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A NOTE ON SOME COMPLEMENTED SPACES OF OPERATORS

BY

IOANA GHENCIU (River Falls, WI)

Abstract. Let W (X,Y ), Pwc(X,Y ), CC (X,Y ), and UC (X,Y ) denote respectively
the sets of all weakly compact, pseudo weakly compact, completely continuous, and un-
conditionally converging operators from X to Y . We use classical results of Kalton to
study the complementability of the space W (X,Y ) in the spaces Pwc(X,Y ), UC (X,Y ),
and CC (X,Y ).

1. Introduction. A bounded subset A of a Banach space X is called a
Dunford–Pettis (DP) subset of X if every weakly null sequence (x∗n) in X∗
tends to 0 uniformly on A, i.e.,

lim
n
(sup{|x∗n(x)| : x ∈ A}) = 0.

A sequence (xn) is DP if the set {xn : n ∈ N} is DP.
A subset S of X is said to be weakly precompact provided that every

sequence from S has a weakly Cauchy subsequence. Every DP set is weakly
precompact (see e.g. [R, p. 377]).

An operator T : X → Y is called weakly precompact (or almost weakly
compact) if T (BX) is weakly precompact, and completely continuous (or
Dunford–Pettis) if T maps weakly convergent sequences to norm convergent
sequences.

In [PV+] the authors introduced the Right topology on a Banach space X.
It is the restriction of the Mackey topology τ(X∗∗, X) to X and it is also
the topology of uniform convergence on absolutely convex σ(X∗, X∗∗) com-
pact subsets of X∗. Furthermore, τ(X∗∗, X) can also be viewed as the
topology of uniform convergence on relatively σ(X∗, X∗∗) compact subsets
of X∗ [K].

A sequence (xn) in a Banach space X is Right null if and only if it is
weakly null and DP [G1, Proposition 2].
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An operator T : X → Y is called pseudo weakly compact (pwc) (or
Dunford–Pettis completely continuous (DPcc)) if it takes Right null sequences
to norm null sequences ([PV+], [WC]). Every completely continuous operator
T : X → Y is pseudo weakly compact. If T : X → Y is an operator with
weakly precompact adjoint, then T is a pseudo weakly compact operator
[G2, Corollary 5].

In [BBG] the authors studied the complementability of the spaces
W (X, `∞) and CC (X, `∞) in L(X, `∞). It was shown that if X is not reflex-
ive, then W (X, `∞) is not complemented in L(X, `∞) [BBG, Theorem 3].
Further, if X does not have the Schur property, then CC (X, `∞) is not com-
plemented in L(X, `∞) [BBG, Theorem 30].

In this paper we use classical results of Kalton and separably deter-
mined operator ideals to investigate the complementability of W (X,Y )
in Pwc(X,Y ), UC (X,Y ), and CC (X,Y ). Further, we study the comple-
mentability of K(X,Y ) in Pwc(X,Y ) and CC (X,Y ), and of CC (X,Y ) in
Pwc(X,Y ).

2. Definitions and notation. Throughout this paper, X and Y will
denote Banach spaces. The unit ball of X will be denoted by BX , and X∗
will denote the continuous linear dual of X. An operator T : X → Y will be
a continuous and linear function. The set of all operators, weakly compact
operators, and compact operators from X to Y will be denoted by L(X,Y ),
W (X,Y ), and K(X,Y ). We will denote the canonical unit vector basis of c0
by (en) and the canonical unit vector basis of `1 by (e∗n).

A bounded subset A of X∗ is called an L-subset of X∗ if each weakly
null sequence (xn) in X tends to 0 uniformly on A, i.e.,

lim
n
(sup{|x∗(xn)| : x∗ ∈ A}) = 0.

A Banach space X has the Dunford–Pettis property (DPP) if every
weakly compact operator T : X → Y is completely continuous, for any Ba-
nach space Y . Schur spaces, C(K) spaces, and L1(µ) spaces have the DPP.
The reader can consult [D1], [D2], and [DU] for a guide to the extensive
classical literature dealing with the DPP.

