APPLICATIONES MATHEMATICAE
44,2 (2017), pp. 197-214

GEORGE A. ANASTASSIOU (Memphis, TN)
IoanNis K. ARGYROS (Lawton, OK)

A CONVERGENCE ANALYSIS FOR EXTENDED
ITERATIVE ALGORITHMS WITH APPLICATIONS TO
FRACTIONAL AND VECTOR CALCULUS

Abstract. We give local and semilocal convergence results for some it-
erative algorithms in order to approximate a locally unique solution of a
nonlinear equation in a Banach space setting. In earlier studies the operator
involved is assumed to be at least once Fréchet-differentiable. In the present
study, we assume that the operator is only continuous. This way we extend
the applicability of iterative algorithms. We also present some choices of
the operators involved in fractional calculus and vector calculus where the
operators satisfy the convergence conditions.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution x* of the nonlinear equation

(1.1) F(z) =0,

where F' is a continuous operator defined on a subset D of a Banach space
X with values in a Banach space Y.

A lot of problems in computational sciences and other disciplines can be
brought into the form using mathematical modelling |7, 12} 16} 18], 19].
The solutions of such equations can be found in closed form only in special
cases. That is why most solution methods for these equations are iterative.
Iterative algorithms are usually studied based on semilocal and local con-
vergence. The semilocal convergence analysis is, based on the information
around the initial point, to give hypotheses ensuring the convergence of the
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iterative algorithm; while the local convergence analysis is, based on the
information around a solution, to find estimates of the radii of convergence
balls as well as error bounds on the distances involved.

We introduce the iterative algorithm defined for each n =0,1,2,... by

(1.2) Ln+l = Tn — (A(F)(ﬁn))ilF@n)a

where zp € D is an initial point and A(F)(z) € L(X,Y) the space of
bounded linear operators from X into Y. There is a plethora of studies on
local as well as semilocal convergence theorems for the iterative algorithm
provided that the operator A is an approximation to the Fréchet deriva-
tive F' [1, 2, 5-17]. In the present study we do not assume that A is related
to F'. This way we extend the applicability of . Notice that many well
known methods are special cases of :

Newton’s method: Choose A(F)(z) = F'(z) for each z € D.

Steffensen’s method: Choose A(F)(z) = [z, G(x); F|, where G : X — X
is a known operator and [z,y; F] denotes a divided difference of order one
[7, 12, [15].

The so called Newton-like methods and many other methods are special
cases of .

The rest of the paper is organized as follows. The semilocal and local
convergence analysis of the iterative algorithm is given in Section 2.
Some applications from fractional calculus are given in Section 3.

2. Convergence analysis. We present the main semilocal convergence
result for the iterative algorithm ([1.2)).

THEOREM 2.1. Let F: D C X — Y be a continuous operator and let
A(F)(z) € L(X,Y). Suppose that there exist xo € D, n > 0, p > 1, and
a function h : [0,n] — [0,00) continuous and nondecreasing such that for
each ¢,y € D,

(2.1) (A(F)(2)~" € L(Y, X),

(22) I(A(F) (0)) ™ F (o) [| <,
(2.3) I(AF) ()" (F(y) — Fz) — A(F)(2)(y — )
< h(llz = ylDllz -yl
(2.4) q = h(n)n” <1,
(2.5) U(zo,7) C D,
where
(2.6) r=—1
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Then the sequence {x,,} generated by (1.2)) is well defined, remains in U (xg, )

for eachn =0,1,2,.... and converges to some z* € U(xo,r) such that
(2.7) [Zn41 — zull < A(l|2n — -1 l) |20 — 90n—1||p+1 < qllzn — xp-1ll,
q"n
2.8 - < —.
28 e —a'l <

Proof. The iterate x; is well defined by (1.2)) for n = 0 and (2.1)) for

& = xo. By (2.2) and (2.6) we also have [z —zo|| = H(%)(mo))lF&o)H <
(2.5)

n < r,sox; € U(xo,r) and x2 is well defined (by ). Using (2.3 for
Y =x1, T=2T0 andweget
[z — a1 ]| = [|(A(F) (z1)) " [F(21) = F(x0) — A(F)(x0) (a1 — x0)]|
< h([lz1 = o)1 — xo|P* < gllr — ol
which shows for n = 1. Then
[x2 = mol| < |lwe — 21| + |21 — @0 < qllzr — 2ol + (|1 — o]

