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Rational period functions and indefinite
binary quadratic forms in higher level cases

by

SOoYouNG CHol (Jinju) and CHANG HEON KiMm (Suwon)

1. Introduction and statement of results. For k& € Z and any mero-
morphic function f on the complex upper half-plane §), we define the action
of v =(2%) € SLy(R) by

(flim)(2) = (ez +d)* f(v2).
For a positive integer p, we let
Io(p) == {(‘é 3) € SLy(Z) ‘ ¢ =0 (mod p)}
be the Hecke subgroup of I'(1) := SLy(Z), and Iy (p) be the group generated
by the Hecke group I(p) and the Fricke involution W), := ( 0 -1/ \/ﬁ). Let

VB 0

T:=({1)and U :=TW, = (g_léﬁ). For p € {1,2,3}, we consider a
rational function ¢(z) satisfying
(1'1) q,2kWp+q: 07
(1.2) qlorU™ ! + gl U™ 2 + -+ qloxU + ¢ =0,
where

3, ifp=1,

ny = .
2p, ifp=23.

We call such a function ¢(z) a rational period function of weight 2k for
I (p), and denote by RPFax (I}, (p)) the set of all such functions. In partic-
ular, if the rational period function is a polynomial, then we call it a period
polynomial. Many examples of period polynomials come from Eichler inte-
grals; by using weakly holomorphic modular forms, we can find the space of
period polynomials, as described in [I0, [5]. On the other hand, it is natural
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to investigate rational period functions that are not period polynomials. The
classical example is 1/z of weight 2 for I'y(1). This rational period function
comes from a modular integral F, that is an Eisenstein series of weight 2
for IH(1).

Knopp [13] introduced the notion of a rational period function for a
modular integral of weight 2k € 27 on I', where I is any Fuchsian group
acting on $). An explicit characterization of the rational period functions on
I'v(1) was given in [14] 1], 6] [7), [8, 15]. Ash [1] used cohomological techniques
to provide such a characterization, and later Schmidt [16] generalized Ash’s
work by giving an abstract characterization of rational period functions
on any finitely generated Fuchsian group of the first kind with parabolic
elements.

Let n > 1 be an integer coprime to p. Following [I3, 4] we define a
Hecke operator T bkn on RPFor (157 (p)). More precisely, suppose that g(z)
is a rational function corresponding to a modular integral F'(z) of weight 2k
that satisfies

(1.3) FlgT =F and Fl3W,=F +q(2).
We define fgk’n by

(1.4)  Torn(q(2)) = Fulox(W, —1) where F, =nF~! Z Flax(25).
d=n

b ()
Let g(z) € RPFo, (I} (p)). As for the location of poles of g(z), it was
shown in [13, [4] that if zy is a finite pole of ¢(z), then zo € Q(y/n) for some
square-free positive integer n, and if zy is a finite rational pole of ¢(z), then
z9 = 0. Moreover, in the case of p = 1, Gethner [II] proved that rational
period functions with irrational poles are not Hecke eigenfunctions. In [4] we
gave evidence for that phenomenon in higher level cases and suggested that
one can construct rational period polynomials by using binary quadratic
forms.
In this paper, by extending Gethner’s [I1] and Choie and Parson’s [6]
results, we solve these problems in higher level cases, in the following theo-
rems.

THEOREM 1.1. Let p € {2,3} and q(z) € RPFax (I} (p)) with at least
one quadratic irrational pole. Then q(2) is not an eigenfunction of Tay , for
any integer n > 1 with ged(n,p) = 1.

The simplest example of a rational period function is given by ¢(z) =
1/z € RPFy(I;" (p)), which is shown in [I3 4] to be a Hecke eigenfunction.
Let p € {1,2,3}, and k be an odd integer. We set
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and define
Gap(2) = (2 = 20) *(z + 20) " + (2 + 20) (2 — 20)7F

—k —k
1 1
:<z2—z—> +<22—|—z—> .
p p

It then follows from [I3, 4] that the function g, (z) belongs to the space

RPFo (I} (p)), and g, () is not a Hecke eigenfunction of fgkm for any
integer n > 1 with ged(n,p) = 1, which supports Theorem