A Banach space X has the Dunford–Pettis relatively compact property
(DPrcP) if every Dunford–Pettis subset of X is relatively compact [E2].
Schur spaces have the DPrcP. The space X does not contain a copy of `1 if
and only if X∗ has the DPrcP if and only if every L-subset of X∗ is relatively
compact ([B, Corollary 7], [E2, Theorem 1], [E1, Theorem 2]).

A series
∑
xn in X is said to be weakly unconditionally convergent (wuc)

if for every x∗ ∈ X∗, the series
∑
|x∗(xn)| is convergent. An operator

T : X → Y is called unconditionally converging if it maps weakly uncondi-
tionally convergent series to unconditionally convergent ones.
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A bounded subset A of X∗ is called a V -subset of X∗ provided that

lim
n
(sup{|x∗(xn)| : x∗ ∈ A}) = 0

for each wuc series
∑
xn in X.

A Banach space X has property (V ) if every V -subset of X∗ is relatively
weakly compact [P]. A Banach space X has property (V ) if every uncon-
ditionally converging operator T from X to any Banach space Y is weakly
compact [P, Proposition 1]. C(K) spaces and reflexive spaces have property
(V ) [P, Theorem 1, Proposition 7].

A Banach space X has the reciprocal Dunford–Pettis property (RDPP)
if every completely continuous operator T from X to any Banach space Y is
weakly compact. The space X has the RDPP if and only if every L-subset of
X∗ is relatively weakly compact [L]. Banach spaces with property (V ) have
the RDPP [P].

A subset K of X∗ is called a Right set (R-set) if each Right null sequence
(xn) in X tends to 0 uniformly on K [K], i.e.,

lim
n
(sup{|x∗(xn)| : x∗ ∈ K}) = 0.

A Banach space X is said to be sequentially Right (SR) (or to have
property (SR)) if every pseudo weakly compact operator T : X → Y is weakly
compact, for any Banach space Y [PV+]. Banach spaces with property (V )
are sequentially Right [PV+, Corollary 15]. A Banach space X is sequentially
Right if and only if every Right subset of X∗ is relatively weakly compact
[K, Theorem 3.25].

3. Complemented subspaces of operators. The sets of all pseudo
weakly compact, completely continuous, and unconditionally converging op-
erators from X to Y will be respecyively denoted by Pwc(X,Y ), CC (X,Y ),
and UC (X,Y ).

We begin by investigating the complementability of the space W (X, `∞)
in Pwc(X, `∞), UC (X, `∞), and CC (X, `∞).

Lemma 3.1 ([Ka, Proposition 5]). Let X be a separable Banach space,
and φ : `∞ → L(X, `∞) be a bounded linear operator such that φ(en) = 0 for
all n. Then there is an infinite subset M of N such that φ(b) = 0 for each
b ∈ `∞(M), where `∞(M) is the set of all b = (bn) ∈ `∞ with bn = 0 for
each n 6∈M .

Observation. If T : Y → X∗ be an operator such that T ∗|X is [weakly]
compact, then T is [weakly] compact. To see this, let T : Y → X∗ be
an operator such that T ∗|X is [weakly] compact. Let S = T ∗|X . Suppose
x∗∗ ∈ BX∗∗ and choose a net (xα) in BX which is w∗-convergent to x∗∗.
Then [T ∗(xα)]

w∗
→ T ∗(x∗∗). Now, (T ∗(xα)) ⊆ S(BX), which is a relatively
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[weakly] compact set. Then (T ∗(xα)) → T ∗(x∗∗) (resp. T ∗(xα)
w→ T ∗(x∗∗)).

Hence T ∗(BX∗∗) ⊆ S(BX), which is relatively [weakly] compact. Therefore
T ∗(BX∗∗) is relatively [weakly] compact, and thus T is [weakly] compact.

If T is a weakly compact operator, then T takes Dunford–Pettis sets
to relatively compact sets ([A, Theorem 1], [G2, Corollary 5]), hence T is
pseudo weakly compact.

