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ON SOME DIOPHANTINE EQUATIONS INVOLVING
GENERALIZED FIBONACCI AND LUCAS NUMBERS

BY

LYES AIT-AMRANE and DJILALI BEHLOUL (Algiers)

Abstract. We solve completely, in integers, some quadratic Diophantine equations
involving generalized Fibonacci and Lucas numbers.

1. Introduction. Let (uy,), and (v,), be the classical generalized Fi-
bonacci and Lucas sequences respectively. For an integer p, the sequence
(up)n is defined by the recurrence relation u, = pu,—1 — u,—2 for n > 2,
with the initial conditions ugp = 0 and u; = 1. The sequence (vy,), is de-
fined by the same recurrence relation v, = pv,_1 — v,_o for n > 2, but
with the initial conditions vg = 2 and v; = p. These generalized Fibonacci
and Lucas numbers can be extended to negative indices by setting, for all
neN,u_, = —u, and v_,, = v,. For more detailed information about these
sequences, see [3} [0, [7, [§].

Many authors have studied various Diophantine equations involving lin-
ear recurrence sequences, e.g. [1 B [6, 13]. In [3, Theorem 15], the authors
claim that all integer solutions of 22 — (p? — 4)upzy — (p*> — 4)y? = 1,
with p > 3, are given by (7,y) = +(v(2k+1)n/Vn, U2kn/vn) With k € Z. For
n =1 and p = 3, the equation becomes z? — 5zy — 5y?> = 1. We note that
(z,y) = (—6,7) is also a solution which is not of the form =+ (vog11/3, uar/3).
It turns out that Theorems 8, 11, 13, 14 and 17 of [3] also miss some of the
solutions.

In this paper, our purpose is to determine all integer solutions (x,y) of
the following Diophantine equations:

(1.1) 2% — (p* — Dupzy — (p* — 4y = 02,
(12) o® —pay+y® =1,
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(1.3) 2 — (p* —4)y* =4,

(1.4) 2 — (p* —4)y* = 4",

(1.5) 2t = (p* 4y’ =1,

(1.6) 22 — vy +y? = u%,

(1.7) 2® = (p* = Dupzy — (P* = 4)y* = 1,
(1.8) 22—y +y? =1,

(1.9) 22— vopzy + % = ul,

(1.10) 2% — vonay + y* =2,

(1.11) z? — pay + 4% = 4k,

This paper completes and adjusts [3] in the sense that we solve some
equations that do not occur in [3] and we give, for an integer p such that
Ip| > 2, a complete set of integer solutions of equations f and
(1.6)—(1.10) which are given in [3]. The cases |p| < 2 are obvious and left to
the reader.

We recall the following classical divisibility properties involving the se-
quences (uyp)n and (vy)p:

(1.12) Up | Um < m = kn for some k € Z,
(1.13) Up | U, < m = 2kn for some k € Z,
(1.14) Un | m < m = (2k+ 1)n for some k € Z.

These properties (proved in [4, 11l [12]) will be used to solve equations
D ([C10).

Throughout this paper, the signs in a formula of the type (+a, £b) are
independent.

2. Some identities for (u,), and (v,),. The generalized Fibonacci
and Lucas sequences (uy,), and (vy,), have many interesting properties. We
list here those needed in our paper; they can be found in [5, 8, 9} [10]. For
any integers n and m,

(2.1) Uptl — Up_1 = Up,

(2.2) Vnt1 — U1 = (p* — 4)uy,

(2.3) Um+1Vn — VUn—1Um = Untm,

(2.4) u — pupn_ +ul | =1,

(2.5) o PUnUno1 +un_y = —(p? —4),
(2.6) U ln — UmUp = 2Up_m,

(2.7) VU — (p2 — DUty = 20p—m,
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(2.8) U Un + UmUn = 2Uptm,
(2.9) v2 — (p* — 4)uZ = 4.
THEOREM 2.1. Let k,m,n € Z. Then
(2.10) V2 — (0% = D)t Vn U, — (02 — Dud, =02,
(2.11) UTZz+m = Un—kUntmUmtk + U3n+k = u%—k'