2
Tp<r,
q

1
= 1+ q)llor = ol < 7=

so 29 € U(zp,r) and z3 is well defined. B
Assuming [|zg+1 — 2kl < q|lzr — 21| and zg41 € U(zo,r) for each
k=1,...,n we get
242 — 2l = CAF) @rs1) " F @) — F () — ACF) (28) (@1 —22)]|
< h(llekrr = zpl) |k — P
< h(llzy = zolD)llzr — wollPllersr — 2l < gllapss — il
and
[2kve = zoll < llwhse — zrprll + l@psn — zll + -+ llz1 — 2ol]

k42

q
——— |1 — 20|
—q

< (@ g D)o — ol < 1

n
< H =T,
which completes the induction for (2.7) and xj,9 € U(xg,r). We also have,
for m > 0,
[Zntm — Znll < [|Tntm — Tngm—rll + -+ [[Tn1 — 24|
< (qm_l "+ D|zn+1 — @

1—

l—q
It follows that {z,,} is a Cauchy sequence in the Banach space X and as such
it converges to some z* € U(zg,r). By letting m — oo, we obtain (2.8)). m

<

q"|z1 — zol|-

Stronger hypotheses are needed to show that z* is a solution of F'(z) = 0.
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PRroPOSITION 2.2. Let F': D C X — Y be a continuous operator and let
A(F)(z) € L(X,Y). Suppose that there exist xo € D, n>0,p > 1,1 >0,
and a function hy : [0,n] — [0,00) continuous and nondecreasing such that
for each x,y € D,

A(F)(x)™! € LY, X),

(2.9) . o
NAF) @) M < b, (AF) (o))" Flao)] <,
(2.10) anwJWw—wam@—xmsh“%;ymw—yV“,
q = hi(nn’ <1,
U(:L’o,’l“l) g D,
where
T = " .
1-—q

Then the conclusions of Theoremfor {zn} hold with hy, q1, m1 replacing
h, q and r, respectively. Moreover, x* is a solution of F(xz) = 0.

Proof. Notice that

I(A(F) (@) " [F(20) = F(zn-1) = AF)(@n-1) (20 — 2p-1)]]|
< (AE) @) I F(@n) = Fzp-1) = AF) (@n—1) (@0 — 2n1)|
< hi(llzn — zn—1l)llzn — ﬂﬂn—lllpH < qillzn — zn-l-
Therefore, the proof of Theorem applies. Then, in view of the estimate
[E(zn)|| = [|F(zn) = F(zn-1) = A(F) (@n-1)(2n — Tn-1)|
_ (s~ 2aca)

=~ Hmn _In—1|
(0

|p+1 < Q1||xn - xn—ﬂ‘?

we deduce by letting n — oo that F(z*) =0. =

Concerning the uniqueness of the solution 2* we have the following result:

PROPOSITION 2.3. Under the hypotheses of Proposition[2.2], suppose fur-
ther that

(2.11) qri <1.
Then z* is the only solution of F(x) =0 in U(zg,r1).

Proof. The existence of the solution z* € U(z0,71) has been established
in Proposition Let y* € U(xo,r1) with F(y*) = 0. Then

lzns1 =yl = llon = y* = (A(F)(2)) " F (22|
= [(AF) (@) T AF) (@n) (20 — y7) = Flza) + F(y)]]
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< AW @) NIF () = Flan) = AP @) (6"~ 20)]
< yfullzs =D

80 limy, oo T, = y*. But we know that lim, .~ x, = z*. Hence, z* = y*. =

lzn = "I < qurfllon — 2| < [lzn — y7l,

Next, we present a local convergence analysis for (|1.2]).

PROPOSITION 2.4. Let F: D C X — Y be a continuous operator and let
A(F)(z) € L(X,Y). Suppose that there exist x* € D, p > 1, and a function
ho : [0,00) — [0, 00) continuous and nondecreasing such that for each x € D,

F(z*) =0, (A(F)(2))"! € L(Y, X),
(212)  (A(F) ()" [F(x) — F(z*) — A(F)(2)(x — z*)]|
< ho(|lz — a*|)l|lx — «*|[PF,
and U(z*,r9) C D, where ro is the smallest positive solution of the equation
hE(t) := ha(t)tP — 1 = 0.