Theorem 3.2. If X is not sequentially Right, then W (X, `∞) is com-
plemented neither in Pwc(X, `∞) nor in UC (X, `∞).

Proof. Let A be a Right subset of X∗ which is not relatively weakly
compact [K, Theorem 3.25]. Let (x∗n) be a sequence in A with no weakly
convergent subsequence. Define S : X → `∞ by S(x) = (x∗n(x))n, x ∈ X.
Since S∗(e∗n) = x∗n, S∗, and thus S, is not weakly compact. Let (yn) be a
sequence in BX such that (S(yn)) has no weakly convergent subsequence.
Let X0 = [yn] be the closed linear span of {yn : n ∈ N}. Note that X0 is a
separable subspace of X and L = S|X0 is not weakly compact. If y∗n = x∗n|X0 ,
then (y∗n) ⊆ X∗0 is bounded and has no weakly convergent subsequence. (If
(y∗n) is weakly convergent, then L∗|`1 is weakly compact, since L∗(e∗n) = y∗n.
By the Observation above, L is weakly compact. This is a contradiction.)

Define T : `∞ → L(X, `∞) by T (b)(x) = (bn x
∗
n(x))n for b = (bn) ∈ `∞

and x ∈ X. Note that the operator T is well-defined and T (en) = x∗n⊗en for
each n ∈ N. Let b ∈ `∞ and suppose that (xm) is a weakly null DP sequence
in X. Since (x∗n) is a Right set,

lim
m
‖T (b)(xm)‖ = lim

m
sup
n
|bnx∗n(xm)| = 0,

and thus T (b) is pseudo weakly compact.
Suppose that W (X, `∞) is complemented in Pwc(X, `∞) and let P :

Pwc(X, `∞)→W (X, `∞) be a projection. Let R : L(X, `∞)→ L(X0, `∞) be
the natural restriction map. Define φ : `∞ → Pwc(X0, `∞) by φ(b) = RT (b)
and ψ : `∞ → W (X0, `∞) by ψ(b) = RPT (b). Since T (en) is a rank one
operator, it is compact, hence weakly compact. Thus

ψ(en) = RPT (en) = RT (en) = φ(en)

for each n ∈ N. By Lemma 3.1, there is an infinite subset M of N such that
ψ(χM ) = φ(χM ). Hence φ(χM ) is weakly compact. However, for n ∈M and
x ∈ X0,

φ(χM )∗(e∗n)(x) = y∗n(x).

Therefore φ(χM )∗(e∗n) = y∗n for all n ∈ M . This contradiction proves that
W (X, `∞) is not complemented in Pwc(X, `∞).

Since every pseudo weakly compact operator is unconditionally converg-
ing [PV+, Proposition 14], W (X, `∞) is not complemented in UC (X, `∞)
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(otherwise W (X, `∞) would be complemented in Pwc(X, `∞), a contradic-
tion).

Theorem 3.3. If X∗ does not have the Schur property, then K(X, `∞)
is complemented neither in Pwc(X, `∞) nor in UC (X, `∞).

Proof. Since X∗ does not have the Schur property, there is a Right subset
of X∗ which is not relatively compact [G1, Corollary 9]. The proof is similar
to that of Theorem 3.2.

If T is a weakly compact operator, then T is unconditionally converging,
by the Orlicz–Pettis theorem.

Theorem 3.4. If X does not have property (V ), then W (X, `∞) is not
complemented in UC (X, `∞).

Proof. The proof is similar to that of Theorem 3.2.

Theorem 3.5. If X has the DPP and does not have the RDPP, then
W (X, `∞) is complemented neither in CC (X, `∞) nor in UC (X, `∞).

Proof. SinceX has the DPP, every weakly compact operator T : X → `∞
is completely continuous. Let A be an L-subset of X∗ which is not relatively
weakly compact [L]. Let (x∗n) be a sequence in A with no weakly convergent
subsequence. Define S : X → `∞ by S(x) = (x∗n(x))n for x ∈ X. As in
the proof of Theorem 3.2, S is not weakly compact. Let X0 be a separable
subspace of X such that S|X0 is not weakly compact. If y∗n = x∗n|X0 , then
(y∗n) ⊆ X∗0 has no weakly convergent subsequence.