Let D be a positive integer that is not a perfect square. We further
assume that D is congruent to a square modulo 4p, and let Qp , be the set
of all integral binary quadratic forms Q(z,y) = az? + by + cy? = [a, b, ]
with p | @ and b? —4ac = D. For M = (f:g) € I (p), weset X' = aX +8Y,
Y'=~4X+4Y,and Q(X,Y)o M = Q(X',Y’). Two quadratic forms @7 and
Q2 are said to be equivalent in the narrow sense, written Q1 ~ @2, if there
exists M € Iy (p) such that Q10 M = Q2. Also, a quadratic form Q = [a, b, c]
is called reduced if a,c > 0 and b > a + c.

We note that

[a, —b,c] = [a,b,c] o (_01(1)),
[—a,—b,—c|] = [a,b,c| o (8?),
[_a7b7 _C] = [a’?bﬂc] ° (_01(1)) ° (69)

Using these identities one can show that the maps on Qp, which send
[a,b,c] to [a,—b,c],
[a,b,c] to [—a,b,—c],
[a,b,c] to [—a,—b,—¢],

induce maps on Qp /I, (p). Thus each narrow equivalence class A of

quadratic forms in Qp , is associated with three other, not necessarily dis-
tinct, narrow equivalence classes of quadratic forms in Qp -

A = {[a,—b,c] | [a,b,c] € A},
A :={[—a,b,—c] | [a,b,c] € A},
A = {|—a,—b,—c| | [a,b,c] € A}.
For each integer k and a narrow equivalence class A of quadratic forms in
9p,p, we set

_ 1
Quoai= Y, Qk-DF= > (@2 —bat O
ben hdea (@F ~b2HC)
Q reduced [a,b,c] reduced

Since there are only finitely many reduced forms in A (see Lemma [3.1]()),
Qk,p,4(z) is a rational function. As an extension of the case for p =1 [6],
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the following assertion provides more examples of rational period functions
with irrational poles when p = 2.

THEOREM 1.2. Let D be a positive integer that is not a perfect square.
Assume that D is congruent to a square modulo 8. Let A be a narrow equiv-
alence class of quadratic forms in Qpo. Set

1 1
qa(z) = (@2 —bztof > (az2 — bz + c)F

a>0>c a<0<c
[a,b,c]eA [a,b,cleA
1 1
Ra(z) := ) — —_—
Al2) Z (=1) (az?2 — bz + c)k Z (az2 — bz + c)k
[a,b,c]€0.A’ [a,b,c]eA
[a,b,c]: reduced [a,b,c]: reduced
a—2b+4c<0 a—2b+4c<0

Then, for any integer k:

(a) aa(2) = (Qk,p,a(2) = (=1)*Qr,p,a(2))l2r(=U + U?) + Ra(2)|2xU>.
(b) qa € RPF%(FJ(Q)) and it is not an eigenfunction of Toy,, for any odd
nteger n > 1.

EXAMPLE 1.3. Let D = 12. It follows from [3] that
Ql?/F(l) = {[27 27 _1]5 [_25 25 1]}
Moreover we know from [I2] that there is a natural bijection between
Q1222/10(2) and Q12/I'(1). Since Q1222/10(2) = Q12 -22/10(2), we see
that Wy acts on the set ng 9 2/F0(2). Observing the identities
( ) (= the unique reduced form),
[2 6, 3] |(—l ) =102-2 1],
(2, -2, —1]|Wy = [-2,2,1],
we get
Qua2/1y (2) = {[2,2,-1]}.
Let A be the class of [2,2, —1] in Qj22. We then observe that
A=A =0A=0A"= Q9.
For odd k, we compute that the simple forms in Qo are [2,2,—1],
2,2, —1], [-2,-2,1], [-2,2,1], so that
2 n 2
(222 =22 —1)F (222 +22— 1)k’

qa(z) =
We also compute that

1
Or12,4(2) =

(222 — 62 + 3)F

and Ru(z)=0.
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Thus Theorem [1.2] gives
= |2%(
222 — 62 4 3)k

qa(z) = ( ~U +U?) € RPFo(I; (2)).