Then the sequence {xy} generated by (1.2)) for xg € U(x*,re) — {z*} is well
defined, remains in U(z*,ry) for each n = 0,1,2,... and converges to z*.
Moreover,

|41 = 2| < ho(llan — ¥ Dz — 2" PF < llzn — 2™ < 72.

Proof. We have h*(0) = —1 < 0 and h*(t) — oo as t — oo. Hence
the intermediate value theorem implies that function h* has positive zeros.

Denote by ro the smallest such zero. By hypothesis zg € U(z*,r2) — {z*}.
Then

21 — &*[| = [lzo — & — (A(F)(20)) ' F(xo)]|
= [I(A(F)(20)) ' [F(¢*) = F(x0) — A(F)(20)(z* — )] |
< ha(|lzo — 2*|)l|wo — ¥ [P+ < ha(ra)rbllzo — 2|
= ||lzg — x| < ro,

which shows that x; € U(z*,r2) and x4 is well defined. By a simple inductive
argument as in the preceding estimate we get

zkr1 = 2*|| =z, — 2" — (A(F)(2)) " F () |

< (A(F) (@) M F (&%) = F(xr) — ACF) (a3) (2" — 23]

< ho([lag — 2*|)|Jog — 2*(|P* < ha(ro)rb|lay, — *|| = oy — 2*|| <o,
which shows limg_,o 2 = 2* and a1 € U(x*,73). =

REMARK 2.5. (a) Hypothesis (2.3) specializes to a Newton-Mysowski-
type condition if A(F)(z) = F'(x) [7, 12} 16]. However, if F' is not Fréchet-
differentiable, then our results extend the applicability of (|1.2)).
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(b) Theorem [2.1| has practical value despite the fact that we do not show
that x* is a solution of F(z) = 0, since this may be shown in another way.

(c) Hypothesis (2.12) can be replaced by the stronger
I(ACE) () F (2) = Fy) = A(F) (@)(2 = )]l < ha(llz = yl)l|lz -yl

The preceding results can be extended to two-point iterative algorithms
defined for each n =0,1,2,... by

(2.13) Tyl = Tn — (A(F) (20, 1)) F (),
where z_1,29 € D are initial points and A(F)(w,v) € L(X,Y) for each
v,w € D. If A(F)(w,v) = [w,v;F], then the iterative algorithm
reduces to the popular secant method, where [w,v; F| denotes a divided
difference of order one for the operator F'. Many other choices for A are also
possible [7), 12, [16].

If we simply replace A(F)(z) by A(F)(y,z) in the proof of Proposi-
tion we arrive at the following semilocal convergence result for .

THEOREM 2.6. Let F': D C X — Y be a continuous operator and let
A(F)(y,z)e L(X,Y) for each z,y € D. Suppose that there exist x_1,xy € D,
n>0,p>1,1% >0, and a function hy : [0,n] — [0,00) continuous and
nondecreasing such that for each x,y € D,

(214)  (AF)(y.2) " € LY, X),  [I(AF)(y, )] <o,
min{||zo — w1, | (A(F)(zo, 2-1)) "' F(wo)ll} < n,

(215)  |F(y)— F(z) — A(F)(y.2)(y — )] < an—yupﬂ

q1 < 1> Q17“§7 < 17
U<m07 Tl) g D7
where
Ui
I—q
and q1 is defined in Proposition . Then the sequence {x,} generated by
1) is well defined, remains in U(xg,71) for each n =0,1,2,... and con-

verges to the only solution of F(x) = 0 in U(xg,71). Moreover, the estimates
(2.7) and (2.8) hold with hy and q1 replacing h and q, respectively.