Define T : `∞ → L(X, `∞) as in Theorem 3.2. Since (x∗n) is an L-set,
T (b) is completely continuous.

Suppose that W (X, `∞) is complemented in CC (X, `∞) and let P :
CC (X, `∞) → W (X, `∞) be a projection. Let R : L(X, `∞) → L(X0, `∞)
be the natural restriction map. Define φ : `∞ → CC (X0, `∞) and ψ : `∞ →
W (X0, `∞) as in Theorem 3.2 and note that ψ(en) = φ(en) for each n ∈ N.

By Lemma 3.1, there is an infinite subset M of N such that ψ(χM ) =
φ(χM ). Hence φ(χM ) is weakly compact. However, φ(χM )∗(e∗n) = y∗n for all
n ∈M . This contradiction concludes the proof.

Theorem 3.6. The Banach space X contains a copy of `1 if and only if
K(X, `∞) is not complemented in CC (X, `∞).

Proof. Suppose X contains a copy of `1. Then X∗ contains an L-set
which is not relatively compact [E1, Theorem 2]. The proof is similar to the
proof of Theorem 3.5.

If X does not contain a copy of `1, then CC (X, `∞) = K(X, `∞) by a
result of Odell [R, p. 377].
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Corollary 3.7. Suppose X and Y are Banach spacees, and `∞ ↪→ Y .

(i) If X is not sequentially Right, then W (X,Y ) is not complemented in
Pwc(X,Y ).

(ii) If X does not have property (V ), then W (X,Y ) is not complemented in
UC (X,Y ).

(iii) If X has the DPP and does not have the RDPP, then W (X,Y ) is not
complemented in CC (X,Y ).

(iv) If X∗ does not have the Schur property, then K(X,Y ) is not comple-
mented in Pwc(X,Y ).

(v) If X contains a copy of `1, then K(X,Y ) is not complemented in
CC (X,Y ).

Proof. We only prove (i). The other proofs are similar. Suppose that
W (X,Y ) is complemented in Pwc(X,Y ). Since `∞ ↪→ Y we have `∞

c
↪→ Y ,

since `∞ is injective [D1, p. 71]. ThenW (X, `∞) is complemented inW (X,Y ),
and thus in Pwc(X,Y ). Since W (X, `∞) ⊆ Pwc(X, `∞) ⊆ Pwc(X,Y ), it
follows that W (X, `∞) is complemented in Pwc(X, `∞), contrary to Theo-
rem 3.2.

Corollary 3.8. Suppose X and Y are Banach spaces, and `∞ ↪→ Y .
Then the following are equivalent:

(1) (i) X is sequentially Right.
(ii) Pwc(X,Y ) =W (X,Y ).
(iii) W (X,Y ) is complemented in Pwc(X,Y ).

(2) (i) X has property (V ).
(ii) UC (X,Y ) =W (X,Y ).
(iii) W (X,Y ) is complemented in UC (X,Y ).

(3) (i) X∗ has the Schur property.
(ii) K(X,Y ) = Pwc(X,Y ).
(iii) K(X,Y ) is complemented in Pwc(X,Y ).

(4) (i) X does not contain a copy of `1.
(ii) CC (X,Y ) = K(X,Y ).
(iii) K(X,Y ) is complemented in CC (X,Y ).

Proof. (i)⇒(ii). (1) SinceX is sequentially Right,Pwc(X,Y )⊆W (X,Y ).
Since W (X,Y ) ⊆ Pwc(X,Y ) ([A, Theorem 1], [G2, Corollary 5]), it fol-
lows that Pwc(X,Y ) = W (X,Y ). (2) By [P, Proposition 1], UC (X,Y ) ⊆
W (X,Y ). SinceW (X,Y ) ⊆ UC (X,Y ) (by the Orlicz–Pettis theorem), it fol-
lows that UC (X,Y ) =W (X,Y ). (3) By [G1, Corollary 9], every Right sub-
set of X∗ is relatively compact. Then every pseudo weakly compact operator
T : X → Y is compact by [G1, Theorem 2]. Hence K(X,Y ) = Pwc(X,Y ).
(4) Apply a result of Odell [R, p. 377].
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(iii)⇒(i) follows by Corollary 3.7.