2. Proof of Theorem [1.1]

DEFINITION 2.1. Suppose zq is a quadratic irrationality. If P(z) = az? +
bz + ¢ is in Z[z] with p|a, ged(a/p,b,c) = 1, and P(zp) = 0, then P(z) is
said to be a minimal polynomial for zy in level p.

REMARK 2.2. (i) A quadratic irrationality zo always has a minimal poly-
nomial in level p. Indeed, if azg + bzg + ¢ = 0, then we see that

P 22 + pb z + pe
ged(a,pb,pe)” ged(a, pb,pe)”  ged(a, pb, pe)
is a minimal polynomial in level p.

(ii) If Q(z) = /2% + b’z + ¢ is another minimal polynomial for zy in
level p, then a'/a = V' /b = /¢ = t for some t. Thus ged(a'/p, b/, ) =
ged(at/p, bt, ct) = |[t| = 1, and therefore Q(z) = £P(z).

DEFINITION 2.3. Suppose zg is a quadratic irrationality with minimal

polynomial P(z) = az? + bz + ¢ in level p. Then we define the discriminant
of zy in level p by

disc® (z9) := disc(P(2)) = b — 4ac.

LEMMA 2.4. Suppose zy is a quadratic irrationality with minimal poly-
nomial P(z) = az? 4+ bz + ¢ in level p. Then for M € I (p):

(i) A minimal polynomial for Mzy in level p is given by (P|_oM~1)(2).
(i) disc® (M zg) = disc® (z).

Proof. Let Q := [a,b,c]. Then P(z) = Q(z,1), disc(P(z)) = disc @, and

(2.1) (Pl-aM ™~ 1)(2) = (Qo M 1)(2,1).
Moreover,
(2.2) (P|_oM 1) (Mz) = 0.

Since Qg and {[a,b,c] € Q) | ged(a/p,b,c) = 1} are invariant under the

action of Iy (p), by ([2-1) and (2.2)) we see that (P|_oM~1)(2) is a minimal
polynomial for Mzg in level p and

disc®) (M zp) = disc(P|_oM ™) = disc(Q o M) = disc(Q)
= disc(P(z)) = disc®(z0),
as desired. =

LEMMA 2.5. Let p € {2,3} and r be a prime with v 1 p. Let q(z) be a
rational period function with at least one quadratic irrational pole zg. Then
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there exists a quadratic irrational pole z1 of q(z) satisfying disc(p)(zo) =
disc® (z1) and with minimal polynomial az? + Bz + v in level p such that
ged(a,r) = 1.

Proof. Suppose P(z) = az? + bz + ¢ is a minimal polynomial for z in
level p. Without loss of generality, assume ged(a,r) = r. Since g|ox W), + ¢
= 0, we note that Wy,zp = —1/(p2o) is a pole of ¢(z) and by Lemma
pcz? — bz + a/p is a minimal polynomial for —1/(pzg) in level p. If r 1 ¢,

then we are done by taking z; = —1/(pzp). Otherwise, we have r|c, i.e.
ged(r, ¢) = r. Since q|or U~ + q|opU?P 2 + - - - + qo1.U + ¢ = 0, we note that
one of U?P~1zy, U?P~22,...,Uz is a pole of q(z).

CaSE 1: Uz is a pole of q(z). In this case Lemma [2.4] shows that
_ 01
PloU™ = Pl oo 0P = ep2® — (b+ 2p)z + (p+ b+ a/p)
= [Cp7 —b— 20]?, cp + b+ a/p](z, 1)

is minimal for Uz in level p and disc®) (U zg) = disc?) (z0). As ged(e, —b—2cp,
ecp+b+a/p) =1, r|c, r|a, and r t p, we must have r { b. Since Uz is
assumed to be a pole, so is 21 := W, (Uzp), and z; has a minimal polynomial
P|_o(W,U)™! in level p, which is equal to (cp® + bp + a)2? + (2¢p + b)z + c.
Since r 1 b, r|a, r|c, and 7 { p, we must have r { (cp? + bp + a).

CASE 2: U?% is a pole of q(z). In this case we take z; := U2z and
observe from Lemma [2.4] that

PlU?=P|lo(5,,0) =[cr® +bp+a,% (1)

is minimal for z; in level p and disc?)(z1) = disc® (z). Since ged(a/p, b, c)
=1,7|a, r|c, and r { p, we must have r { (cp? + bp + a).

