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1. Introduction. E. Szemerédi’s theorem proved in 1975 says that if a
set B C 7Z is of positive upper Banach density, i.e.,
BD*(E) := limsup [EN[M, N)|
N-M—co N-M
then E contains arbitrarily long arithmetic progressions [8, [3]. By using their
multiple recurrence theorem, H. Fiirstenberg and Y. Katznelson proved in
1978 a multidimensional version of Szemerédi’s theorem: If £ C Z" is of
positive upper Banach density and F is a finite subset of Z", then for some
vector u € Z™ and integer d > 1, u +dF C E ([4] or [3, Theorem 7.16]).

Based on the above multidimensional version, H. Fiirstenberg [3, Theo-
rem 7.17] proved that if E C R™ is of positive upper Banach density with
respect to the Lebesgue measure on R™ and F' is a finite subset of R™, then
for some vector v € R™ and integer d > 1, u + dF C E.

In the more general case where R" is replaced by an abelian discrete
additive group (G, +), using the Stone-Cech compactification 3G of G and
Fiirstenberg’s multiple recurrence theorem, Hindman and Strauss [5, The-
orems 5.5 and 5.6] proved in 2006 that if £ C G is of positive upper den-
sity relative to some Fglner net in G, then for any a € G and [ € N,
{v e Glu+d{a,2a,...,la} C E} has positive upper density relative to the
same Fglner net for some d € N.

In this note, we will extend the usual notion of upper Banach density,
and then by using ergodic-theoretic techniques following H. Fiirstenberg,

> 0,

2010 Mathematics Subject Classification: Primary 22B05; 37A15; Secondary 11B25;
37A45.

Key words and phrases: Szemerédi theorem, Fiirstenberg correspondence principle,
amenable group.

Received 17 March 2016; revised 30 March 2017.

Published online 1 August 2017.

DOI: 10.4064/2a8470-4-2017 [101] © Instytut Matematyczny PAN, 2017



102 X. Dai et al.

we shall derive more generalizations of Szemerédi’s theorem for any finite
configurations not limited to the form {a,2a,...,la} (Theorems and
and Corollary , for any locally compact Hausdorff, not necessarily
discrete, abelian group GG with any fixed Haar measure.

2. Falner sequences and upper density. In this section we introduce
some basic notions and preliminary lemmas.

2.1. Basic notions. Let (G, +) be a locally compact Hausdorff additive
topological group. According to Haar’s theorem [0, Theorem 29C], there
exists a left-invariant Haar measure on (G, +), which we denote by |+ | or dg.
When G is discrete, |+ | is just the usual counting measure on G.

A sequence (F;,)5; of compact subsets in G is called a classical Folner

sequence in (G, +,|+|) if
g+ Fa) A
nh_r)rolo 7| =0 Vged.

It is well known that if G is a locally compact o-compact Hausdorff abelian
group, like (Z", +) with the discrete topology or (R™, +) with the Euclidean
metric topology, then it has classical Fglner sequences. Although a discrete
uncountable abelian group does not have any classical Fglner sequences, it
always has Folner nets [I}, 5].

Since an uncountable abelian group has no classical Fglner sequence
under the discrete topology, we need to introduce a nonclassical Fglner se-
quence in any locally compact Hausdorff group (G, +,|+|).

DEFINITION 2.1. Given any subset F' C G, a sequence F = (F},)2; of
compact subsets of G is called an F'-Fglner sequence in (G, +,|+|) if

(2.1) lim 19 Fn) & Fnl

n—oo0 |Fn‘

Notice that (2.1)) holds only for g € F' but not for any g € G.

0 VgelkF.

A classical Fglner sequence in (G, +,|+]) is just a G-Fglner sequence.
Let us consider an example in order to show that an F-Fglner sequence
in (G,+,]|*]) is not necessarily a classical Fglner sequence for F' # G. Let
(G,+) = (R?,4) with || = dzdy under the standard Euclidean topology
and £ > 0. Define a sequence of thin rectangles F,, = {(z,y): |z — n| < ¢,
ly| < n}. Clearly, |F,| = 4ne — oo as n — oo. It is easy to see that for
F = {0} xR, (F,)2, is an F-Fglner sequence but not a classical Fglner
sequence in (G, +,

. )
DEFINITION 2.2. Given any F' C G, for any F-Fglner sequence F =
(Fn)o, in (G,+,]|*]) and any |+ |-measurable subset E C G, we set
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ENF,
(2.2) D%(F) = limsup | n|

n—00 |Fn| ’
which is called the upper density of E relative to F in (G,+,]|+]).