Corollary 3.9. Suppose X has the DPP and `∞ ↪→ Y . Then the fol-
lowing are equivalent:

(i) X has the RDPP .
(ii) CC (X,Y ) =W (X,Y ).
(iii) W (X,Y ) is complemented in CC (X,Y ).

Proof. (i)⇒(ii) since X has the DPP and the RDPP; and (iii)⇒(i) by
Corollary 3.7.

We conclude this paper with another complementation theorem. We use
the following notation. LetA : X → `∞ be an operator andM be a nonempty
subset of N. We define AM : X → `∞ by

AM (x) =
∑
n∈M

e∗n(A(x))en, x ∈ X.

Definition 3.10. A closed operator ideal O has property (∗) if whenever
X is a Banach space and A 6∈ O(X, `∞), then there is an infinite subset M0

of N such that AM 6∈ O(X, `∞) for all infinite subsets M of M0 [BBG].

Theorem 3.11. If X∗ contains a Right set which is not an L-set, then
CC (X, `∞) is complemented neither in Pwc(X, `∞) nor in UC (X, `∞).

Proof. Let A be a Right subset of X∗ which is not an L-set. Let (x∗n)
be a sequence in A and (xn) be a weakly null sequence in X such that
|x∗n(xn)| 9 0. Without loss of generality assume that for some ε > 0,
|x∗n(xn)| > ε for all n. Define S : X → `∞ by S(x) = (x∗n(x))n for x ∈ X.
Since ‖S(xn)‖ > ε, S is not completely continuous. Let X0 = [xn] be the
closed linear span of {xn : n ∈ N}. Note that X0 is a separable subspace of
X and S|X0 is not completely continuous. By [BBG, Theorem 25], the ideal
of completely continuous operators has property (∗). Let M0 be an infinite
subset of N such that SM 6∈ CC (X0, `∞) for all infinite subsets M of M0.

Define T : `∞ → L(X, `∞) by T (b)(x) = (bn x
∗
n(x))n for b = (bn) ∈ `∞

and x ∈ X. Note that the operator T is well-defined and T (en) = x∗n ⊗ en
for each n ∈ N. Since (x∗n) is a Right set, T (b) is pseudo weakly compact.

Suppose that CC (X, `∞) is complemented in Pwc(X, `∞) with projection
P : Pwc(X, `∞) → CC (X, `∞), and let R : L(X, `∞) → L(X0, `∞) be the
natural restriction map. Define φ : `∞ → Pwc(X0, `∞) by φ(b) = RT (b)
and ψ : `∞ → CC (X0, `∞) by ψ(b) = RPT (b). Since T (en) is a rank one
operator,

ψ(en) = RPT (en) = RT (en) = φ(en)

for each n ∈ N. By Lemma 3.1, there is an infinite subset M of N such
that ψ(χM ) = φ(χM ). Hence φ(χM ) is completely continuous. However,
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φ(χM ) = T (χM )|X0 = SM . This contradiction proves that CC (X, `∞) is not
complemented in Pwc(X, `∞).

Since every pseudo weakly compact operator is unconditionally converg-
ing [PV+, Proposition 14], CC (X, `∞) is not complemented in UC (X, `∞).

Corollary 3.12. If X does not have the DPP, then CC (X, `∞) is com-
plemented neither in Pwc(X, `∞) nor in UC (X, `∞).

Proof. Since X does not have the DPP, there exist weakly null sequences
(xn) in X and (x∗n) in X∗ such that |x∗n(xn)| 9 0 [D2, Theorem 1]. Since
(x∗n) is weakly null, it is a Right set [K, Corollary 3.26]. Thus (x∗n) is a Right
set which is not an L-set. Apply Theorem 3.11.

