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A CONVERGENCE ANALYSIS FOR EXTENDED

ITERATIVE ALGORITHMS WITH APPLICATIONS TO

FRACTIONAL AND VECTOR CALCULUS

Abstract. We give local and semilocal convergence results for some it-
erative algorithms in order to approximate a locally unique solution of a
nonlinear equation in a Banach space setting. In earlier studies the operator
involved is assumed to be at least once Fréchet-differentiable. In the present
study, we assume that the operator is only continuous. This way we extend
the applicability of iterative algorithms. We also present some choices of
the operators involved in fractional calculus and vector calculus where the
operators satisfy the convergence conditions.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution x∗ of the nonlinear equation

(1.1) F (x) = 0,

where F is a continuous operator defined on a subset D of a Banach space
X with values in a Banach space Y .

A lot of problems in computational sciences and other disciplines can be
brought into the form (1.1) using mathematical modelling [7, 12, 16, 18, 19].
The solutions of such equations can be found in closed form only in special
cases. That is why most solution methods for these equations are iterative.
Iterative algorithms are usually studied based on semilocal and local con-
vergence. The semilocal convergence analysis is, based on the information
around the initial point, to give hypotheses ensuring the convergence of the
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iterative algorithm; while the local convergence analysis is, based on the
information around a solution, to find estimates of the radii of convergence
balls as well as error bounds on the distances involved.

We introduce the iterative algorithm defined for each n = 0, 1, 2, . . . by

(1.2) xn+1 = xn − (A(F )(xn))−1F (xn),

where x0 ∈ D is an initial point and A(F )(x) ∈ L(X,Y ) the space of
bounded linear operators from X into Y . There is a plethora of studies on
local as well as semilocal convergence theorems for the iterative algorithm
(1.2) provided that the operator A is an approximation to the Fréchet deriva-
tive F ′ [1, 2, 5–17]. In the present study we do not assume that A is related
to F ′. This way we extend the applicability of (1.2). Notice that many well
known methods are special cases of (1.2):

Newton’s method : Choose A(F )(x) = F ′(x) for each x ∈ D.
Steffensen’s method : Choose A(F )(x) = [x,G(x);F ], where G : X → X

is a known operator and [x, y;F ] denotes a divided difference of order one
[7, 12, 15].

The so called Newton-like methods and many other methods are special
cases of (1.2).

The rest of the paper is organized as follows. The semilocal and local
convergence analysis of the iterative algorithm (1.2) is given in Section 2.
Some applications from fractional calculus are given in Section 3.

2. Convergence analysis. We present the main semilocal convergence
result for the iterative algorithm (1.2).

Theorem 2.1. Let F : D ⊂ X → Y be a continuous operator and let
A(F )(x) ∈ L(X,Y ). Suppose that there exist x0 ∈ D, η ≥ 0, p ≥ 1, and
a function h : [0, η] → [0,∞) continuous and nondecreasing such that for
each x, y ∈ D,

(A(F )(x))−1 ∈ L(Y,X),(2.1)

‖(A(F )(x0))
−1F (x0)‖ ≤ η,(2.2)

‖(A(F )(y))−1(F (y)− F (x)−A(F )(x)(y − x))‖(2.3)

≤ h(‖x− y‖)‖x− y‖p+1,

q := h(η)ηp < 1,(2.4)

U(x0, r) ⊆ D,(2.5)

where

(2.6) r =
η

1− q
.
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Then the sequence {xn} generated by (1.2) is well defined, remains in U(x0, r)
for each n = 0, 1, 2, . . . . and converges to some x∗ ∈ U(x0, r) such that

‖xn+1 − xn‖ ≤ h(‖xn − xn−1‖)‖xn − xn−1‖p+1 ≤ q‖xn − xn−1‖,(2.7)

‖xn − x∗‖ ≤
qnη

1− q
.(2.8)

Proof. The iterate x1 is well defined by (1.2) for n = 0 and (2.1) for
x = x0. By (2.2) and (2.6) we also have ‖x1−x0‖ = ‖(A(F )(x0))

−1F (x0)‖ ≤
η < r, so x1 ∈ U(x0, r) and x2 is well defined (by (2.5)). Using (2.3) for
y = x1, x = x0 and (2.4) we get