CASE 3: U3z is a pole of q(z). In this case we let z; := U3z and
deduce from Lemma 2.4] that

- — -1
PlsU* = Ploa( o7, VoY) = lap+bp(p — 1) + eplp — 1%, #](=,1)

is minimal for z; in level p, and disc®” (z1) = discP)(z). Since ged(a/p, b, ¢)
=1,7|a, r|c, and r { p, we should have r { (ap + bp(p — 1) + cp(p — 1)?).

CASE 4: p = 3 and U*z is a pole of q(z). In this case we take 21 := Uz
and deduce from Lemma 2.4] that

P‘—2U_4 = P‘—2(:§ %) = [40' + 6b + 9¢, %, *](Z, 1)

is minimal for z; in level 3 and disc”)(z1) = disc® (z). Since ged(a/3, b, ¢)
=1,r|a,r|c,and r { 3, we must have r t (4da+6b+9c) provided that r # 2.
Now suppose p = 3 and r = 2. We note that z := W3U%2 is a pole of ¢(z),
and

Pl U Wyt = P|,2(:£ —_2%?7) = [3a 4 3b + 3¢, %, %] (2, 1)
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is minimal for zy in level 3 and disc”) (zp) = disc) (zp). Since ged(a/3,b, ¢)
=1,2]|a, 2|c, and 213, we have 21 (3a + 3b + 3¢).

CASE 5: p = 3 and U’z is a pole of q(z). In this case we set 21 := Uz
and infer from Lemma [2.4] that

Pl_oU ™5 = Py_z(:ﬁ VYY) = [3a + 3b + 3c, %, #(2,1)

is minimal for z; in level p and disc”)(z1) = disc® (z). Since ged(a/3,b, ¢)
=1,r|a, r|c, and r {3, we see that r{ (3a 4+ 3b+ 3¢). »

We remark that for p € {2,3} and a given prime r { p, a rational period
function ¢(z) has an irrational pole with minimal polynomial in level p whose
leading coefficient is relatively prime to r. Let n > 1 be an integer coprime
to p and set

Sy, ::{(82) ‘ad:n,0§b<d}.

LEMMA 2.6. Suppose (%/ Zl,) € Sys, where r is a prime with v { p and
s € N. Suppose zg is a quadratic irrationality with minimal polynomial az®+
bz + ¢ in level p satisfying disc®) (z0) = D. Then disc(p)((%/ Z’, )rszo) is at
most 14 D.
Proof. Let
2ab’ — a/r°b £+ a'r°/D
2ad’

X = (90)r°z =
so that
a(d)?X? +d'(=2ab’ + a'r*b) X + a(t))® — ba't'r® + (a')*r*c = 0.
Then X is a root of
P(z) =[A,B,C](z1)
= a(d)222 + d(~2aV + a'r*b)z + a(¥)? — bWy + ()
and disc(P(z)) = r**D. Thus disc® (X) is at most r*D.

LEMMA 2.7. Suppose the minimal polynomial for zy in level p is given by
az® + bz + ¢ with ged(a, ) = 1 for some fized prime r. Then disc® (r5zy) >
disc?)(zq) for each s € N.

Proof. Since 0 = azg + bzp + ¢, we observe that
0 =12(azd + bz + ¢) = a(r®z0)* + br*(r°z) + r*°c = P(r°z)
where P(z) = az? + br®z + r?*c with ged(a/p, br®,r?*¢c) = 1. Hence
disc® (1°29) = 12 (b? — dac) = r¥disc®) (z9) > disc® (). =
Now we are ready to prove Theorem In orderAto show that ¢(z) is

not an eigenfunction of Ty, we intend to prove that Ty, (¢(z)) has a pole
which cannot be a pole of ¢(z).
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STEP 1: n = r% for some odd prime r with r { p and s € N. Let z;
be a quadratic irrational pole of ¢(z) such that disc® (z;) is maximal with
respect to all quadratic irrational poles of ¢(z). By Lemma we can find a
quadratic irrational pole zg of ¢(z) with minimal polynomial az? 4 bz + ¢ in
level p satisfying ged(a,7) = 1 and disc® (z;) = discP)(z) =: D. We note
from Lemma - 7| and maximality of D that r°zg cannot be a pole of ¢(z).