Proof. Identities (2.10) and (2.11]) are given in [3| Theorems 5 and 7]
where the authors use matrix methods to obtain them and where (2.11]) is

given for k # n. Here we give another proof of (2.11)), valid also if k = n.
From (2.8) we have

(2.12) { UnVm + Vnlm = 2Untm,

UkVm + ViU, = 2Up k-
Multiplying the first identity by uj and the second by u,, and subtracting
the results, we obtain

U (U U, — UnVk) = 2(UgUntm — UnUmak)-
Using ([2.6)) we find
UnUn—k = UnUm+k — UkUn+m-

Multiplying the first identity of (2.12) by vx and the second by vy, and
subtracting the results, we obtain

U (Vg Uy, — UpUg) = 2(VkUntm — UnUmtk)-
Using we find
Vmln—k = VkUntm — UnUmtk-
From we see that (vmup—k)? — (7 — 4)(Umun—k)? = 4u?_,, ie.,
(VkUntm — Vnmar)? — (P? = 4) (UnUm ik — UpUnim)® = 4u>_,.
Finally, using and we get . u

3. Solutions of some Diophantine equations. The identities (2.10
and (2.11)) suggest exploring the solutions of the Diophantine equations (]E

and (|1.6)).

THEOREM 3.1. All integer solutions (z,y) of

2? — (p? — Dupzy — (p* — 4)y? =02

for |p| >2 and n € Z are £(Vptm, Um) and £(—vp—m, Un), where m € Z.

To prove Theorem we need the following proposition which is given
in [2, Proposition 6.3.16, p. 355].
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PROPOSITION 3.2 (The Structure Theorem). If D > 0 is not a square
and is congruent to 0 or 1 modulo 4, the Pell equation x> — Dy? = +4 has
an infinity of solutions given in the following way. If (xg,yo) is a solution
with the least strictly positive yo (and xg > 0, say), the general solution
s given by

x—i—y\/ﬁ_i(xg—i—y()\/f)
2 N 2

k
> for any k € Z.

REMARK 3.3. For our purpose, we need only integer solutions of
x? — Dy? = 4 given by Proposition In this case, if £ > 0 then z and y
are of the same sign. If k£ < 0, then it is easy to see that

z +yvD _i<x0—y0\/ﬁ>k
2 2 ’

which gives z and y of different signs.

Proof of Theorem . Assume that 22 — (p? — 4)u,xy — (p? — 4)y? = v2.
Then

2z — (p* = 4uny)® — (up (p? —4) +4)(p* — 4)y* = 40},
Using ([2.9) we obtain
(3.1) (22 — (p* = Duny)® — va(p” — 4)y* = doy;
we deduce that v, | (22 — (p? — 4)u,y), and so
20 — (p2 — A)uny \ >
R e R

Un

o (2‘7" — (pi_ 4)u”y>2 — ()’ =401 -9

<2x — (p? — 4)uny —py) <2x — (p? — 4)uny —i—py) _4s

Un Un

where s = 1 —y2. We deduce that (22 — (p? — 4)u,y) /vy, + py is even. Thus,
taking

5 and b=y,

and using identities (2.2)) and (2.5)), we get

2% — (p? — Dunay — (p* — 4y
v2

1/2x— (p2—4 _
a:<x (p )uny+py):x+vn 1y
Un Un,

2

a? — pab+ b* = =1

We have
a? —pab+b0* =1 & [2a — pb)* — (p? — 4)b* = 4.
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Let ¢ = 2a — pb. Then our equation becomes
(3.2)  — (p? —4)b* = 4.

By assumption p? — 4 is positive. Obviously, it is congruent to 0 or 1 mod-
ulo 4. To see that it is not a square, assume that p?> — 4 = 62 for a positive
integer 0; this is equivalent to (p — d)(p + 0) = 4, which has no solutions in
positive integers.