‖x2 − x1‖ = ‖(A(F )(x1))
−1[F (x1)− F (x0)−A(F )(x0)(x1 − x0)]‖

≤ h(‖x1 − x0‖)‖x1 − x0‖p+1 ≤ q‖x1 − x0‖,
which shows (2.7) for n = 1. Then

‖x2 − x0‖ ≤ ‖x2 − x1‖+ ‖x1 − x0‖ ≤ q‖x1 − x0‖+ ‖x1 − x0‖

= (1 + q)‖x1 − x0‖ ≤
1− q2

1− q
η < r,

so x2 ∈ U(x0, r) and x3 is well defined.
Assuming ‖xk+1 − xk‖ ≤ q‖xk − xk−1‖ and xk+1 ∈ U(x0, r) for each

k = 1, . . . , n we get

‖xk+2 − xk+1‖ = ‖(A(F )(xk+1))
−1[F (xk+1)−F (xk)−A(F )(xk)(xk+1−xk)]‖

≤ h(‖xk+1 − xk‖)‖xk+1 − xk‖p+1

≤ h(‖x1 − x0‖)‖x1 − x0‖p‖xk+1 − xk‖ ≤ q‖xk+1 − xk‖
and

‖xk+2 − x0‖ ≤ ‖xk+2 − xk+1‖+ ‖xk+1 − xk‖+ · · ·+ ‖x1 − x0‖

≤ (qk+1 + qk + · · ·+ 1)‖x1 − x0‖ ≤
1− qk+2

1− q
‖x1 − x0‖

<
η

1− q
= r,

which completes the induction for (2.7) and xk+2 ∈ U(x0, r). We also have,
for m ≥ 0,

‖xn+m − xn‖ ≤ ‖xn+m − xn+m−1‖+ · · ·+ ‖xn+1 − xn‖
≤ (qm−1 + qm−2 + · · ·+ 1)‖xn+1 − xn‖

≤ 1− qm

1− q
qn‖x1 − x0‖.

It follows that {xn} is a Cauchy sequence in the Banach space X and as such
it converges to some x∗ ∈ U(x0, r). By letting m→∞, we obtain (2.8).

Stronger hypotheses are needed to show that x∗ is a solution of F (x) = 0.
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Proposition 2.2. Let F : D ⊂ X → Y be a continuous operator and let
A(F )(x) ∈ L(X,Y ). Suppose that there exist x0 ∈ D, η ≥ 0, p ≥ 1, ψ > 0,
and a function h1 : [0, η] → [0,∞) continuous and nondecreasing such that
for each x, y ∈ D,

A(F )(x)−1 ∈ L(Y,X),

‖(A(F )(x))−1‖ ≤ ψ, ‖(A(F )(x0))
−1F (x0)‖ ≤ η,

(2.9)

‖F (y)− F (x)−A(F )(x)(y − x)‖ ≤ h1(‖x− y‖)
ψ

‖x− y‖p+1,(2.10)

q1 := h1(η)ηp < 1,

U(x0, r1) ⊆ D,

where

r1 =
η

1− q1
.

Then the conclusions of Theorem 2.1 for {xn} hold with h1, q1, r1 replacing
h, q and r, respectively. Moreover, x∗ is a solution of F (x) = 0.

Proof. Notice that

‖(A(F )(xn))−1[F (xn)− F (xn−1)−A(F )(xn−1)(xn − xn−1)]‖
≤ ‖(A(F )(xn))−1|||F (xn)− F (xn−1)−A(F )(xn−1)(xn − xn−1)‖
≤ h1(‖xn − xn−1‖)‖xn − xn−1‖p+1 ≤ q1‖xn − xn−1‖.

Therefore, the proof of Theorem 2.1 applies. Then, in view of the estimate

‖F (xn)‖ = ‖F (xn)− F (xn−1)−A(F )(xn−1)(xn − xn−1)‖

≤ h1(‖xn − xn−1‖)
ψ

‖xn − xn−1‖p+1 ≤ q1‖xn − xn−1‖,

we deduce by letting n→∞ that F (x∗) = 0.

Concerning the uniqueness of the solution x∗ we have the following result:

Proposition 2.3. Under the hypotheses of Proposition 2.2, suppose fur-
ther that

(2.11) q1r
p
1 < 1.

Then x∗ is the only solution of F (x) = 0 in U(x0, r1).

Proof. The existence of the solution x∗ ∈ U(x0, r1) has been established
in Proposition 2.2. Let y∗ ∈ U(x0, r1) with F (y∗) = 0. Then

‖xn+1 − y∗‖ = ‖xn − y∗ − (A(F )(xn))−1F (xn)‖
= ‖(A(F )(xn))−1[A(F )(xn)(xn − y∗)− F (xn) + F (y∗)]‖
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≤ ‖(A(F )(xn))−1‖‖F (y∗)− F (xn)−A(F )(xn)(y∗ − xn)‖

≤ ψh1(‖xn − y
∗‖)

ψ
‖xn − y∗‖p+1 ≤ q1rp1‖xn − x

∗‖ < ‖xn − y∗‖,

so limn→∞ xn = y∗. But we know that limn→∞ xn = x∗. Hence, x∗ = y∗.

Next, we present a local convergence analysis for (1.2).

Proposition 2.4. Let F : D ⊂ X → Y be a continuous operator and let
A(F )(x) ∈ L(X,Y ). Suppose that there exist x∗ ∈ D, p ≥ 1, and a function
h2 : [0,∞)→ [0,∞) continuous and nondecreasing such that for each x ∈ D,

F (x∗) = 0, (A(F )(x))−1 ∈ L(Y,X),

(2.12) ‖(A(F )(x))−1[F (x)− F (x∗)−A(F )(x)(x− x∗)]‖
≤ h2(‖x− x∗‖)‖x− x∗‖p+1,

and U(x∗, r2) ⊆ D, where r2 is the smallest positive solution of the equation

h∗(t) := h2(t)t
p − 1 = 0.