Concerning, the local convergence of the iterative algorithm (2.13) we
obtain a result analogous to Proposition

T =

PROPOSITION 2.7. Let F : D C X — Y be a continuous operator and
let A(F)(y,x) € L(X,Y). Suppose that there exist z* € D, p > 1, and a
function hy : [0,00)? — [0,00) continuous and nondecreasing such that for
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each z,y € D,
F(z") =0, (A(F)(y,2))"" € LY, X),
I(AF) (9, ) [F(y) = F(a*) — AF) (g, 2)(y — 2|
B < ha(lly — *||, [z — 2*[D[ly — 2*[P*!
U(z*,r2) C D,
where ro is the smallest positive solution of
R**(t) := ho(t, t)tP — 1 =0.

Then the sequence {x,} generated by (2.13|) for x_1,z9 € U(z*,ry) — {z*}
is well defined, remains in U(z*,rq) for each n = 0,1,2,... and converges
to x*. Moreover,

zns1 —a*|| < ha(llan — 2|, lwn—1 — 2*[)]lzn — [P+

< Nl — ¥ < ro.
REMARK 2.8. In the next section, we present some choices and proper-

ties of operators A(F')(y,x) satisfying the crucial estimate (2.15)). In partic-
ular, we choose

t
hi(t) = Plﬁ for some p > 0 (see (3.14))),
hi(t) = T ?—ﬂl)' for some ¢ > 0 (see (3.27)),
Koyt
hi(t) = ——— 4
1( ) (p_|_ 1)' (See "

if |g(z) — g(y)| < v|z — y| for some K > 0 and v > 0.
Hence, Theorem can be applied to solve the equation F(z) = 0.
Other choices for A(F)(z) or A(F)(y,x) can be found in [5-7], [10-17].

3. Applications to fractional and vector calculi. We want to solve
numerically

(3.1) f(z)=0.

(I) Application to fractional calculus. Let p € N—{1} be such that
p—1<v<p wherevéN v>0ie [v]=p, a<b, fe€CP(a,b]).

We define the following left Caputo fractional derivatives (see [3], p. 270]):

T

(32) (D%, f)(x) = -1 V(@ —op = f@ () de

when x > y, and
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Y

(3.3 (DLP) = oy V= 07 0y

when y > x, where I' is the gamma function.
We also define the linear operator

(3.4)

(k) _ v r— v—1
)y if A 2z —y)k '+ (DY, )(@%a >y,
)ufl

(AP w) = § S 290 gyt 4 (D, () B2ty >,

f(p 2 ( )7 r=y.
By the left fractional Caputo Taylor formula (see [8, p. 54] and [3, p. 395)),
we get

L)
35 @) =3 Py

k=1

+F(1y)§(1:t)” Ipv f(t)dt for x>y,
and

Pl ek (4
36 S - )= 3y

k=1

1 Y
+ V-t 'DLftydt  forx <y.

We immediately observe that
B7) (A (@,2) = (A y) = 1P V(@) = FP ()|

< Hf(p)Hoom_yL vx??Je [a7b]v
We would like to prove that

(3.8) [f (@) = f(y) = (A1) (@, y) (@ —y)[ < ¢

for any z,y € [a,b] and some constant 0 < ¢ < 1.

For x =y, (3.8)) is trivial.
We assume x # y. We distinguish two cases:
If x > y, we observe that

(3.9)  [f(2) = fy) = (A (f))(z, y)(x y)\

|z —y|?
p
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x

|1 xx_ v—1/ v _L o =1y )
_ ’F(”)g( t)" (DL f))dt — & V)g( t) (DY, f)(x) dt
L { xTr — v—1 v _ v x
P ) 0T (PL00 — (D8, i

< iy N = 07 DL — (D @)

~—

<

(we note that |(Dy, f)(t) — (DY, f)(@)] < M|t — [P~ for any ¢,2,y € [a,b]
with x >t >y, where A\; < I'(v), i.e. p1 ==\ /I'(v) < 1)

)\1 zm_ z/flm_ p—v
< (V)§< ) — )PV dt
B T SRV S VN et ) AN otk )
=) 0T = T =

Y

We have proved that

(310)  1f(@) — f) — (A )@ — 1) <

for x >y, where 0 < p; < 1. If z < y, we observe that

(311)  F@)~ 1)~ (A1) ) )
= 1) — @) ~ (A1) )y — )]
p—1 k) (4 Y
-z R o LR LOL
f(’“ v (y — )"
Z - (DLW
‘ 1 0 v—1 v 1 { v—1 v
= [r S0 L@~ s (D*xf)(y)dt‘
Y
= 7| o= 0 (DL — (D))
< iy V=0 DL — (DL i

