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Abstract. We show that in dimension n > 4 the class of simple conformally recurrent
space-times coincides with the class of conformally recurrent pp-waves.

1. Introduction. Riemannian manifolds with recurrent Weyl tensor
(conformally recurrent manifolds) were introduced by Adati and Miyaza-
wa [1] and subsequently extended to pseudo-Riemannian manifolds by Der-
dzinski [7], Roter [31L, 32, 33| 34], and Suh and Kwon [38], and to Lorentzian
manifolds (space-times) by Mc Lenaghan et al. [24, 25], Hall [15] 16], and De
and Mantica [5]. In a recent study [211 22] of conformally recurrent pseudo-
Riemannian and Lorentzian manifolds in dimension n > 5, the authors
showed that the Ricci tensor has at most two different eigenvalues, with
restrictions on the metric structure, and gave an explicit representation of
the Weyl tensor as a Kulkarni-Nomizu product.

A pseudo-Riemannian manifold of dimension n > 4 is conformally re-
current if the Weyl curvature tensor @ is everywhere non-zero and satisfies
the condition
(1.1) ViCikim = & Cjkim
where «; is a non-zero 1-form named recurrence vector.

The natural question arises whether the recurrent vector may be locally

cancelled by a conformal transformation. This “simple” case was investi-
gated by Roter [311 [34].
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DEFINITION 1.1 (Roter). A conformally recurrent manifold (.#,g) is
simple if the metric is locally conformal to a conformally symmetric metric,
i.e. at each point x € .# there exist a neighbourhood U, and a scalar

function o on U, such that g;; = gij€*° and V; }klm =0 on U,.

The main result of this work is the statement that such spaces, with a
Lorentzian metric, coincide with (conformally recurrent) pp-wave Lorentzian
space-times.

pp-waves are important in general relativity (see for example [19] and
references therein). They were studied in n > 4 by Schimming [36], and ap-
pear in Kaluza—Klein theories and in string theory. In the literature (see for
example [27]), pp-wave space-times are identified with Brinkmann waves, i.e.
space-times equipped with a null covariantly constant vector field, X*X; = 0,
V;X, = 0 []. Here we conform to the more restrictive definition used in
[36, 9], 17, [18]:

DEFINITION 1.2. A pp-wave is a Brinkmann wave whose Riemann tensor
satisfies the condition R;3P!Ryq1, = 0.

The organization of the paper is the following. In Section 2 we present
preliminary material about simple conformally recurrent pseudo-Rieman-
nian manifolds and pp-wave space-times. In Section 3 we prove that in di-
mension n > 4 a conformally recurrent pp-wave space-time is a simple con-
formally recurrent Lorentzian manifold, and establish the converse implica-
tion. We obtain new curvature properties of conformally recurrent pp-waves,
such as V"V, R;; = 0. In Section 4 we show that conformally recurrent
pp-wave space-times are solutions to the extended theory of gravity with
pure radiation source.

Throughout the paper, the manifolds are assumed to be connected, Haus-
dorff, with non-degenerate metric of arbitrary signature, i.e. n-dimensional
pseudo-Riemannian manifolds. Some results are restricted to Lorentzian
manifolds (space-times), i.e. to metrics of signature n — 2.

2. Preliminary results. In this section we present preliminary mate-
rial about conformally recurrent pseudo-Riemannian manifolds, simple con-
formally recurrent manifolds, and pp-wave space-times.

A vector field belongs to the Olszak distribution [26] if

(2.1) XiCjkim + XjClitm + XpCijim = 0.

This condition was extensively studied in the geometric literature on pseudo-
Riemannian manifolds (see for example [0, 9, 10} 11]).

Contraction of with ¢ gives X"Cjgim = 0. Then, contraction
with X* gives X' X;Cjim = 0. If the Weyl tensor is non-zero, the Olszak
distribution consists of null vectors, X*X; = 0.
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LEMMA 2.1. On an n-dimensional Lorentzian manifold with everywhere
non-zero Weyl curvature, the Olszak distribution is one-dimensional.