Then the sequence {xn} generated by (1.2) for x0 ∈ U(x∗, r2)− {x∗} is well
defined, remains in U(x∗, r2) for each n = 0, 1, 2, . . . and converges to x∗.
Moreover,

‖xn+1 − x∗‖ ≤ h2(‖xn − x∗‖)‖xn − x∗‖p+1 < ‖xn − x∗‖ < r2.

Proof. We have h∗(0) = −1 < 0 and h∗(t) → ∞ as t → ∞. Hence
the intermediate value theorem implies that function h∗ has positive zeros.
Denote by r2 the smallest such zero. By hypothesis x0 ∈ U(x∗, r2) − {x∗}.
Then

‖x1 − x∗‖ = ‖x0 − x∗ − (A(F )(x0))
−1F (x0)‖

= ‖(A(F )(x0))
−1[F (x∗)− F (x0)−A(F )(x0)(x

∗ − x0)]‖
≤ h2(‖x0 − x∗‖)‖x0 − x∗‖p+1 < h2(r2)r

p
2‖x0 − x

∗‖
= ‖x0 − x∗‖ < r2,

which shows that x1 ∈ U(x∗, r2) and x2 is well defined. By a simple inductive
argument as in the preceding estimate we get

‖xk+1 − x∗‖ = ‖xk − x∗ − (A(F )(xk))
−1F (xk)‖

≤ ‖(A(F )(xk))
−1[F (x∗)− F (xk)−A(F )(xk)(x

∗ − xk)]‖
≤ h2(‖xk − x∗‖)‖xk − x∗‖p+1 < h2(r2)r

p
2‖xk − x

∗‖ = ‖xk − x∗‖ < r2,

which shows limk→∞ xk = x∗ and xk+1 ∈ U(x∗, r2).

Remark 2.5. (a) Hypothesis (2.3) specializes to a Newton–Mysowski-
type condition if A(F )(x) = F ′(x) [7, 12, 16]. However, if F is not Fréchet-
differentiable, then our results extend the applicability of (1.2).
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(b) Theorem 2.1 has practical value despite the fact that we do not show
that x∗ is a solution of F (x) = 0, since this may be shown in another way.

(c) Hypothesis (2.12) can be replaced by the stronger

‖(A(F )(x))−1[F (x)− F (y)−A(F )(x)(x− y)]‖ ≤ h2(‖x− y‖)‖x− y‖p+1.

The preceding results can be extended to two-point iterative algorithms
defined for each n = 0, 1, 2, . . . by

(2.13) xn+1 = xn − (A(F )(xn, xn−1))
−1F (xn),

where x−1, x0 ∈ D are initial points and A(F )(w, v) ∈ L(X,Y ) for each
v, w ∈ D. If A(F )(w, v) = [w, v;F ], then the iterative algorithm (2.13)
reduces to the popular secant method, where [w, v;F ] denotes a divided
difference of order one for the operator F . Many other choices for A are also
possible [7, 12, 16].

If we simply replace A(F )(x) by A(F )(y, x) in the proof of Proposi-
tion 2.2, we arrive at the following semilocal convergence result for (2.13).

Theorem 2.6. Let F : D ⊂ X → Y be a continuous operator and let
A(F )(y, x)∈L(X,Y ) for each x, y∈D. Suppose that there exist x−1, x0 ∈ D,
η ≥ 0, p ≥ 1, ψ > 0, and a function h1 : [0, η] → [0,∞) continuous and
nondecreasing such that for each x, y ∈ D,

(A(F )(y, x))−1 ∈ L(Y,X), ‖(A(F )(y, x))−1‖ ≤ ψ,(2.14)

min{‖x0 − x−1‖, ‖(A(F )(x0, x−1))
−1F (x0)‖} ≤ η,

‖F (y)− F (x)−A(F )(y, x)(y − x)‖ ≤ h1(‖x− y‖)
ψ

‖x− y‖p+1,(2.15)

q1 < 1, q1r
p
1 < 1,

U(x0, r1) ⊆ D,

where

r1 =
η

1− q1
and q1 is defined in Proposition 2.2. Then the sequence {xn} generated by
(2.13) is well defined, remains in U(x0, r1) for each n = 0, 1, 2, . . . and con-
verges to the only solution of F (x) = 0 in U(x0, r1). Moreover, the estimates
(2.7) and (2.8) hold with h1 and q1 replacing h and q, respectively.

Concerning, the local convergence of the iterative algorithm (2.13) we
obtain a result analogous to Proposition 2.4.

