset of N such that Sy € CC(Xo, ) for all infinite subsets M of M.

Define T : oo — L(X,lx) by T(b)(x) = (bpxf(x))y, for b = (by) € loo
and = € X. Note that the operator T is well-defined and T'(e,) = z} ® ey,
for each n € N. Since () is a Right set, T'(b) is pseudo weakly compact.

Suppose that CC(X, {) is complemented in Pwe(X, £+ ) with projection
P : Pwc(X,lo) = CC(X,lo), and let R : L(X,ls) = L(Xo,¢~) be the
natural restriction map. Define ¢ : foo — Pwe(Xo,ls) by ¢(b) = RT(b)
and 9 : oo — CC(Xo,lx) by ¥(b) = RPT(b). Since T'(ey) is a rank one
operator,

Y(en) = RPT(en) = RT(en) = ¢(en)

for each n € N. By Lemma there is an infinite subset M of N such
that ¥(xam) = ¢(xar). Hence ¢(xar) is completely continuous. However,
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d(xnm) = T(xa)|x, = Sa- This contradiction proves that CC(X, /) is not
complemented in Pwe(X, ly).

Since every pseudo weakly compact operator is unconditionally converg-
ing [PV} Proposition 14|, CC (X, ¢~) is not complemented in UC(X, ls). =

COROLLARY 3.12. If X does not have the DPP, then CC(X, ) is com-
plemented neither in Pwe(X, ls) nor in UC (X, ly).

Proof. Since X does not have the DPP, there exist weakly null sequences
(xn) in X and (z}) in X* such that |z} (z,)| - 0 [D2, Theorem 1|. Since

(x) is weakly null, it is a Right set [K| Corollary 3.26]. Thus (z}) is a Right
set which is not an L-set. Apply Theorem [3.11] =

COROLLARY 3.13. If X does not have the DPP and {5 — Y, then
CC(X,Y) is complemented neither in Pwc(X,Y) nor in UC(X,Y).

COROLLARY 3.14. Let X and Y be Banach spaces, and bso — Y. Then
the following are equivalent:

(i) X has the DPP.
(i) CC(X,Y) = Puwc(X,Y).
(i) CC(X,Y) is complemented in Pwc(X,Y).

Proof. (i)=-(ii) by [K, Proposition3.17| and [G2, Theorem 10]; and (iii)=-(i)
by Corollary [3.13] =
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