Corollary 3.13. If X does not have the DPP and `∞ ↪→ Y , then
CC (X,Y ) is complemented neither in Pwc(X,Y ) nor in UC (X,Y ).

Corollary 3.14. Let X and Y be Banach spaces, and `∞ ↪→ Y . Then
the following are equivalent:

(i) X has the DPP.
(ii) CC (X,Y ) = Pwc(X,Y ).
(iii) CC (X,Y ) is complemented in Pwc(X,Y ).

Proof. (i)⇒(ii)by [K,Proposition3.17]and [G2,Theorem10];and(iii)⇒(i)
by Corollary 3.13.

REFERENCES

[A] K. Andrews, Dunford–Pettis sets in the space of Bochner integrable functions,
Math. Ann. 241 (1979), 35–41.

[BBG] M. Bahreini, E. Bator and I. Ghenciu, Complemented subspaces of linear bounded
operators, Canad. Math. Bull. 55 (2012), 449-461.

[B] E. M. Bator, Remarks on completely continuous operators, Bull. Polish Acad. Sci.
Math. 37 (1989), 409–413.

[D1] J. Diestel, Sequences and Series in Banach Spaces, Grad. Texts in Math. 92,
Springer, Berlin, 1984.

[D2] J. Diestel, A survey of results related to the Dunford–Pettis property, in: Contemp.
Math. 2, Amer. Math. Soc., 1980, 15–60.

[DU] J. Diestel and J. J. Uhl, Jr., Vector Measures, Math. Surveys 15, Amer. Math.
Soc., 1977.

[E1] G. Emmanuele, A dual characterization of Banach spaces not containing `1, Bull.
Polish Acad. Sci. Math. 34 (1986), 155–160.

[E2] G. Emmanuele, Banach spaces in which Dunford–Pettis sets are relatively compact,
Arch. Math. (Basel) 58 (1992), 477–485.

[G1] I. Ghenciu, A note on some isomorphic properties in projective tensor products,
Extracta Math. 32 (2017), 1–24.

[G2] I. Ghenciu, L-sets and property (SR∗) in spaces of compact operators, Monatsh.
Math. 181 (2016), 609–628.

[K] M. Kačena, On sequentially Right Banach spaces, Extracta Math. 26 (2011), 1–27.

http://dx.doi.org/10.1007/BF01406706
http://dx.doi.org/10.4153/CMB-2011-097-2
http://dx.doi.org/10.1007/BF01190118
http://dx.doi.org/10.1007/s00605-016-0884-2


COMPLEMENTED SPACES OF OPERATORS 215

[Ka] N. Kalton, Spaces of compact operators, Math. Ann. 208 (1974), 267–278.
[L] T. Leavelle, The reciprocal Dunford–Pettis and Radon–Nikodym properties in Ba-

nach spaces, Dissertation, Univ. North Texas, 1984.
[P] A. Pełczyński, Banach spaces on which every unconditionally converging operator

is weakly compact, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys. 10
(1962), 641–648.

[PV+] A. Peralta, I. Villanueva, J. D. M. Wright and K. Ylinen, Topological characteri-
zation of weakly compact operators, J. Math. Anal. Appl. 325 (2007), 968–974.

[R] H. Rosenthal, Pointwise compact subsets of the first Baire class, Amer. J. Math.
99 (1977), 362–377.

[WC] Y. Wen and J. Chen, Characterizations of Banach spaces with relatively compact
Dunford–Pettis sets, Adv. Math. (China) 45 (2016), 122–132.

Ioana Ghenciu
Mathematics Department
University of Wisconsin-River Falls
410 S. 3rd Street
River Falls, WI 54022-500, U.S.A.
E-mail: ioana.ghenciu@uwrf.edu

http://dx.doi.org/10.1007/BF01432152
http://dx.doi.org/10.1016/j.jmaa.2006.02.066
http://dx.doi.org/10.2307/2373824
http://dx.doi.org/10.11845/sxjz.2014095b



	1 Introduction
	2 Definitions and notation
	3 Complemented subspaces of operators
	REFERENCES