Proposition 2.7. Let F : D ⊂ X → Y be a continuous operator and
let A(F )(y, x) ∈ L(X,Y ). Suppose that there exist x∗ ∈ D, p ≥ 1, and a
function h2 : [0,∞)2 → [0,∞) continuous and nondecreasing such that for
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each x, y ∈ D,

F (x∗) = 0, (A(F )(y, x))−1 ∈ L(Y,X),

‖(A(F )(y, x))−1[F (y)− F (x∗)−A(F )(y, x)(y − x∗)]‖
≤ h2(‖y − x∗‖, ‖x− x∗‖)‖y − x∗‖p+1

U(x∗, r2) ⊆ D,

where r2 is the smallest positive solution of

h∗∗(t) := h2(t, t)t
p − 1 = 0.

Then the sequence {xn} generated by (2.13) for x−1, x0 ∈ U(x∗, r2) − {x∗}
is well defined, remains in U(x∗, r2) for each n = 0, 1, 2, . . . and converges
to x∗. Moreover,

‖xn+1 − x∗‖ ≤ h2(‖xn − x∗‖, ‖xn−1 − x∗‖)‖xn − x∗‖p+1

< ‖xn − x∗‖ < r2.

Remark 2.8. In the next section, we present some choices and proper-
ties of operators A(F )(y, x) satisfying the crucial estimate (2.15). In partic-
ular, we choose

h1(t) =
ρψt

p
for some ρ > 0 (see (3.14)),

h1(t) =
cψ

(p+ 1)!
for some c > 0 (see (3.27)),

h1(t) =
Kψγp+1

(p+ 1)!
(see (3.49))

if |g(x)− g(y)| ≤ γ|x− y| for some K > 0 and γ > 0.

Hence, Theorem 2.6 can be applied to solve the equation F (x) = 0.
Other choices for A(F )(x) or A(F )(y, x) can be found in [5–7], [10–17].

3. Applications to fractional and vector calculi. We want to solve
numerically

(3.1) f(x) = 0.

(I) Application to fractional calculus. Let p ∈ N−{1} be such that
p− 1 < ν < p, where ν /∈ N, ν > 0, i.e. dνe = p, a < b, f ∈ Cp([a, b]).

We define the following left Caputo fractional derivatives (see [3, p. 270]):

(3.2) (Dν
∗yf)(x) :=

1

Γ (p− ν)

x�

y

(x− t)p−ν−1f (p)(t) dt

when x ≥ y, and
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(3.3) (Dν
∗xf)(y) :=

1

Γ (p− ν)

y�

x

(y − t)p−ν−1f (p)(t) dt,

when y ≥ x, where Γ is the gamma function.
We also define the linear operator

(3.4)

(A1(f))(x, y) :=


∑p−1

k=1
f (k)(y)
k! (x− y)k−1 + (Dν

∗yf)(x) (x−y)
ν−1

Γ (ν+1) , x > y,∑p−1
k=1

f (k)(x)
k! (y − x)k−1 + (Dν

∗xf)(y) (y−x)
ν−1

Γ (ν+1) , y > x,

f (p−1)(x), x = y.

By the left fractional Caputo Taylor formula (see [8, p. 54] and [3, p. 395]),
we get

f(x)− f(y) =

p−1∑
k=1

f (k)(y)

k!
(x− y)k(3.5)

+
1

Γ (ν)

x�

y

(x− t)ν−1Dν
∗yf(t) dt for x > y,

and

f(y)− f(x) =

p−1∑
k=1

f (k)(x)

k!
(y − x)k(3.6)

+
1

Γ (ν)

y�

x

(y − t)ν−1Dν
∗xf(t) dt for x < y.

We immediately observe that

|(A1(f))(x, x)− (A1(f))(y, y)| = |f (p−1)(x)− f (p−1)(y)|(3.7)

≤ ‖f (p)‖∞|x− y|, ∀x, y ∈ [a, b],

We would like to prove that

(3.8) |f(x)− f(y)− (A1(f))(x, y)(x− y)| ≤ c |x− y|
p

p
for any x, y ∈ [a, b] and some constant 0 < c < 1.

For x = y, (3.8) is trivial.
We assume x 6= y. We distinguish two cases:
If x > y, we observe that

(3.9) |f(x)− f(y)− (A1(f))(x, y)(x− y)|

=

∣∣∣∣ p−1∑
k=1

f (k)(y)

k!
(x− y)k +

1

Γ (ν)

x�

y

(x− t)ν−1Dν
∗yf(t) dt

−
p−1∑
k=1

f (k)(y)

k!
(x− y)k − (Dν

∗yf)(x)
(x− y)ν

Γ (ν + 1)

∣∣∣∣
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=

∣∣∣∣ 1

Γ (ν)

x�

y

(x− t)ν−1(Dν
∗yf)(t) dt− 1

Γ (ν)

x�

y

(x− t)ν−1(Dν
∗yf)(x) dt

∣∣∣∣
=

1

Γ (ν)

∣∣∣∣ x�
y

(x− t)ν−1((Dν
∗yf)(t)− (Dν

∗yf)(x)) dt

∣∣∣∣
≤ 1

Γ (ν)

x�

y

(x− t)ν−1|(Dν
∗yf)(t)− (Dν

∗yf)(x)| dt

(we note that |(Dν
∗yf)(t) − (Dν

∗yf)(x)| ≤ λ1|t − x|p−ν for any t, x, y ∈ [a, b]
with x ≥ t ≥ y, where λ1 < Γ (ν), i.e. ρ1 := λ1/Γ (ν) < 1)

≤ λ1
Γ (ν)

x�

y

(x− t)ν−1(x− t)p−ν dt

=
λ1
Γ (ν)

x�

y

(x− t)p−1 dt =
λ1
Γ (ν)

(x− y)p

p
= ρ1

(x− y)p

p
.