We shall say that F is of positive upper Banach density in (G,+,|+]),
and write BD*(E) > 0, if D%(F) > 0 for some classical Fglner sequence
F = (F,)2 in (G,+,|*]). We shall be concerned with measurable sets
E C G having BD*(E) > 0.

A locally compact Hausdorff additive topological group (G, +) is said
to be amenable if the so-called Fglner condition holds: for any compact set
K C @ and any € > 0, there exists a compact set F' C G such that

(K +F)AF|
— < £
|F|
(see, e.g., [7]). Each locally compact Hausdorff abelian topological group is
amenable. Of course, an amenable group need not have a classical Fglner
sequence if the group is not o-compact [7]. However, for any compact subset

K of an amenable group G there always exists a K-Fglner sequence in the
sense of Definition 2.1

2.2. Preliminary lemmas. The following simple result follows from
the definition of amenable group:

LEMMA 2.3. If (G,+) is an amenable and locally compact Hausdorff
topological group, then for any compact set K C G there exists a K-Fglner
sequence (F,)02 1 in (G, +,|+]).

n=1

Proof. Since G is amenable and locally compact, [7, Theorem 4.10] shows
that for any compact set K C G and &, > 0, there exists some compact set
F,, C GG such that

|(9+Fn) AFn|
| Fyl

Letting €,, — 0 implies the desired result. =

<e, VgeK.

This lemma enables us to choose an F-Fglner sequence F = (F,)0; in
(G,+,|"|) for any compact set F' C G in Theorems |3.1| and [3.3| below.

It is well known that any discrete countable abelian group G has G-Fglner
sequences. Although this is not the case for any discrete abelian group, yet
we can obtain the following

LEMMA 2.4. Let (G,+) be a discrete abelian group. Then for any finite
subset ' C G and any Folner net (Fp)geco in (G,+,|+|), there exists an
F-Folner sequence (F,)>2, in (G,+,|+|) such that (F,)7; € (Fp)oco-
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Proof. Let (Fp)pco be a Fglner net in (G,+,|+|) that is, (©,>) is a
directed index set and each Fy is a finite subset of G such that

(g + Fy) & Fy| _

li 0 Vged.
b0 |Fy| g€
Then for any € > 0, there is some 0, € © such that
Fy) A F
W<e Vg € F and 6 > 6..
0

Letting € — 0 we get the desired F-Fglner sequence (F,)0; in (G,+,|+*]). =
For any K C G, we denote by (K) the subgroup of (G, +) spanned by K,
(KYy={ki+ - +ky,|n>1kie KU(-K)},
where —K = {—k|k € K}.

LEMMA 2.5. Let (G,+) be an amenable locally compact Hausdorff topo-
logical group and K C G any compact set. If (F,)22 is a K-Folner sequence
in (G,4+,]*]), then it is also a (K)-Folner sequence in (G,+,|+|).

Proof. Given any g, 91,92 € K, by (2.1) with K in place of F' we have
’(92 + g1 +Fn) AFn‘

S ||
< i 02t g1+ F) \ Ful +[Fa \ (92 + g1 + Fo)|
T n—oo ’Fn‘
_ i (2 91+ F) \ (g2 + Fo) + (g2 + Fn) \ (92 + g1 + Fn)|
n—00 |F |
=0
and
— F F, F, F
lim (=9 + Fn) & F| — lim [0 & (g + Fn) 0.
Thus (F,)02, is a (K)-Fglner sequence in (G, +,|*|). =

We notice here that, as a o-compact topological group, ((K),+) itself
need not be amenable, since (K) is not necessarily a closed subset of G.
In addition, (F,, N (K))>2; need not be a Folner sequence in (K). In fact,
F, N (K) = 0 in the example constructed before. Moreover, it is possible

that £ N (K) = () in Definition

3. Fiirstenberg correspondence principle. Let (G, +) be a locally
compact Hausdorff additive topological group with zero element o. Given
any compact Hausdorff space X, we shall say that T: G x X — X is a
Borel G-action on X (X is then called a Borel G-space and we simply write
G T X ) if
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o Ty: x— T(g,x) is a continuous selfmap of X for each g € G;
e T:(g9,x2) — T(g,x) is jointly Borel measurable;
o Tox =z for each x € X, and Ty, =T, 0T}, for all g,h € G.