On the other hand, we claim that 7z is a pole of Ty, rs(q(2)). We recall
that

Do (q(2)) = Fralor(W, — 1)
where

Frs(2) = (r*)"' Y FlaeMyg with Myg=("/*").

d|rs
0<b<d

It follows from [4, Lemma 4.2] that for each Mj 4 € Sy, there exists a unique
My ¢ € Sps such that
(2.3) Mb’dW = 7b’,d’Mb’,d’ for some Yo' d' € F()(p)Wp.

Moreover the map f which sends My g € Sps to My 4 € Sys is injective. We
then have

(24) Fps (2)]axWp = (r) 1Y FloxMy aW, = (%) 1> Flogyy o My -
b.d b.d

Since the group I 0+ (p) is generated by T and W), the element 7y 4 can be
expressed as a word in 7" and W),. This allows us to write

(2.5) Flogw a0 = F(2) + qya(2)
where gy 4(z) is the sum of terms of the form g|oxM with M € I (p).

Combining (2.4)) and ([2.5) we obtain

Frs (2)|ak Wy = (r*)*! Z )+ avar(2)) |2k My
b
= Fps( VS (2) ok My g
v.d
Thus
(26)  Torpe(q(2) = Fros (2) o (W — 1) VY o (2) |2k My ar-
v d

To prove the claim we will show that
(2.7) Qb’,d’(z)|2ka’,d’ has a pole at z =12y & (b/,dl) = (O,T'S).

Suppose that gy 4 (2)|2xMy @ has a pole at z = r®zy for some My g € Sys.
Then 23 := MMy 47°z is a pole of g(z) for some M € I (p). We compute
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that
discP) (z9)= disc® (M My 47 2)
= disc® (My @m°2z9) by Lemma

<r*D by Lemma [2.6
Since D is maximal, we have
2.8 dise® (25) = dise® (My, 47°29) < D.
( K
Write M = (f: g) and My o = (%’ g’,). We then note from the proof of
Lemmathat X = (%’ S’,)rsz() = (: g)flzg is a root of

(2.9)  P(2) = a(d)?2* + d'(—2ab' + d'r°b)z + a(V))? — bd'b'r® + (a')*r*c
and disc(P(z)) = r**D. Let Q(z) be a minimal polynomial of 23 in level p.
Then by Lemma (i), Q(2)|-2M is a minimal polynomial of X = M1z,
in level p, and hence P(z) = mQ(z)|—2M for some m € N. It then follows
from ([2.8]) that

4D = dise(P(z)) = m2dise(Q(z)|_aM) = m3disc(Q) = m2disc?)(z3)

<m’D,

which gives
(2.10) m > r?s.

If we write

(2.11)  P(z) =: pAz® 4+ Bz +C
A B C
= ged(4,B,0) (pgcd(A, B,C) & ged(A, B, C)z + ged(A, B, C)>’
then m = ged(A, B,C). Assume that [ is a prime divisor of m and | # r.
Comparing and we have
(2.12)
A= %(d’)Q, B =d(-2ab' +d'r°b), C=a(b))? —bab'r® + (a')2r%c,

Combining and the condition that [ (# r) is a common divisor of A, B,
and C we find that [ | ged(a/p,b, c) = 1, which is impossible. Thus m = rf
for some tg > 1, and the inequality renders 2s < tg, so that 72° is
a common divisor of A, B, and C. We then have 72*| A (= (a/p)(d’)?).
Moreover since r { a/p, we should have r2*|(d’)2. Then we deduce from
the inequality d’ < r® that d = r*, and hence @’ = 1. So the condition
B/r? = —2al//r® + ba’ € Z implies that r*|b since r is odd and r 1 a.
Finally, since 0 < b < r®, we have b = 0. Thus one direction of (2.7) is
verified.
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Conversely, suppose (b',d") = (0,7°). Observing Mo W, = WMy s, in
(2.3) one has g ,s = W),. Thus in (2.5) we find that go,+(2) = ¢(2), so
o0+ (2) ok Mors = q(2)|ai(§ &) = r~Fq(z/r*)
has a pole at z = 7%z, as desired. Thus the claim that r°zy is a pole of

T\kars(q(z)) is proved and Theorem is established in the case n = r°.