We have proved that

(3.10) |f(x)− f(y)− (A1(f))(x, y)(x− y)| ≤ ρ1
(x− y)p

p

for x > y, where 0 < ρ1 < 1. If x < y, we observe that

(3.11) f(x)− f(y)− (A1(f))(x, y)(x− y)|
= |f(y)− f(x)− (A1(f))(x, y)(y − x)|

=

∣∣∣∣ p−1∑
k=1

f (k)(x)

k!
(y − x)k +

1

Γ (ν)

y�

x

(y − t)ν−1(Dν
∗xf)(t) dt

−
p−1∑
k=1

f (k)(x)

k!
(y − x)k − (Dν

∗xf)(y)
(y − x)ν

Γ (ν + 1)

∣∣∣∣
=

∣∣∣∣ 1

Γ (ν)

y�

x

(y − t)ν−1(Dν
∗xf)(t) dt− 1

Γ (ν)

y�

x

(y − t)ν−1(Dν
∗xf)(y) dt

∣∣∣∣
=

1

Γ (ν)

∣∣∣ y�
x

(y − t)ν−1((Dν
∗xf)(t)− (Dν

∗xf)(y)) dt
∣∣∣

≤ 1

Γ (ν)

y�

x

(y − t)ν−1|(Dν
∗xf)(t)− (Dν

∗xf)(y)| dt

(we note that |(Dν
∗xf)(t) − (Dν

∗xf)(y)| ≤ λ2|t − y|p−ν for any t, y, x ∈ [a, b]
with y ≥ t ≥ x)
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≤ λ2
Γ (ν)

y�

x

(y − t)ν−1(y − t)p−ν dt

=
λ2
Γ (ν)

y�

x

(y − t)p−1 dt =
λ2
Γ (ν)

(y − x)p

p
.

Assuming also

(3.12) ρ2 := λ2/Γ (ν) < 1

(i.e. λ2 < Γ (ν)), we have proved that

(3.13) |f(x)− f(y)− (A1(f))(x, y)(x− y)| ≤ ρ2
(y − x)p

p
for x < y.

Conclusion. If λ := max(λ1, λ2) and ρ := λ/Γ (ν) < 1, then

(3.14)

|f(x)− f(y)− (A1(f))(x, y)(x− y)| ≤ ρ |x− y|
p

p
for any x, y ∈ [a, b].

(II) Application to vector calculus

(II1) Background (see [19, pp. 83–94]). Let f(t) be a function defined
on [a, b] ⊆ R taking values in a real or complex normed linear space (X, ‖·‖).
The derivatives of f here are defined just as for numerical functions. For all
the properties of derivatives see [19, pp. 83–86].

From now let (X, ‖ · ‖) be a Banach space and f : [a, b]→ X.

We define the vector valued Riemann integral
	b
a f(t) dt ∈ X as the limit

of the vector valued Riemann sums in X, with convergence in ‖ · ‖. The
definition is as for numerical functions.

If
	b
a f(t) dt ∈ X we call f integrable on [a, b]. If f ∈ C([a, b], X), then f

is integrable [19, p. 87].

For other properties of vector valued Riemann integrals see [19, pp. 86–
91]. We mention some of them here.

Let f, g be vector valued Riemann integrable functions. We have (see
[19, p. 88])

b�

a

αf(t) dt = α

b�

a

f(t) dt, α ∈ R or α ∈ C,(3.15)

b�

a

(f(t) + g(t)) dt =

b�

a

f(t) dt+

b�

a

g(t) dt,(3.16)

c�

a

f(t) dt+

b�

c

f(t) dt =

b�

a

f(t) dt, a < c < b,(3.17)



Extended iterative algorithms 207

∥∥∥ b�
a

f(t) dt
∥∥∥ ≤ (b− a) max

a≤t≤b
‖f(t)‖,(3.18)

∥∥∥ b�
a

f(t) dt
∥∥∥ ≤ b�

a

‖f(t)‖ dt.(3.19)

We also set by convention

(3.20)

β�

α

f(t) dt = −
α�

β

f(t) dt for a ≤ β ≤ α ≤ b.

Let f : [a, b] → R be a Riemann integrable function, i.e.
	b
a f(t) dt exists as

a real number, and c ∈ X. Then clearly

(3.21) c

b�

a

f(x)dx =

b�

a

cf(x)dx ∈ X.