Proof. Suppose that, besides X;, there exists another covector Y; satis-
fying . Then also X; +Y; belongs to the Olszak distribution, X*X; = 0,
Y?; = 0 and X;Y? = 0. On a Lorentzian manifold, two null orthogonal
vectors must be collinear, Y; = pX; [35]. =

The following general identity holds for the Weyl tensor on a pseudo-
Riemannian manifold [1, eq. 3.8]:

1
(2.2) ViCjklm + VjC;m-lm + chijlm = n—_gvp[é;ﬁc*kup
+ 0, Ciji? + 6" Cia? + g Cyi"™ + guCr;™" + g Cir™"].

PROPOSITION 2.2 (Adati and Myazawa [I]). Let (4, g) be a conformally
recurrent pseudo-Riemannian manifold of dimension n > 4. Then:
(1) ViCi™ = 0 if and only if o; belongs to the Olszak distribution;
(2) if ViCjp™ =0, then the recurrent covector is null, o*a; = 0.

Proof. Obviously V,,,Cj™ = 0 if and only if a;,,Cj™ = 0. The van-
ishing of the right hand side of (2.2)) and recurrence imply that «; belongs

to the Olszak distribution. Conversely, we have a'c;Cjrm = 0, i.e. either
OtZOéi =0or Cjklm =0. =
THEOREM 2.3 (Roter [31), 34]). A pseudo-Riemannian manifold .# of

dimension n > 4 is simple conformally recurrent if and only if:

(1) Cjrim # 0 everywhere on A
(2) ViCikim = ®;Cjgim, with recurrence 1-form o that is locally a gradient,
(3) the Ricci tensor is a Codazzi tensor, ViRj = V;Ry.

Contraction of the Codazzi property with the metric tensor gives
ViR =0, where R is the scalar curvature. Moreover, we have:

PRrOPOSITION 2.4 (Roter [31]). On a non-locally symmetric simple con-
formally recurrent manifold, R = 0.

ProposITION 2.5 (Roter [34, Lemma 12]). If the Ricci tensor of a
non-locally symmetric simple conformally recurrent manifold has the form
R;; = *d;d;, then
(2.3) d;Cjkim + djClitm + diClijim = 0,

(2.4) d; Rjkim + dj Riiim + dipRijim = 0.
PropPOSITION 2.6 (Roter [34, Theorem 1]). Every simple conformally

recurrent Lorentzian manifold is Ricci-recurrent, i.e. there exists a non-zero
covector field w; such that ViRj = wipRy.
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Brinkmann and pp-wave space-times arise in the presence of a null co-
variantly constant vector field. They are special cases of Lorentzian mani-
folds with a recurrent null vector field, which have been studied for a long
time (see for example [39, 4] [36], 17, [18]). A characterization of the metric
through a set of canonical coordinates was obtained by Walker [39]. We
recall Proposition 1 of [18]:

PROPOSITION 2.7. Let (#,g) be a Lorentzian manifold of dimension
n=d+ 2> 2 with a recurrent null vector field, X*X}, = 0, Vi X; = ppX;.

(1) There exist coordinates (u,x', ..., x% v) in which the metric has the local

exPTession
d d
ds® = 2dudv+ H (u, 7, v)du2+z a,(u, Z)dudx” + Z 9y (0, T)dztdz”,
p=1 p,v=1
where gy, and a, are independent of the coordinate v, and H is a smooth
function. We refer to such coordinates as Walker coordinates.

(2) Vi X; =0 if and only if H does not depend on v. We refer to such coor-
dinates as Brinkmann coordinates, and to the manifold as a Brinkmann
wave (space-time) [4].

A pp-wave is a Brinkmann wave with some restrictions. Schimming [36]

gave the following coordinate characterization (see also [19, 17, [1§]):

PROPOSITION 2.8 (Schimming [36]). A Lorentzian manifold of dimen-
sion d+2 > 2 is a pp-wave if and only if there exist coordinates (u,Z,v) in
which the metric has the following local expression:

d
(2.5) ds® = 2dudv + H(Z,u)du® +»_ da**?
p=1
where H(Z,u) is a smooth function independent of v, usually called the po-
tential function of the pp-wave.

The expression of the metric yields the Ricci tensor of a pp-wave:

1\ 0%H
2. = (2, u) Xp X ru) =—— —
(2.6) Ry = ¢(%,u) Xp Xy, (7, u) 2;:1: 92
where X = Vjiu is a covariantly constant null vector (Xka = 0,

V; Xy = 0) [28]. It follows that the scalar curvature is zero, R = 0.