STEP 2: n = 2° and p = 3. Following the same arguments of Step 1,
we have ' = 1 and d' = 2°. And we have only to show that ' = 0. Since
B/2% = —2ab//2° + ba' € Z and 2 | a, we have 257! |b. Since 0 < V' < 29,
we infer that &’ =0 or ¥ = 2°~!. Suppose b’ = 2°~!. Since we know that

C = a(b')2 o ba/b/2s + (a/)22280 —qa- 228—2 —b- 223—1 + 2230
is divisible by 22 we must have 22°=! | @ - 22572, which contradicts 2 1 a.
Thus b’ should be zero.

STEP 3: n > 1 and ged(n,p) = 1. Let n = r{tr;* " -+ -r{* wherery,..., 1y
are distinct primes different from p and s1,...,s; are positive integers. By
the multiplicative property of the operator Ty ,,, one has

Tgkyn(q(z)) = T2k7rtst o TQk,rfizl 0.-+0 TQk:;/‘fl (Q(Z))
Let ho(z) := q(z) and h;(z) be the rational period function given by
hi(2) 1= Ty s 0 Ty i 0+ 0 Ty 1 (g(2))

Ti—1
for i = 1,...,t. For each ¢, h;(z) has a quadratic irrational pole z; with the
property that for any quadratic irrational pole z,, of h;_1(z),

disc® (z;) > disc®) (2p;)-

In particular, hi(z) = fgkm(q(Z)) has a quadratic irrational pole which is
not a quadratic irrational pole of ¢(z). Thus ¢(z) is not an eigenfunction for
Top, n, for any n with p t n.

3. Proof of Theorem For Q = [a,b,c] € Qp 2, we let

b++vD " , b—+vD
2a & QT Ty

We note that z¢g and zf) are the two roots of the polynomial Q(xz,—1). We
call Q = [a,b,c] € Qp o simple if a >0 > c.

€T =

LEMMA 3.1. Let B be a narrow equivalence class of quadratic forms
in Qpa. Let B® denote the subset of B consisting of simple forms in B.
Define
fi([a,b,c]) :=[-2(a —b+¢),b—2a,—a/2],
fa([a,b,¢c]) :=[a —2b+4¢,2a — 3b+ 4c,a — b+ ¢].
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Then:

(i) The map f1 gives a bijection between the set of reduced forms in the
class 0B and the set {Q € B° | zg > 1/2}.
(ii) The map fa gives a bijection between

{Q =la,b,c] € B|Q is reduced and a — 2b+ 4c > 0}
and {Q € B | zg < 1/2}.

Proof. (i) Let @ = [a,b, ] be a reduced form in #B’. We then have a
simple form

Q1:=Q|(; ') =lar,b1,c1] € 0B
with a; =a > 0,by =b—2a,c;1 =c—b+a <0.If weset f(z) :=Q1(z,—1),
then we see that f(0) < 0 and f(—1) > 0, from which it follows that
—1 <zf, <0and zg, > 0. Next let

Q2 = Q1|W2 = [201, —bl, a1/2} = [2(6 —b+ CL), —(b - 2(1), a/2] € 98/,

Q3 :=—-Q2=[-2(c—b+a),b—2a,—a/2] €B.

We compute that zg, = —1/(2z¢,) <0, 2, = —1/(223,) > 1/2, zg, =
zg, > 1/2, and 23), = zg, < 0. We then observe that Q3 = f1(Q) belongs
to the set {Q € B® | zg > 1/2}.

Conversely, given a simple form Qs = [A4, B, C] in B with zg, > 1/2, we
observe that z¢, and zf)_ are the roots of the polynomial fs(z) := Qs(z, —1).
Since f5(1/2) < 0 and f5(0) < 0, we find that A —2B +4C < 0 and C <0,
respectively. We then see that

0 —1/v2

(~Qa)Wa(§1) = Qul( 5 718") = [-20,B —4C,~4/2+ B - 2C]
defines a reduced form in 6B5'.