We define the space Cp([a, b], X), p ∈ N, of p-times continuously differ-
entiable functions from [a, b] into X; here continuity is with respect to ‖ · ‖
and defined in the usual way as for numerical functions.

Let (X, ‖ · ‖) be a Banach space and f ∈ Cp([a, b], X). Then we have the
vector valued Taylor formula (see [19, pp. 93–94] and also [18, (IV, 9; 47)]

(3.22)

f(y)−f(x)−f ′(x)(y−x)− 1

2
f ′′(x)(y−x)2−· · ·− 1

(p− 1)!
f (p−1)(x)(y−x)p−1

=
1

(p− 1)!

y�

x

(y − t)p−1f (p)(t) dt, ∀x, y ∈ [a, b].

In particular (3.22) is true when X = Rm or Cm, m ∈ N. Clearly

(3.23) f(y)− f(x)

=

p∑
k=1

f (k)(x)

k!
(y − x)k +

1

(p− 1)!

y�

x

(y − t)p−1(f (p)(t)− f (p)(x)) dt

for all x, y ∈ [a, b].

We will use (3.23).

We also need the mean value theorem for Banach space valued functions.

Theorem 3.1 (see [13, p. 3]). Let f ∈ C([a, b], X), where X is a Banach
space. Assume f ′ exists on [a, b] and ‖f ′(t)‖ ≤ K for a < t < b. Then

(3.24) ‖f(b)− f(a)‖ ≤ K(b− a).
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(II2) From now on we assume that f ∈ Cp+1([a, b], X), p ∈ N. We define

(3.25) (A2(f))(x, y) :=

{∑p
k=1

f (k)(x)
k! (y − x)k−1, x 6= y,

f (p)(x), x = y.

Then

(3.26) ‖(A2(f))(x, x)− (A2(f))(y, y)‖ = ‖f (p)(x)− f (p)(y)‖
≤ |||f (p+1)|||∞|x− y|, ∀x, y ∈ [a, b],

where

|||f (p+1)|||∞ := sup
t∈[a,b]

‖f (p+1)(t)‖ <∞.

We would like to prove that

(3.27) ‖f(y)− f(x)− (A2(f))(x, y)(y − x)‖ ≤ c |x− y|
p+1

(p+ 1)!
,

where c > 0.

When x = y, inequality (3.27) is trivially true. We will prove it for x 6= y.

We observe that

(3.28) ‖f(y)− f(x)− (A2(f))(x, y)(y − x)‖

=

∥∥∥∥ p∑
k=1

f (k)(x)

k!
(y − x)k +

1

(p− 1)!

y�

x

(y − t)p−1(f (p)(t)− f (p)(x)) dt

−
p∑

k=1

f (k)(x)

k!
(y − x)k

∥∥∥∥
=

1

(p− 1)!

∥∥∥ y�
x

(y − t)p−1(f (p)(t)− f (p)(x)) dt
∥∥∥ =: (ξ).

Let y > x. We observe that

(ξ) ≤ 1

(p− 1)!

y�

x

(y − t)p−1‖f (p)(t)− f (p)(x)‖ dt(3.29)

≤ |||f
(p+1)|||∞

(p− 1)!

y�

x

(y − t)p−1(t− x)2−1 dt

=
|||f (p+1)|||∞

(p− 1)!

Γ (p)Γ (2)

Γ (p+ 2)
(y − x)p+1

=
|||f (p+1)|||∞

(p− 1)!

(p− 1)!

(p+ 1)!
(y − x)p+1 =

|||f (p+1)|||∞
(p+ 1)!

(y − x)p+1.
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Hence,

(3.30) (ξ) ≤ |||f
(p+1)|||∞

(p+ 1)!
(y − x)p+1 for y > x.

Let now x > y. We observe that

(ξ) =
1

(p− 1)!

∥∥∥ x�
y

(y − t)p−1(f (p)(t)− f (p)(x)) dt
∥∥∥(3.31)

≤ 1

(p− 1)!

x�

y

(t− y)p−1‖f (p)(t)− f (p)(x)‖ dt

≤ |||f
(p+1)|||∞

(p− 1)!

x�

y

(x− t)2−1(t− y)p−1 dt

=
|||f (p+1)|||∞

(p− 1)!

Γ (p)Γ (2)

Γ (p+ 2)
(x− y)p+1

=
|||f (p+1)|||∞

(p− 1)!

(p− 1)!

(p+ 1)!
(x− y)p+1 =

|||f (p+1)|||∞
(p+ 1)!

(x− y)p+1.

We have proved that

(3.32) (ξ) ≤ |||f
(p+1)|||∞

(p+ 1)!
(x− y)p+1 for x > y.

Conclusion. Let p ∈ N and f ∈ Cp+1([a, b]). Then

(3.33) ‖f(y)− f(x)− (A2(f))(x, y) · (y − x)‖

≤ |||f
(p+1)|‖∞

(p+ 1)!
|x− y|p+1, ∀x, y ∈ [a, b].