In this section, we will consider Fiirstenberg correspondence principles be-
tween configurations in subsets of G and Borel G-space X associated to G.

The following Szemerédi-type theorem (Theorem [3.1)) is one of our main
results, in the proof of which there are two ingredients in our Fiirstenberg
correspondence principle: (1) the compact Hausdorff G-space X is not nec-
essarily metrizable; and (2) although the topology of (G, +,|+|) may not be
discrete, yet to define the associated G-action we will employ the discrete
topology that is not necessarily compatible with the fixed Haar measure ||
on G.

THEOREM 3.1. Let (G,+) be a locally compact Hausdorff abelian topo-
logical group and F C G a compact subset. If a measurable E C G is of
positive upper density corresponding to an F-Folner sequence F = (F,)5
in (G,+,|+]), then for any g,,...,9, € (F),

BD,({d € Z|D5>({u € E: u+d{g,...,9} C E}) >0}) > 0.

Here BD,. denotes the lower Banach density of sets in (Z,+,|+|z), and (F)
stands for the subgroup of G generated by F'.

Proof. By refining the F-Fglner sequence F = (F,)7 ; if necessary, we

may assume

. . |ENF,]
DF(E) = lim —p——
Let X = [[,c¢{0,1} be the Cartesian product endowed with the standard
pointwise convergence topology. Then X is a compact Hausdorff space. For
any x € X, we may identify it with the function z(+): g — z(g) from G into
the discrete space {0, 1}. Note that z(+) € X is not necessarily a measurable
function from G to {0, 1} under the locally compact Hausdorff topology of
G and that the compact Hausdorff topology of X is independent of the
topology of G.

Let x € X be given by x(¢) = 1 if and only if g € E. Since by hypothesis
E is |+|-measurable, x(*): G — {0,1} is |+|-measurable under the locally
compact Hausdorff topology of G.

Define the clopen cylinder set of X, [1], = {z € X |z(0o) = 1}, which
is a compact Gs-set and so is a Baire subset of X. Then the corresponding
characteristic function 1, is a continuous function on X, i.e., 1}, € C(X).

As in the usual Fiirstenberg correspondence principle, under the discrete
topology of G we may now define a G-action on X as follows:

(g,x) = Tgx =z(* +g)
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where z(+ + g) € X is defined by
x(«+g):t—x(t+g).

It should be noted that the continuity of T;: X — X is obvious under the
product topology of X. Thus, under the discrete topology of G, G ~p X is
a canonical G-action; in other words, X is a Borel G-space.

By the Riesz representation theorem we can identify Baire measures on
X with positive functionals on C'(X). Using the refined F-Fglner sequence
F = (F,)2 in (G,+,|*]) we define a Baire probability on the product
space X by

ﬂn(@):‘ Fl Tyx)dg Ve € C(X),

) o
Fy,
noting that ¢(T'x): g — @(Tyx) is | * |-measurable and dg-integrable from F},
to {0, 1} under the topology of (G, +,|+|) because of the measurability of E,
and that the Haar measure |+| is not defined under the newly introduced
discrete topology of G.

Under the usual weak-* topology of Baire probability measures on X, we
can find a net (ug)pco, which is a subnet of the Baire probability measure
sequence (pn,)0% 1, such that

lim py = eakly-x*

limpg =y weakly
for some Baire probability measure 4 on X. By Lemma it is routine to
check that p is Ty-invariant for each g € (F') (not for any g € G).

Since D%(E) > 0, we have y([1]o) > 0. Indeed, as 1), (=) € C(X) and
Iy, (Tyx) = 1r(g), it follows that

1 EnNF,
k) = o | 1, T,) dg = lim 2001

=D%(E).
bco |Fy| ) bco | Fyl #(E)

Let g1,...,9;, € (F). Then by Fiirstenberg’s multiple recurrence theorem
[4, 3], it follows that

D={deZ|p[JonT, [Nlon---NT, 1) > 0}

is of positive lower Banach density in (Z,+,|+|z). Set K = {g;,...,9;}.
Next, given any d € D we set

A={ue Flu+dK CE} and U= [l]oﬁTg_ld[l]om . ngjd[l]o.