REMARK 2.9. A metric such that Ry = ¥ X X; with a null recurrent
covector is called a pure radiation metric with parallel rays, or aligned pure
radiation metric [20].

PROPOSITION 2.10 (Schimming [36], see also [19} [17,[I8]). A Lorentzian
manifold of dimension d + 2 > 2 with covariantly constant null vector field
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(i.e. a Brinkmann wave) is a pp-wave if and only if one of the following
conditions is satisfied:

(2.7) XiRjrim + XjRyitm + XpRijim = 0;
(2.8) Rijkim = XjXm Dy — X XDy — Xp X Dji + Xp XiDjm;
(29) Rpjquplmq = XX]XleXm

Here D;j is a symmetric tensor and x is a suitable scalar function.

A contraction recovers the form of the Ricci tensor of a pp-wave, Ry =
X1 X;. Leistner and Nurowski [19] showed that in dimension d+ 2 = 4 the
conditions are equivalent to R;xP Ry = 0.

REMARK 2.11. It is worth noting that for a Ricci tensor of the form
(2.6) we have
(2.10)  X;Cirim + XjCritm + XiCijim = XiRjrim + XjRiitm + X Rijim-

Contraction with gim and the equality R;; = »X;X; imply X" Cjp =
X" Rikim.

For a pp-wave, by , we have X;Cjxim + X;Critm + XiCijim = 0, and
50 X" Cjgim = X" Rjgim = 0.

3. Simple conformally recurrent Lorentzian manifolds and pp-
waves. In this section we obtain two results. First we show, in several steps,
that a conformally recurrent pp-wave space-time is a simple conformally
recurrent space-time. Next, we show that a simple conformally recurrent
space-time is a pp-wave space-time. Finally, some curvature properties of
conformally recurrent pp-wave space-times are presented, as well as some
technical results.

LEMMA 3.1. On a pp-wave space-time of dimension n > 4, the Ricci
tensor:

(1) is recurrent with a closed recurrence 1-form,
(2) satisfies [V, V] Ry =0,

(3) satisfies

n—3
n—2
where V? = Vi V*. In particular, V?>Ry; = 0 if and only if VijC’jklm
=0.

Proof. In a coordinate system with (2.5)) one has V Ry = (V;9) X, X; =
(V;log|v¥|)Ri;. From this we infer [V;, V] Ry = 0, i.e. a pp-wave space-time
is Ricci semi-symmetric [30].

V2R

(3.1) Vjvajklm = —
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The divergence of the Weyl tensor has the general expression

3.2) V. Ciu™

n—3 n—3
= 5 (ViRj = V;Ru) + 30— 1)(n —2) (9 ViR — gjiViR).
A further covariant divergence gives
2
P R—— :_n—?) 9 _gkgVR_ 4 j n—3
VIN"Ckim — V“Ry 2n—1) [V, ViR | + 72(n_1)VleR.

Ricci semi-symmetry and the property R = 0 give (3.1)). =

LEMMA 3.2 (see [2I] and [23, Theorem 6.1]). A pp-wave space-time of
dimension d + 2 > 4 with the metric (2.5)) satisfies V,,Cji™ = 0 if and
only if Vi = AXj.

Proof. For a pp-wave space-time we have V,;Ry = (V;¢)X,X; and

R =0. (3.2) becomes

_3
(3.3) VO™ = =

(V)X = (V) Xp] X

It follows that V,,Cji™ = 0 if and only if (Vi) X; = (V;9) X}, which is
equivalent to the condition Vi) = A X}, for some scalar function A. =

REMARK 3.3. For a pp-wave the condition V,,Cj1;"™ = 0 is equivalent to
ViR = V;Ry, i.e. to the Ricci tensor being a Codazzi tensor. This follows

from (3.2) and R = 0.

PROPOSITION 3.4. Let (#,g) be a pp-wave space-time of dimension
d+ 2 > 4 with the metric (2.5). If ¥ = —% zzl 82H/8x2 only depends
on u, then V?Ry; = 0.