(III) Applications from mathematical analysis. In [4, pp. 400–
402], we have proved the following general Taylor formula:

Theorem 3.2. Let f, f ′, . . . , f (p) and g, g′ be continuous from [a, b] (or
[b, a]) into R, p ∈ N. Assume (g−1)(k), k = 0, 1, . . . , p, are continuous. Then

(3.34) f(b) = f(a) +

p−1∑
k=1

(f ◦ g−1)(k)(g(a))

k!
(g(b)− g(a))k +Rp(a, b),

where

Rp(a, b) =
1

(p− 1)!

b�

a

(g(b)− g(s))p−1(f ◦ g−1)(p)(g(s))g′(s) ds(3.35)

=
1

(p− 1)!

g(b)�

g(a)

(g(b)− t)p−1(f ◦ g−1)(p)(t) dt.
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Theorem 3.2 will be applied for g(x) = ex. One can give similar applica-
tions for g = sin, cos, tan, etc., over suitable intervals (see [4, p. 402]).

Proposition 3.3. Let f (p) be continuous from [a, b] (or [b, a]) into R,
p ∈ N. Then

(3.36) f(b) = f(a) +

p−1∑
k=1

(f ◦ ln)(k)(ea)

k!
(eb − ea)k +Rp(a, b),

where

Rp(a, b) =
1

(p− 1)!

eb�

ea

(eb − t)p−1(f ◦ ln)(p)(t) dt(3.37)

=
1

(p− 1)!

b�

a

(eb − ea)p−1(f ◦ ln)(p)(es) · es ds.(3.1)

We will use the following variant.

Theorem 3.4. Let f, f ′, . . . , f (p), p ∈ N, and g, g′ be continuous from
[a, b] into R. Assume that (g−1)(k), k = 0, 1, . . . , p, are continuous. Then

(3.38) f(β)− f(α) =

p∑
k=1

(f ◦ g−1)(k)(g(α))

k!
(g(β)− g(α))k +R∗p(α, β),

where

(3.39) R∗p(α, β)

=
1

(p− 1)!

β�

α

(g(β)− g(s))p−1((f ◦ g−1)(p)(g(s))− (f ◦ g−1)(p)(g(α)))g′(s) ds

=
1

(p− 1)!

g(β)�

g(α)

(g(β)− t)p−1((f ◦ g−1)(p)(t)− (f ◦ g−1)(p)(g(α))) dt

for all α, β ∈ [a, b].

Proof. Easy.

Remark 3.5. Set l = f ◦ g−1. Then l, l′, . . . , l(p) are continuous from
g([a, b]) into f([a, b]).

Next we estimate R∗p(α, β). We assume that

(3.40) |(f ◦ g−1)(p)(t)− (f ◦ g−1)(p)(g(α))| ≤ K|t− g(α)|

for all t, g(α) ∈ [g(a), g(b)], or for all t, g(α) ∈ [g(b), g(a)], where K > 0.

We distinguish two cases:
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(i) If g(β) > g(α), then

(3.41) |R∗p(α, β)|

≤ 1

(p− 1)!

g(β)�

g(α)

(g(β)− t)p−1|(f ◦ g−1)(p)(t)− (f ◦ g−1)(p)(g(α))| dt

≤ K

(p− 1)!

g(β)�

g(α)

(g(β)− t)p−1(t− g(α))2−1 dt

=
K

(p− 1)!

Γ (p)Γ (2)

Γ (p+ 2)
(g(β)− g(α))p+1

=
K

(p− 1)!

(p− 1)!

(p+ 1)!
(g(β)− g(α))p+1 = K

(g(β)− g(α))p+1

(p+ 1)!
.

We have proved that

(3.42) |R∗p(α, β)| ≤ K (g(β)− g(α))p+1

(p+ 1)!
when g(β) > g(α).

(ii) If g(α) > g(β), then

(3.43) |R∗p(α, β)|

=
1

(p− 1)!

∣∣∣g(α)�
g(β)

(t− g(β))p−1
(
(f ◦ g−1)(p)(t)− (f ◦ g−1)(p)(g(α))

)
dt
∣∣∣

≤ 1

(p− 1)!

g(α)�

g(β)

(t− g(β))p−1|(f ◦ g−1)(p)(t)− (f ◦ g−1)(p)(g(α))| dt

≤ K

(p− 1)!

g(α)�

g(β)

(g(α)− t)2−1(t− g(β))p−1 dt

=
K

(p− 1)!

Γ (2)Γ (p)

Γ (p+ 2)
(g(α)− g(β))p+1

=
K

(p− 1)!

(p− 1)!

(p+ 1)!
(g(α)− g(β))p+1 = K

(g(α)− g(β))p+1

(p+ 1)!
.

We have proved that

(3.44) |R∗p(α, β)| ≤ K (g(α)− g(β))p+1

(p+ 1)!
when g(α) > g(β).