Then U is clopen and so is a Baire set in X for T is continuous of X to
itself and hence

. |ANFy| . |ANF,
U)=lm-—\1 dg < lim ———— < limsup ————— = D%*(A4).
u(U) 1§ o(Tyx) dg < Jim “rp1= < limsup == #(A)

This proves Theorem .
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Let Ba(X) be the o-algebra of all Baire subsets of X. It should be noted
that for G ~p (X, Ba(X), 1) associated to E in the proof of Theorem |3.1
X is never metrizable if G is uncountable. Further, since in our context
there is no ergodic decomposition theorem because (X,Ba(X),u) is not
(isomorphic to) a Polish probability space and so has no quasi-generic point,
the proof of D%({uv € E|u+d{g;,...,g} € E}) > 0is of interest.

An interesting consequence of the above theorem is the following, which
is a generalization of the classical Szemerédi theorem for G = Z due to
E. Szemerédi [§], for G = Z™ due to Fiirstenberg and Katznelson [4], and
for G = R™ with the Euclidean metric topology due to H. Fiirstenberg [3],
Theorem 7.17].

COROLLARY 3.2. Let (G,+) be a second countable locally compact Haus-
dorff abelian topological group. If a measurable set E C G is of positive upper
Banach density, i.e., BD*(E) > 0, then for any gy,...,9, € G,

BD,({d€Z|BD*({ue E: u+d{gy,...,q} C E}) >0}) >0.

Proof. Since every second countable locally compact Hausdorff group is
o-compact, G has a classical Fglner sequence. Then BD*(E) makes sense
and the statement follows at once from Theorem B.1] with FF = G. =

If we now utilize the Bergelson—Leibman [2] polynomial multiple recur-
rence theorem instead of Fiirstenberg’s multiple recurrence theorem in the
proof of Theorem [3.1] we can easily obtain the following.

THEOREM 3.3. Let (G,+) be a locally compact Hausdorff abelian group
and F C G a compact subset. If a measurable set E C G 1is of positive upper
density corresponding to an F-Fglner sequence F = (F,)22 in (G,+,|"]),
then for any gy,...,9, € (F),

BD,({d € Z | D%({u € E: u+ {p1(d)gy,...,m(d)g} € E}) >0}) >0
for any 1 polynomials pi(t),...,pi(t) € Z[t] with p;(0) =0 fori=1,... 1.
Recall that for any discrete abelian group (G,+), E C G is of positive

upper Banach density if and only if there exists a Fglner net (Fp)geco in
(G,+,]|*]) such that

. |ENFy
BD*(E) =1 ‘7
(E) = i =5

Then by Theorem [3.3] together with Lemma [2.4] we obtain

COROLLARY 3.4. Let (G,+) be a discrete abelian additive group and let
p1(t),...,pi(t) € Z[t] with p;(0) =0 for 1 < i <. If E C G is such that
BD*(E) > 0 with Folner nets, then for any {g,,...,9,} € G we have

BD,({d€Z |BD*({u € E: u+pi(d)g; € E fori=1,...,1}) > 0}) > 0.

> 0.
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Proof. For any {g,,...,9;} C G, let F = {gy,...,g;}. By Lemma
we can find some F-Fglner sequence, say F = (F,)22, in (G, +,|+|) with

D% (E) = BD*(E). Then the statement follows from Theorem [3.3 u

We notice here that G does not have any classical Fglner sequence un-
der the discrete topology when G is uncountable, and moreover the finite
set {91 = a,9y = 2a,...,9, = la} in [5] is a special configuration in Corol-
lary A special case of Theorem is the following

COROLLARY 3.5. Let (G,+) be an amenable group, F C G a compact
set and £ C G with D(E) > 0 for some F-Folner sequence F = (Fy,)52,

in G. Then for any g € (G), l € N and p1(t),...,pi(t) € Z[t] with p;(0) =0
fori=1,...,1, there is some d € N such that

D% ({u € E: u+{pi(d)g,2p2(d)g,...,Ip(d)g} C E}) > 0.

Proof. This follows from Theorem [3.3| with g, = g, 9, = 2g,...,9, = lg
by noting that Ty, ,..., Ty are commuting. =

Finally, we note that in Theorems[3.1]and[3.3] we cannot consider ((F), +)
as an independent abelian group, because the F-Fglner sequence (F),)22
only belongs to G, and not to (F'), and moreover the E we consider here may
have a void intersection with (F) and D*%(F) is associated to (F},)72; in G.
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