The minimal solution of is (co,b0) = (|p|,1). Thus, according to the
Structure Theorem, the solutions of satisfy

c+by/p*—4 :i<|p\ +\/p2—4>m (
2 2

Thus, for the “+” sign we get

by/p? — 4 Vo2 —4\"
c+ 219 :<\p|+2p ) (m € Z),

nF_ (W FY

m € Z).

By subtracting, we find, for m € Z,
1 [(!p\ +Vp® - 4>m B (\p! — VP’ - 4>’”}
Vp?—4 2 2
e If p > 0, then y = b = uyy,. Let us find the values of z. From (1.1) and

(2.10) we obtain

{wz — (p* = Hunaum, — (p* — 4up, = "U?w

Upntm — (p2 - 4)unvn+mum - ( Z -

By subtracting we find

(T = Vngm) (T + Vpm — (p2 — 4)unum) = 0.
Thus,
T = Upim OF T = —Vppm+(P*—D)Unlm = —Vnim+(Vntm—Vn-m) = —VUn_m.
Hence, (z,y) = (Vn+m, Um) OF (—Un—m, Um)-
e If p <0, then y = b= (—1)"*1u,,. From and (2.10) we obtain
2 — (=)™ (p? — Dupaum, — (p - 4) U = g,
{ V24 — (P2 — Dunpimun — (P2 — Hul, = vk
By subtracting we find
2? — Ur21+m — (P* = Dt (1) 2 — vpgm) = 0.
x If m is even, we obtain

(-’13 + fUner)(-'L‘ — Unt+m + (p2 - 4)unum) =0.
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Thus,
T = —Un4m O T = Untm — (p2 - 4)unum = Un4+m — (Un+m - Unfm) = Un—m-
Hence, (z,y) = —(Vn+m, Um) O —(—Vn—m, Um).

x If m is odd, we obtain

(% = Vym) (T + Vngm — (p2 — 4)upty,) = 0.

Thus,

T = Untm Or T = _vn+m+(p2_4)unum = _vn-l—m"’_(vn-i—m_'vn—m) = —Un-m-
Hence, (z,y) = (Vn+m, Um) OF (—Up—m, Up,). Proceeding in the same way for
the “—7” sign, we find that all solutions are 4(vp4m, Um) and £(—vp—m, U ).

Conversely, replacing in (2.10)) n by n+ k and m by m — k for k € Z, we

obtain

Vnam — (07 = Dnvngmim — (0 = 4)us, = v,

which means that £(vy4m,un) are solutions of . Also, replacing in
n by n+ k and m by —m + k for k € Z, we obtain

U121—m - (p2 — 4)UpVn—mU—pm — (p2 — 4)u%1 = U?l,

which means that £(—vp_m, un,) are solutions of (L.1)). =

LEMMA 3.4. All integer solutions (a,b) of a®> — pab +b*> =1 for |p| > 2
are £ (U1, Um) with m € Z.

Proof. Follows from the proof of Theorem with the help of (2.3)),
using the fact that a = (z + v,—1y) /v, and b = y. The converse is obvious

by (2.4). =
LEMMA 3.5. All integer solutions (c,b) of 2 — (p* —4)b% = 4 for |p| > 2
are (v, tuy,) with n € Z.

Proof. Follows from Theorem with the help of (2.1 and ({2.3]), using
the fact that a« = (z + v,—1Yy)/vn, b = y and ¢ = 2a — pb. The converse is

obvious by (2.9)). =

LEMMA 3.6. Assume that ¢ — (p? — 4)b? = 4F with k > 2. If p is odd,
then ¢ and b are even numbers.

Proof. Assume that p is odd. Then it is easy to see that p? = 1 (mod 8).
Since k > 2, we have ¢ — (p? — 4)b?> = 0 (mod 8). Thus, ¢ — (p? — 4)b?
c? 4 3b% (mod 8). But ¢ + 3b> = 0 (mod 8) if and only if either ¢2,b?
0 (mod 8) or ¢?,b? =4 (mod 8). We conclude that either ¢,b = 0,4 (mod 8)
or ¢,b=2,6 (mod 8), i.e., c and b are even. =

REMARK 3.7. If p is even, the conclusion of Lemma [3.6] is not true.
Indeed, for k = 4 and p = 18, the equation ¢ — (p? — 4)b> = 4¥ becomes
c? —26.5p2 = 28. We deduce that 23 |c. Let ¢ = 23¢;. Then the equation
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c? — 25 . 5% = 2% becomes ¢ — 5b? = 4. It is clear that (c1,b) = (3,1) is a
solution and b is odd.