(we note that |(D%, £)(6) — (D% ))(w)| < Aalt — ylP for any t,,2 € [a, ]
with y >t > x)
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Yy
F( S — )Ny — )PV dt
1%
Yy
8 (P PO R
F(Vx r'tv) p

Assuming also
(3.12) p2 =X /I'(v) <1
(i.e. A2 < I'(v)), we have proved that

(3.13)  |f(z) = F(y) — (A(F) (@, 9) (@ — y)| < po-2

CONCLUSION. If A :=max(\i, A2) and p := \/I'(v) < 1, then
(3.14)

[f(@) = fly) = (AN, y) (=) <p

for xz < y.

—ylP
lz =yl for any z,y € [a, b].

(II) Application to vector calculus

(I1;) Background (see [19, pp. 83-94]). Let f(t) be a function defined
on [a, b] C R taking values in a real or complex normed linear space (X, ||-||).
The derivatives of f here are defined just as for numerical functions. For all
the properties of derivatives see [19, pp. 83-86].

From now let (X, || -||) be a Banach space and f : [a,b] — X.

We define the vector valued Riemann integral SZ f(t)dt € X as the limit
of the vector valued Riemann sums in X, with convergence in || - ||. The
definition is as for numerical functions.

If SZf(t) dt € X we call f integrable on [a,b]. If f € C([a,b], X), then f
is integrable [19] p. 87].

For other properties of vector valued Riemann integrals see [19, pp. 86—
91]. We mention some of them here.

Let f,g be vector valued Riemann integrable functions. We have (see
[19, p. 88])

b b

(3.15) Saf(t)dt:axf(t)dt, a€RoracC,
Z ’ b b

(3.16) [ (F(t) +g0)dt =\ f(t)dt + | g(t) dt,
c b b

(3.17) Vf@wyat+\fydt=\ftydt, a<ec<b,
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b
(3.18) | §@rde] < 6 - @) mas 150,
b
(3.19) |§retyar]| <§ Hf ()] dt.
We also set by convention
B a
(3.20) Vftydt=-\ftydt fora<p<a<o.
a B

Let f : [a,b] — R be a Riemann integrable function, i.e. SZ f(t) dt exists as
a real number, and ¢ € X. Then clearly

b b
(3.21) c| f(@)de =\ cf(x)dx € X.

We define the space CP([a,b], X), p € N, of p-times continuously differ-
entiable functions from [a, b] into X; here continuity is with respect to || - ||
and defined in the usual way as for numerical functions.

Let (X, | -]|) be a Banach space and f € CP([a,b], X). Then we have the
vector valued Taylor formula (see [19, pp. 93-94] and also [I8, (IV, 9; 47)]

(3.22)
f(y)—f(af)—f’(x)(y—x)—%f”(a?)(y—x)z—- T . 1)!f“”’”(x)(y—x)f?*1
= (p_ll)! -0 Py, Va,y € fa,b].

In particular (3.22)) is true when X = R™ or C™, m € N. Clearly

(323)  fly) - f(w)
“ 1
— ! (p—1)!
for all z,y € [a b]

We will use .

We also need the mean value theorem for Banach space valued functions.

(y =" (fP ) = fP (@) di

ey S

THEOREM 3.1 (see [13] p. 3]). Let f € C([a,b], X), where X is a Banach
space. Assume [’ exists on [a,b] and ||f'(t)]| < K for a <t <b. Then

(3.24) 1£(0) = fa)|| < K(b— a).
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(II3) From now on we assume that f € CP™1([a,b], X), p € N. We define

p [P k-1
o _ ! (y — SU) , X 7é Y,

Then

(3:26)  [I(A2(f)) (@, ) = (A2(N))(w: )|l = 1P (@) = FP ()
<P Mool =yl Va,y € [a,b],

where
F P loe == sup [ fPTD ()] < oo.
t€la,b]
We would like to prove that
|z — yPH!
(3.27) 1£0) = F(@) ~ (A )y — )] < eV

where ¢ > 0.
When x = y, inequality (3.27)) is trivially true. We will prove it for x # y.
We observe that

(3.28) |If () () (A2(f)) (@, y)(y — =)

p Y

Z o = 0 - O @)
k=

p
f® (@)
a Z k!

k=1

H y =PI — [P @) at| = (©)

Let y > x. We observe that
y

5 = o)~ @)

m{pﬂ e ¥, 14— a2

_ P Il I(p)I(2)
(=1 I'(p+2)

e 0= 1)
e e

(3.29)  (§) <

(y — z)P*!