Proof. If ¢ = 1p(u) we have Vb = Optp(u) = ¢'(u) Xy, and V,, Cjiy™ = 0
by the previous lemma. Therefore ViR;; = /X, X;X; and VzRij =
V(W) X*XpX;X;=0. u

Galaev [12] classified the indecomposable conformally recurrent Lorentz-
ian manifolds. He showed that either the manifold is conformally flat, or
ViRjkim = 0, or it is a pp-wave. Then he found all pp-wave potential func-
tions H(Z,u) such that the Weyl tensor in the metric (2.5 is recurrent,

ViCjkim = @;Cjkim. The potential solves the following system of d+ 1 equa-
tions:

(3.4) (g —0p) 2, =0 (p=1,...,d),
(3.5) (0w — 0y) 824, =0,

where £2,,, = 8,0,H — 16, >0 agH (u,v=1,...,d).



CONFORMALLY RECURRENT SPACE-TIMES 15

Let 2% = Z“V(QM,,)Q. In an open set O C .# where 2% # 0 the
equations give o, = %8u log 22 and o, = %0u log £22. The potential for
which the metric (2.5)) is conformally recurrent turns out to be

(3.6) Zx F(u)\2]

with functions a(u), F'(u) and real numbers Ay + - -- 4+ Ay = 0. Correspond-
ingly, ¥(Z,u) = —na(u), and since it only depends on u, we conclude that
for conformally recurrent pp-waves the divergence of the conformal tensor
vanishes:

PRrROPOSITION 3.5. On a conformally recurrent pp-wave space-time with
the metric (2.5)), we have V,,,Cjp™ = 0; moreover, there exists a domain O
where the recurrence covector is a gradient.

The recurrence 1-form «; being closed, it follows that [V, Vg|Cikim =
0, i.e. the manifold is Weyl semi-symmetric [8]. Moreover, as [V;, V;] Ry,
= 0, the manifold is also semi-symmetric, [V, Vg|Rjgim = 0.

Now, from Proposition [3.5] Remark [3.3] and Theorem 2.3 we have:

THEOREM 3.6. In n > 4 any conformally recurrent pp-wave space-time
is a simple conformally recurrent Lorentzian manifold.

Some further properties of conformally recurrent pp-wave space-times
are collected here:

PROPOSITION 3.7. For a conformally recurrent pp-wave space-time:

(1) the recurrence covector a; is null and collinear with the covariantly con-
stant covector X; = V;u;
(2) the recurrence covector is recurrent with closed recurrence 1-form.

Proof. From Propositions 3.5 and 2.2 we get a;Cjkim +0ajCritm +kCijim
= (0, i.e. the recurrence covector of a conformally recurrent pp-wave space-
time belongs to the Olszak distribution. In view of Remark for a
pp-wave space-time, X; also belongs to the Olszak distribution; then, by
Lemma a; = pX;. Taking the covariant derivative, we see that V;a; =
(Vi) X; = (Vjlog|u|)o; = gjay (i.e. the recurrence vector is itself recurrent,
with closed recurrence 1-form). m

PROPOSITION 3.8. Let (#,g) be a pp-wave space-time of dimension
d+2 > 4 with the metric (2.5). Then there exists a coordinate domain O in
M where VQCjklm =0 and Vszklm =0.

Proof. From the closedness condition V;o; = V;a; we infer ¢;a; = gjay,
so that ¢; = pa; and the recurrence 1-form o satisfies V;a; = pa;o; and
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Via; = 0. Thus, since a’a; = 0, we have aiViC’jklm = 0, and consequently
V'ViCikim = V' (iCjrim) = (V') Cirim + o' (ViClpm) = 0.
Moreover, ViV; Ry = 0 so that ViViRjklm =0.u

Now we consider an n-dimensional Lorentzian simple conformally recur-
rent manifold and show that it is a conformally recurrent pp-wave space-
time.

THEOREM 3.9. Let (#,g) be a Lorentzian simple conformally recurrent
manifold of dimension n > 4. Then there exists a coordinate domain O in
M where the manifold is a pp-wave space-time.

Proof. From Theorem and Proposition we have V,,Cju™ =
0 so that a"Cjryn = 0 and ;Cjpim + Critm + arCijim = 0. Taking
the covariant derivative, we get (Vpa;)Cjkim + (Vpaj) Critm + (Vpar)Cijim
= 0. Since in a Lorentzian manifold the Olszak distribution is one-dimen-
sional (Lemma , this implies proportionality, V;a; = p;a; for some
1-form p;.