COROLLARY 3.8. Let k > 1 be an integer. Then all integer solutions
(c,b) of the equation ¢ — (p?> — 4)b> = 4% for |p| > 2 with p odd are
(£2F 1w, 228" 1u,,) with n € Z.

Proof. By induction using Lemmas and .
THEOREM 3.9. All integer solutions (c,d) of ¢ — (p*> — 4)b> = 1 for

Ip| > 2 are (£vom /2, £uam/2) if p is even, and (£vsm /2, tusm/2) if p is
odd, where m € Z.

Proof. Assume that ¢ — (p? — 4)b? = 1. Then (2¢)? — (p? — 4)(2b)? = 4.
Thus, we deduce from Lemma [3.5| that (2c, 2b) = (+vy,, +u,) with n € Z. It
is easy to see that

o If p is even: v, is always even and 2|u, < 2|n, so n = 2m for some
m € Z.
e If pisodd: 2|u, & 3|n < 2|v,, and so n = 3m for m € Z.

Hence, (¢, b) = (Fvam/2, £uam/2) if p is even, and (¢, b) = (L3, /2, usm/2)
if p is odd.
The converse is obvious by (2.9)). =

THEOREM 3.10. If n # 0 is an integer and |p| > 2, then all integer

solutions (x,y) of the equation x> — vpxy + y* = u2 are £(Upym,um) and

+(Um—n, Um ), where m € Z. If n =0, the solutions are (x,z) with x € Z.
Proof. Assume that 22 — v,xy + y? = u2 with n # 0. Then
(22 — vay)® — (v} — 4)y* = 4duy.
Using we obtain
(3.3) (22 — vay)® — (p° — Duy® = duy;

we deduce that u, | (22 — v,y); consequently,
2
By = (P) -0 -
n
20 — vy 2
(Zt) o = 10— 12)

Unp,

2x — vpy 2x — vpy
<" py> <" +py> =4(1-y°).
Uy, Up

We see that (2z — v,y)/u, + py is even. Thus, taking

1<2xvny ) T+ Up_1Y
a=g|\ =ty )=—

20 — vy

and b=y,

n n
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and using (2.3) and (2.4]), we find that
2? — vy +y?
u? B
As in the proof of Theorem for the “+ 7 sign we obtain
1 K\p! +Vp? - 4>m B (Ip\ — - 4)’”]
Vp?—4 2 2
e If p > 0, then y = b = w,,. Let us find the values of z. From (/1.6 and
(2.11)) we get

a? — pab+ b? = 1.

22 — vy TUy, + u?n = u%,
u? — vpU +ul =u?
n+m nUn+mUm Uy, = Up-

By subtracting we find

(T = Ungm ) (T + Upgm — Vnlly) = 0.

Thus,
T =1Up+m O T = —Untm T Unlm = —Untm T (Un-l—m - un—m) = —Un—m-
Hence, (z,Yy) = (Untm, Um) OF (Um—n, U ).
o If p <0, then y = b = (—1)"*u,,. From (1.6) and (2.11)) we get
{x2 — (=)™ o, zupy, +u2, = u,
2
us .

2 2
Uptm — UnUntmUm + Uy, =
By subtracting we find
2 _ .2 1
2 — i — Ut (1) 2 — wpgm) = 0.

x If m is even, we obtain

(T 4+ Unpm ) (T — Uppm + Vptiyy,) = 0.