(ii) Let @ = [a,b,c| be a reduced form in B satisfying a — 2b + 4¢ > 0.
Define

Q1 := Q‘WQ = [ , —b, Q/Q],

Q2:=Q1|(41) =[2¢c,4c— b,2c — b+ a/2],

Q3 = Q2| Wy = [4c — 20+ a, b — 4c, (],

Q4 —Qg\( ) [ —2b+ 4c,2a — 3b+ 4e,a — b+ .
Then we observe that a —2b+ 4c > 0 and a — b+ ¢ < 0. If we let g(x) :=
Q4(z,—1), then g(0) < 0 and g(1/2) > 0, from which we see that zg, < 1/2.
Thus Q4 = f2(Q) belongs to the set {Q € B | g < 1/2}.

Conversely, given a simple form Qs = [A4,B,C] in B with 0 < zg,

< 1/2, we note that zg, and xg), are the two roots of the polynomial
fs(x) == Qs(x,—1). Since fs(1/2) > 0, f5(0) < 0, and fs(1) > 0, we find
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that A—2B+4C > 0,C <0, A— B+ C > 0, respectively. We then observe
that

QlM2(§ W2(51)) " = Qsl (2 1)
=[A—-2B+4C,2A—-3B+4C, A — B+ (]
defines a reduced form in B with A —2B +4C > 0. =
LEMMA 3.2. We have
(3.1) galoae(Wa +1) =0,
(3.2) RA(2)|2kU? = —Ra(z).
Proof. Since
qa(z) = a;bc M -2 M
[a,b,cle A [a,b,cle A

we have

1 1

qAloxWa = E 5 - § 5 k

. (2c22 + bz +a/2) S (2¢2%2 + bz 4+ a/2)
la,b,cleA [a,b,cle A

- e O 1
N (Az2 — Bz + C)k (Az2 — Bz + C)k

C>0>A C<0<A
[A,B,CleA [A,B,CleA
(since [a, b, c] o Wa = [2¢,—b,a/2] =: [A, B,C] € A for [a,b,c] € A)
= —qA.
This proves the identity (3.1). Next we observe that
1 1
Ra@) = Y (Vg Y
b ageo (az? — bz + ¢) ardea (az? — bz +¢)
[a,b,c] reduced [a,b,c] reduced
a—2b+4c<0 a—2b+4c<0

- > ; > ;
(az? — bz + c)k (az? — bz + c)F
[a,b,cleA [a,b,cle A
[—a,—b,—c] reduced [a,b,c] reduced
a—2b+4c>0 a—2b+4c<0

1
B T =
ac>

0
sgn(c)(a—b+c)<0
sgn(c)(a—2b+4¢)<0

and
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Ra(2)|2kU? = Ra(2)|o (3 71)

B Z sgn(c)(2z —1)72k
- 21 \2 o k
[a,b,c]%A (a(Qz—ll) B b(Zz—11> + C)
sgn(c)?acfb—i-c)<0

sgn(c)(a—2b+4c)<0

=— Z sgn(c)
[ab,eA (22(a — 2b+4c) + 2(—2a+ 3b—4c) + (a — b+ ¢))*’
ac>0
sgn(c)(a—b+c)<0
sgn(c)(a—2b+4c)<0

We note that A = O( L ,11). For each [A, B,C] € A, we observe that

Q =[A,B,Cl=[a,b,cJo (L Y)=]a—2b+4c,2a — 3b+4c,a— b+
for some [a,b,c] € A. Then a = A+ 4C — 2B,b = 2A — 3B + 4C and
¢ = A+ C — B. This means that

Ra(z)|2U?

= — Z sgn(c)
[a,b,c]eA (22(a — 2b+4c) + 2(—2a + 3b — 4c) + (a — b+ ¢))F
200
sgn(c)(a—b+c)<0
sgn(c)(a—2b+4c)<0

== —sgn(C) -
o BZmeA (A7 Bzrop Al
AC>0

sgn(C)(A+C—-B)<0
sgn(C)(A—2B+4C)<0

We are now ready to prove Theorem For any narrow equivalence
class B, we have

Qk,p,8l2kU = Qk,D,B|2k(£ _1(/)\/5)

- ¥ (=1)"
Sy (22(—2a + 2b — 2¢) + 2(2a — b) — a/2)F
[a,b,c] reduced

and
Qk,0.8|26U° = Qi.p,8l2k (3 _1)

1
= [§EB (22(a — 2b+4c) + z2(—2a + 3b — 4¢) + (a — b+ )+’

[a,b,c] reduced




332 S. Choi and C. H. Kim

Therefore

(Qr,p,4(2) — (—1)*Qp,p g (2))|2n(~U + U?)