Proposition [2.6] states that a simple conformally recurrent Lorentzian
manifold is Ricci recurrent, i.e. ViRj = wiRj for some 1-form wy. Fur-
thermore, by Theorem the Ricci tensor is Codazzi, Vi Rj; = V;Ry.
Then

(37) ijkl = Wkle'
Contraction with g/! gives w'Ry; = 0 because R = 0 (Theorem 2.3). Thus
on multiplying (3.7) by wy it follows that (wfwg)Rj = 0, i.e. wy is a null

vector.

Let 6% be a vector such that 6%w, = 1. Equation (3.7) gives Rj =
wjﬁkRkl, and by symmetry ijkRkl = wlﬁkRkj. Thus /Ry = wl(HkHJRkj),
from which we finally get

(3.8) Rij = wiw;
where ¢ = §™m§7 R,,; is a scalar function.

Let d = ¢/|¢| and d; = wj/[¢|. Then R;; = dd;d; with d*dy = 0.

By Proposition equations (2.3) and ({2.4]) are recovered. In this way the
vector d; belongs to the one-dimensional Olszak distribution; thus d; = eq;

and the Ricci tensor takes the form Rj; = ¢a;oq. Furthermore, from
(3.9) @ Rjkim + o Riiim + @ Rijim = 0,

Remark gives o' Ry, = 0. Taking the covariant derivative of Vo =
proy and using skew symmetrization, we obtain o Rjkim = (Vjpr—Vipj) oy
= 0. Thus the covector p; is locally a gradient, i.e. there exists a coordinate
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domain O of (.#, g) where p; = V;n. The covector &; = aje™" is covariantly
constant (Via; = 0). Equation (3.9)) with &; is Schimming’s condition ([2.7)
for the manifold to be locally a pp-wave space-time. =

4. Some consequences for extended theories of gravitation. We
derive some consequences for extended theories of gravitation in dimensions
n > 4. Since for a pp-wave the scalar curvature is zero, a pp-wave solves
Einstein’s field equations (in natural units)

Rij — 3Rgi; = 87T
with a pure radiation source, Tj; = ®%k;k;, where k;k' = 0 [37, eq. 5.8].

Generic theories of gravitation modify Einstein’s theory at short dis-
tances by expressing the action integral with zero source as a power series

4.1) I=|dwy= [ — 2Ao + aR? + Ry RY
+ Y(Rjpim RM™ — AR % + R?) + )~ Cp(Riem, Ric, VRiem, ... )}
p>2

where «, 3, v, C) are parameters provided by some microscopic theory such
as string theory. The quadratic part represents “quadratic gravity” (Weyl-
Eddington terms), and the terms of higher order are contracted products
of the Riemann tensor and its derivatives. Such corrections scale as powers
of {p/L, where ¢p is Planck’s length and L is a typical length for the varia-
tion of the metric [40], and could be significant in the early evolution of the
universe.

The field equations of the full theory are complicated; nevertheless Giir-
ses et al. [14] proved that for pp-wave metrics the field equations with
cosmological constant Ag = 0 may be written as

(4.2) [ap + a1V2 + a2(v2)2 +--]Rk=0

where a; are constants depending on «, 3,7, Cp. If V2R = 0 the equation
reduces to agRy; = 0, with the vacuum solution. In the same paper the
authors noted that for pp-waves with V2R = 0 the field equations may
include a pure radiation source:

(43) CLORM = Ty,.

It is thus of interest to find non-vacuum pp-wave solutions. According to
Proposition if ¢ = —% ZZ:1 OgH depends only on u, then V2Ry,; = 0.

ProrosITION 4.1. Let (// g) be a pp-wave space-time of dimension
d+ 2 > 4 with the metric ). If Zp 1 pH depends only on u, then the

metric solves the field equatzons of the generic theory of gravitation with
pure radiation source.
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We give two examples where V2R = 0:

(1) The pp-wave metric is conformally recurrent, with potential H given by

().

(2) The pp-wave metric is two-symmetric, i.e. Vp ViR = 0. This occurs
if and only if the potential function of the pp-wave has the form

d
(4.4) H(Zu) = Y (uaudpy + by )z
pr=1
where 0 < a; < --- < aq and by, = by, are real numbers [2, 3] 13]. One
evaluates ¥(u) = —Zizl(ua“ + buyu). Thus for two-symmetric pp-wave

space-times the divergence of the conformal tensor vanishes, and as one
may directly calculate, V2R = 0.
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