Thus,
T = —Uptm O T = Uptm — UnUm = Un+m — (Un+m - unfm) = Up—m-
Hence, (2,Y) = —(Untm, Um) OF —(Um—n, U )-

x If m is odd, we obtain

(T = Unpm ) (T + Unpm — Vi) = 0.
Thus,

T =1Uptm OF T = —Uptm + Uplm = —Uptm + (uner - Unfm) = —Up—m-

Hence, (z,y) = (Un+m, Um) OF (Upm—n, Up). Proceeding in the same way for
the “—7 sign, we find that all solutions are (U4, U ) and £(Upm—n, U ).
Conversely, replacing in (2.11) n by n+ k and m by m — k for k € Z, we

obtain

2 2 2
Un+m — UnUn4+mUm + U = Up,
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which means that =+(up4m,un) are solutions of (1.6]). Also, replacing in
(2.11)) n by —n 4+ k and m by m — k for k € Z, we obtain

2 2 2
Up—n — UnUm—nUm + Uy, = Uy,

which means that 4(u;,—p, un,) are solutions of .

If n = 0, the equation becomes x? — 22y + y? = 0 and the solutions are
(x,z) withz € Z. »

THEOREM 3.11. If n # 0 is an integer and |p| > 2, then all integer
solutions (x,y) of the equation x> — (p> — Hupxy — (p? — 4)y? = 1 are
F(V(2k41)n/Vn, U2kn/Vn) and £(—=v(ak—1)n/Vn, U2kn/Vn) with k € Z. If n =0,
the solutions are (tvom /2, Tugym/2) if p is even, and (£vsy, /2, tugm/2) if
p 1s odd, with m € Z.

Proof. Assume that 22 — (p? —4)u,zy — (p?> —4)y? = 1 with n # 0. Then,
multiplying both sides of the equation by v2, we find

(vn2)? = (p° = 4)un () (vpy) — (p° = 4)(vny)® = 07,
It follows from Theorem [B.-1] that

(VnZ, VnY) = £(Vntm, Um) OF £(—Vp—m, Unm)-

Relation (1.13)) tells us that v, | u, if and only if m = 2kn for some k € Z.
Thus, we obtain

(7,y) = £(V@k+1)n/Vn> U2kn/Vn) OF £(—V(2k—1)n/Vn, U2kn/Vn)-
Conversely, replacing in (2.10) n by n+k and m by 2nk —k for k € Z, we see
that £ (v(2k41)n/Vn, Uzkn/vn) are solutions of (1.7). Also, replacing in ([2.10)

n by n+k and m by —2nk—Fk for k € Z, we see that +(—v(ox_1)n/Vn, U2kn/n
are solutions of .

If n = 0, the equation becomes 22— (p?—4)y? = 1 and, from Theorem 3.9
the solutions are (Fwva,/2, Tugy,/2) if p is even and (Fvs,, /2, tusm,/2) if p
is odd. m

THEOREM 3.12. If n # 0 is an integer and |p| > 2, then all integer
solutions (x,y) of the equation x> —v,xy+y* =1 are F(U(kt1)n/ Un, Ukn/Un)
and £ (U(k—1yn/Un, Ukn/un) with k € Z. If n = 0, the solutions are (r £ 1,7)
where r € Z.

Proof. Assume that 22 — v,zy + y? = 1 with n # 0. Then, multiplying
both sides of the equation by u2, we find

(unx)Q — Un(Un ) (Uny) + (Uny)2 = u727,

It follows from Theorem [B.10] that

(UnZ, uny) = E(Untm, Um) OF £(Um—n, Um)-
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Relation (1.12)) tells us that wy, | uy, if and only if m = kn for some k € Z.
Thus, we obtain

(7,y) = £(U(pg1)n/Un;s Ukn/Un) OF £(U(p_1)n/Un;s Ukn/Un)-
Conversely, replacing in n by n+k and m by kn —k for k € Z, we see
that £ (w(k41)n/Un, Ukn/un) are solutions of . Also, replacing in (2.11)
n by n+k and m by —kn —k for k € Z, we see that +(u_1)n/tn, Ukn/Un
are solutions of .