Conclusion. We have

(3.45) |R∗p(α, β)| ≤ K |g(α)− g(β)|p+1

(p+ 1)!
, ∀α, β ∈ [a, b].
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Both sides of (3.45) equal zero when α = β.

We define the following linear operator:

(3.46)

(A3(f))(x, y) :=

{∑p
k=1

(f◦g−1)(k)(g(y))
k! (g(x)− g(y))k−1, g(x) 6= g(y),

f (p−1)(x), x = y,

for any x, y ∈ [a, b].

Easily, we see that

|(A3(f))(x, x)− (A3(f))(y, y)| = |f (p−1)(x)− f (p−1)(y)|(3.47)

≤ ‖f (p)‖∞|x− y|, ∀x, y ∈ [a, b].

Next we observe that if g(x) 6= g(y) then

(3.48) |f(x)− f(y)− (A3(f))(x, y) · (g(x)− g(y))|

=

∣∣∣∣ p∑
k=1

(f ◦ g−1)(k)(g(y))

k!
(g(x)− g(y))k +R∗p(y, x)

−
( p∑
k=1

(f ◦ g−1)(k)(g(y))

k!
(g(x)− g(y))k−1(g(x)− g(y))

)∣∣∣∣
= |R∗p(y, x)|

(3.45)

≤ K
|g(x)− g(y)|p+1

(p+ 1)!
.

We have proved that

(3.49) |f(x)− f(y)− (A3(f))(x, y) · (g(x)− g(y))| ≤ K |g(x)− g(y)|p+1

(p+ 1)!

for all x, y ∈ [a, b] (the case x = y is trivial).

We apply the above theory as follows:

(III1) We define

(3.50) (A31(f))(x, y) :=

{∑p
k=1

(f◦ln)(k)(ey)
k! (ex − ey)k−1, x 6= y,

f (p−1)(x), x = y,

for any x, y ∈ [a, b]. Then

(3.51) |f(x)− f(y)− (A31(f))(x, y) · (ex − ey)| ≤ K1
|ex − ey|p+1

(p+ 1)!

for all x, y ∈ [a, b], where we assume that

(3.52) |(f ◦ ln)(p)(t)− (f ◦ ln)(p)(ey)| ≤ K1|t− ey|

for all t, ey ∈ [ea, eb], a < b, with K1 > 0.
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(III2) Next let f ∈ Cp([−π/2 + ε, π/2 − ε]), p ∈ N, ε > 0 small. We
define

(3.53)

(A32(f))(x, y) :=

{∑p
k=1

(f◦sin−1)(k)(sin y)
k! (sinx− sin y)k−1, x 6= y,

f (p−1)(x), x = y,

for any x, y ∈ [−π/2 + ε, π/2− ε].
We assume that

(3.54) |(f ◦ sin−1)(p)(t)− (f ◦ sin−1)(p)(sin y)| ≤ K2|t− sin y|
for all t, sin y ∈ [sin(−π/2 + ε), sin(π/2− ε)], where K2 > 0. Then

(3.55) |f(x)− f(y)− (A32(f))(x, y) · (sinx− sin y)| ≤ K2
| sinx− sin y|p+1

(p+ 1)!

for all x, y ∈ [−π/2 + ε, π/2− ε].

(III3) Next let f ∈ Cp([ε, π − ε]), p ∈ N, ε > 0 small. We define

(3.56)

(A33(f))(x, y) :=

{∑p
k=1

(f◦cos−1)(k)(cos y)
k! (cosx− cos y)k−1, x 6= y,

f (p−1)(x), x = y,

for any x, y ∈ [ε, π − ε]. We assume that

(3.57) |(f ◦ cos−1)(p)(t)− (f ◦ cos−1)(p)(cos y)| ≤ K3|t− cos y|
for all t, cos y ∈ [cos ε, cos(π − ε)], where K3 > 0. Then

(3.58) |f(x)−f(y)−(A33(f))(x, y)·(cosx−cos y)| ≤ K3
|cosx− cos y|p+1

(p+ 1)!

for all x, y ∈ [ε, π − ε].

(III4) Let f ∈ Cp([−π/2 + ε, π/2− ε]), p ∈ N, ε > 0 small. We define

(3.59)

(A34(f))(x, y) :=

{∑p
k=1

(f◦tan−1)(k)(tan y)
k! (tanx− tan y)k−1, x 6= y,

f (p−1)(x), x = y,

for any x, y ∈ [−π/2 + ε, π/2− ε]. We assume that

(3.60) |(f ◦ tan−1)(p)(t)− (f ◦ tan−1)(p)(tan y)| ≤ K4|t− tan y|
for all t, tan y ∈ [tan(−π/2 + ε), tan(π/2− ε)], where K4 > 0. Then

(3.61) |f(x)−f(y)−(A34(f))(x, y)·(tanx−tan y)| ≤ K4
| tanx− tan y|p+1

(p+ 1)!

for all x, y ∈ [−π/2 + ε, π/2− ε].
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