- ¥ —(=1)*
[ab,deA (22(=2a +2b — 2¢) + 2(2a — b) — a/2)*
[a,b,::} ’reduced

1
S S |
aageon (F(720+2b—20) +2(20 - b) —a/2)
[a,b:cj reduced

1
+ [ bZ]GA (22(a —2b+4¢) 4+ z2(—2a+ 3b—4¢) + (a — b+ c))’f
[a,b,é} 7reduced

_(_l)k

' [a bcz]e:GA/ (22(a — 2b+ 4c) + 2(—2a + 3b — 4¢) + (a — b+ ¢))F’
[a,b:cj reduced

By taking A = 6B’ (equivalently B = 6.A’) this can be written as
(Qr.p.A(2) = (—1)*Qr.poa (2))l2k(~U + U?)

- ¥ —(=1)*
[a,b,c]€0B’ (22(=2a +2b — 2¢) + 2(2a — b) — a/2)*
[a,b:c}7 reduced

1
S S |
la,b,c] A’ (22(—2a + 2b — 2¢) + z(2a — b) — a/2)
[a,b’,cj reduced

1
+ . g]e/l (22(a — 2b+ 4¢) + z(—2a + 3b—4c) + (a — b+ c))F
[a,b,é} 7l“educed
a—2b+4c>0

1
+ [a§]€A (22(a_2b+4c)+Z(_20+3b—46)+(a—b—|—c))k
[a,b,;:} ’reduced
a—2b+4c<0

+ Y ~(=1*
abaeB (22(a — 2b+ 4c) + 2(—2a + 3b — 4¢) + (a — b+ ¢))¥
[a,b,c’} ;educed
a—2b+4c>0

+ Y ~(=1*
[a,b,c]€0.A’ (22(a — 2b+4¢) + 2(—2a + 3b — 4c) + (a — b+ c))*’
[a,b:cj reduced
a—2b+4c<0
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It then follows from Lemma [3.1] that

(Qr,p.4(2) = (~1)*Qr.poa(2))|ar(~U + U?)
_ —(=1)F 1
B Z (az? — bz + c)F * Z (az? — bz + c)F

[a,b,cleB® la,b,c]e A

1
* a g}eA (22(a — 2b+ 4c) + 2(—2a + 3b — 4c) + (a — b+ ¢))k
[a,b,é] 7reduced
a—2b+4c¢<0

(-
* Z (22(a — 2b+ 4c) + 2(—2a + 3b — 4c) + (a — b+ ¢))k

la,b,c]ef A
[a,b,c] reduced
a—2b+4c¢<0
D e S
- 2 _ k 2 _ k
i (az? — bz +c¢) s (az? — bz +c¢)
1 —(=D*
U? U’
* Z (az?2 — bz + c)k 2l + Z (az? — bz + c)F 2%
[a,b,cleA la,b,clef A
[a,b,c] reduced [a,b,c] reduced
a—2b+4c<0 a—2b+4c<0
—(=D* 1 2
—— 5t 5 — Ba(2) U
o ch]eBs (az2 — bz + c)k o b%ﬁ (az? — bz + c)k

= qa(z) — Ra(2)|2rU?,
which proves Theorem (a). Letting h(z) = Q.p.A(2) — (—=1)*Qr.poa(2)

we obtain
(hlok (U + U*))|ok(U? + U + U + 1) = 0.
Utilizing we observe that
(Ra(2)|2kU?)|or(U? + U + U +1) = 0.
Consequently, qa(2)|ox(U% + U? + U + 1) = 0, and hence we infer from
that g4(z) is a rational period function on FO+ (2). Moreover applying

Theorem we conclude that g4(z) is not an eigenfunction of T\kan for any
odd integer n > 1. This completes the proof of Theorem [1.2(b).
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