If n = 0, we know that vg = 2. Thus, the equation becomes (z —y)? =1
and the solutions are (r £ 1,7) where r € Z. m

THEOREM 3.13. Ifn # 0 is an integer and |p| > 2, then all integer solu-
tions (x,y) of the equation x> —vopxy+y? = u are (U (k+1)n/Vns U2kn/Vn)
and +(Ug(k—1yn/Vn, U2kn/Vn) with k € Z. If n = 0, the solutions are (r,7)

where r € 7.

Proof. For a = (p++/p? —4)/2 and o = (p — \/p?* — 4)/2, we have the

well known Binet formulas u,, = (o — ")/(a— ) and v, = " + ™. Thus,
we see that

vty = (@ + B")(a" = ") /(a — B) = uzn.

Assume that 22 — vo,zy +y? = u2 with n # 0. Then, multiplying both sides
of the equation by v2, we find

(Unx)2 - v2n(vnx)(vny) + ('Uny)Q = u%n
It follows from Theorem [B.10] that
(Un2, UpYy) = £(U2ntm, Um) OF £ (Um—2n, Um)-

Relation (|1.13]) tells us that vy, | uy, if and only if m = 2kn for some k € Z.
Thus, we obtain

($7 y) = i(u2(k+1)n/vn7 Uan/Un) or i(“Q(k—l)n/Um u2kn/vn)'

Conversely, replacing in (2.11)) n by 2n+k and m by 2kn—k for k € Z, we see
that £ (ua(rq-1)n/Vn, U2kn/vn) are solutions of (1.9). Also, replacing in (2.11)

n by 2n+k and m by —2kn—k for k € Z, we see that +(ug(x—1)n/Vn, U2kn/Vn
are solutions of .

If n = 0, we know that up = 0 and vy = 2. Thus, the equation becomes
(x —y)? = 0 and the solutions are (r,7) where 7 € Z. =

THEOREM 3.14. Ifn # 0 is an integer and |p| > 2, then all integer solu-
tions (x,y) of the equation 1* — vonxy +y* = v} are £(U(giayn/Un, Ukn/Un)
and £ (U(k—2)n/Un, Ukn/un) with k € Z. If n = 0, the solutions are (r +2,7)

where r € 7.
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Proof. Assume that 22 — vo,2y + y? = v2 with n # 0. Multiplying both
sides of the equation by u2 and using the fact that v,u, = us,, we find

(unm)2 - in(unx) (uny) + (uny)2 = u%n

It follows from Theorem [3.10| that

(Unxa uny) = :t(UZn—Q—m; um) or :l:(um—Zn’ um)

Relation ([1.12)) tells us that w,, | uy, if and only if m = kn for some k € Z.
Thus, we obtain

($’ y) = i(u(k+2)n/un’ ukn/un) or i(u(ku)n/unv ukn/un)
Conversely, replacing in (2.11)) n by 2n+k and m by kn—k for k € Z, we see

that (v 2)n/Un, Ukn/un) are solutions of (1.10). Also, replacing in (2.11])
n by 2n+k and m by —kn —k for k € Z, we see that £ (u(y_2)yn/Un, Ugn/Un

are solutions of (1.10)).

If n = 0, we know that vy = 2. Thus, the equation becomes (z —y)? = 4
and the solutions are (r £2,r) where r € Z. u

THEOREM 3.15. Let k > 0 be an integer. Then all integer solutions (x,y)
of the equation x® —pxy+y* = 4* for |p| > 2 and p odd are £(2F w11, 2%u,)
with m € Z.

Proof. From the proof of Theorem we get
4(z® = pry +y?) = & — (p° — 47,
where b = y and ¢ = 2z — py. Thus
22 —pry+t =48 o 2 — (p? - 4)p? =4+
It follows from Corollarythat (c,b) = (£2%v,,, £2%u,) with n € Z. Using

the identities 2u, 11 = pup+v, and 2u,_1 = pu, —vy, which come from ([2.1)),
it is seen that (z,y) = +(2*um+1, 2¥u,,). The converse is obvious by (2.4). =
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