£l
(p+1)!

— )PH — (y — x)p+1.
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Hence,
(3.30) (f)<w( —z)Ptt fory >z
| S oY !
Let now =z > y. We observe that
(3.31) H y = P I() — 10 (@) d
1
_78(15— y)P PN ) — P ()| dt
(p—=1t7
APl ¢

— Pty dt

<o ¢
_ W TIQ) i
T -0 T2
L =
We have proved that
1P+ oo

3.32 <
(332 © < M)
CONCLUSION. Let p € N and f € CP*([a,b]). Then

(3.33)  [If(y) — f(z) = (A2(f))(z,y) - (y — 2)||
7
- (p+ 1)

(IITI) Applications from mathematical analysis. In [4, pp. 400-
402], we have proved the following general Taylor formula:

THEOREM 3.2. Let f,f',...,f® and g,g" be continuous from [a,b] (or
[b,a]) into R, p € N. Assume (g-)*), k=0,1,...,p, are continuous. Then

(z —y)P*.

(x —y)PT™ forz > y.

’33‘ - y’p+17 vxay € [CL, b]

1o g ¥ (g(a
331 £(0) = fla) + > TN ) gyt 4 my(a ),
=1

where
b
335)  Byfah) = g | 00) — () (o g™ a(s))g (5) ds
1 g(b)
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Theorem [3.2f will be applied for g(x) = e”. One can give similar applica-
tions for g = sin, cos, tan, etc., over suitable intervals (see [4, p. 402]).

PROPOSITION 3.3. Let f®) be continuous from [a,b] (or [b,a]) into R,
p € N. Then

P (foln)®)(ea
336)  f0)= @)+ > LD (g o),
k=1
where
1 T p— p
(3.37) Ry(a,b) = (P—l)!exa(eb_t) L(foln)®) (1) dt
3.1 = 1 ( b a\p—1 1 (p) (s s
(3.1) = = e (o)) e

We will use the following variant.

THEOREM 3.4. Let f,f',....f®, p € N, and g,g be continuous from
[a,b] into R. Assume that (¢~ )*), k=0,1,...,p, are continuous. Then

P o1 (afa
338) 9~ (o) =S LI PG gy o)t 1 RY 0 8),

k!
k=1

where

(3.39)  Ri(a,B)

for all o, B € [a,b].
Proof. Easy. u

REMARK 3.5. Set | = fog~!. Then [,,...,I") are continuous from
9(la,b]) into f([a,b]).

Next we estimate R;(a, 3). We assume that
(3.40) (fog™H)P(t) = (fog )P (g(a))] < K|t — g(a)|

for all ¢, g(a) € [g(a), g(b)], or for all ¢, g(c) € [g(D), g(a)], where K > 0.
We distinguish two cases:
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(i) If g(B) > g(«), then
(341)  |Ry(e, B)|

1 9(B)
< =g | @8 =0 g )P0 — (o) alo)]
g(a)
a(B)
< (pKl), | (9(8) = 72t — gla))*dt
g(a)
— S T ) - st
— — a(a))? 1
We have proved that
G42) B0 < kYO IO e g5 > gla

(p+1)!
(ii) If g(a) > g(B), then
(343)  [Ry(a, B)]

g(e)
- (;9—11)" V=g ((Fog P ()~ (fog )P (g(e))) dt(
9(8)
1 g(e)
<o)
(b—1) 9(8)
K g(a)
<—— | (gle) = )> 1t — g(B))" " dt
(p=1) 9(8)
_ K Ir@)rp)
(p—1! I'(p+2)
- e - = x
We have proved that

A

(t=g(B) M (fog™ )P (t) = (f o g™ (g(a))| dt

A

(g9(a) — g(B))P*!

(g(ar) — g(B))P*
e+

(g(r) — g(B))P*!

(3.44) |Ry(a, B)] < K T when g(a) > g(B).
CoONCLUSION. We have
(3.45) IR (a, B)| < 19 = g(ﬂ”pH, Vo, B € [a, b].

(p+1)!
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Both sides of (3.45)) equal zero when o = g.
We define the following linear operator:

(3.46)
p  (fog~H®(g(y)) E—1
_ _ ! (g(x) —g)* ", g(x) #9y),
(As(f)(x,y) = {f(zf_f)(x), k ey,

for any =,y € [a,b].
Fasily, we see that

(3.47)  |(As(f))(@,2) — (As(£)) (W, m)| = |fP D (z) — fPV(y)|
<fPsolz —yl,  Va,y € [a,b].

Next we observe that if g(x) # g(y) then

2 k!
P o 1\(k)
(3 L0 0 - o)
k=1
. l9(z) — g(y)[P+!

We have proved that
l9(z) — g(y)["*!

(3.49) [f(zx) — f(y) — (A3(f)(=z,y) - (9(z) — g(y))| < K CES

for all z,y € [a,b] (the case z =y is trivial).

We apply the above theory as follows:

(ITI;) We define
p (folm)®(ev) (e — e¥)h=1, x4y,

(3.50) (As1(f))(z,y) == {f(zf:ll)(m), ; x =y,

for any x,y € [a,b]. Then

le* — ey’p+1

(351 17() ~ )~ (A ())& = )| < a5

for all z,y € [a, b], where we assume that
(3.52) |(f o)W (t) = (f o)W (e¥)| < K|t — €|
for all t,e¥ € [e%,€’], a < b, with K7 > 0.
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(IIIz) Next let f € CP([-7/2+¢e,m/2 —¢]), p € N, € > 0 small. We
define

(3.53)
osin—1) (%) (sin . ) B
(A32(f))(l',y) = i:l ”#(Slnx — Slny)k 17 T ?é n
f(p_l) (:E)’ T =1,

for any z,y € [-7/2 +¢e,7/2 —€].
We assume that

(3.54) |(f osin™)®P)(£) — (f o sin™")P)(siny)| < Ky|t — siny|
for all ¢,siny € [sin(—7/2 + ¢),sin(r/2 — €)], where K3 > 0. Then

|sinx — siny[P+!
(p+1)!

(3.55) [f(z) = f(y) — (As2(f)) (2, y) - (sinz —siny)| < Ky
for all z,y € [-7/2+¢,7/2 —¢].
(ITII3) Next let f € CP([e,m —€]), p € N, £ > 0 small. We define

(3.56) "
ocos™ 1) (%) (cos _
(Ass(f))(z,y) == oy et cosr —cosy)* !, 2 Ay,
f(pil)(x)a =y,

for any z,y € [e,m — ¢]. We assume that
(3.57) |(f 0 cos ™ P)(t) — (f o cos™)P)(cosy)| < Ks|t — cosy]
for all ¢, cosy € [cose, cos(m — ¢)], where K3 > 0. Then

|cos z — cos y|P*!
(p+1)!

(3.58)  [f(@)=f(y)—(As3(f))(@,y) (cosz—cosy)| < K3
for all z,y € [e,m —€].
(I11,) Let f € CP([-7w/2+¢e,m/2 —¢€]), p € N, € > 0 small. We define
(3.59)
p  (fotan— 1)) (tany)

o _ ! (tanz — tany)*~1, = #y,
(Asa() (1) : { e, v

for any z,y € [-7/2 +¢,7/2 — €]. We assume that
(3.60) I(f o tan™ )P (1) — (f o tan™ )P (tan y)| < K4t — tany|
for all t,tany € [tan(—7/2 4 ¢), tan(7w/2 — ¢)], where K4 > 0. Then

|tan 2z — tan y[PH!
(p+1)!

(3.61) [f(x) = f(y)—(A3a(f))(z,y)- (tanz—tan y)| < Ky

for all z,y € [-7/2+¢,7/2 —¢].
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