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Abstract. For an arbitrary nondegenerate curve in a pseudo-Riemannian (including
Riemannian) 2-manifold, we express the equi-affine curvature with the help of the Frenet
(geodesic) curvature of this curve.

1. Introduction. The Frenet (geodesic) and the equi-affine curvatures
of curves (mainly, in the Euclidean or affine plane) play a fundamental
role and have important applications in analytic, geometric, technical and
biological investigations. Recent studies concern e.g. affine plane curves,
affinely invariant numerical approximations, geometric approximation of
curves and the study of the arm movements of humans and other primates
[4, 6, 8, 9, 18].

It is a natural question to find relations between the Frenet (geodesic)
curvature and the equi-affine curvature of a nondegenerate curve in an arbi-
trary pseudo-Riemannian (including Riemannian) 2-manifold. In the present
paper, our goal is to establish a precise relation between those curvatures.
Our result generalizes certain partial results known in the case of curves in
the Euclidean plane [8, 9, 18]. From our formula, it can be seen that constant
Frenet curvature implies constant equi-affine curvature. We also provide ex-
amples of curves with nonconstant Frenet curvature and constant equi-affine
curvature in certain Riemannian and Lorentzian 2-manifolds. But first, fol-
lowing the classical ideas, we arrive at formulas for the equi-affine curvature
in an arbitrary equi-affine 2-manifold, and for the Frenet curvature in an
arbitrary pseudo-Riemannian 2-manifold.
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2. Curves in equi-affine 2-manifolds. In this section, following the
classical books [2, 3, 11, 16] and certain recent papers [7, 14], we present the
notion of the equi-affine curvature of a curve in an arbitrary 2-dimensional
equi-affine manifold.

Let (M2,∇, Ω) be an equi-affine 2-manifold, that is, M2 is a connected,
2-dimensional differentiable manifold endowed with a symmetric affine con-
nection ∇ and a volume form Ω, which is parallel with respect to ∇ (for this
notion, see e.g. [16]).

By a nondegenerate curve in (M2,∇, Ω), we mean a (smooth) mapping
α : I → M2, I being an open interval, such that Ω(α′(t), (∇α′α′)(t)) 6= 0
for any t ∈ I. Sign(Ω(α′,∇α′α′)) (= ±1) is the orientation of the frame
(α′,∇α′α′) with respect to the volume form Ω.

Let α : I → M2 be a nondegenerate curve in an equi-affine 2-manifold
(M2,∇, Ω). Let h : I → J , J being an open interval, be a smooth function
onto J such that h′ 6= 0 for any t ∈ I. Consider the reparametrization
α : J →M2 of the curve α defined by α = α ◦ h. Denote the new parameter
by σ and write σ(t) instead of h(t). Then α′(t) = α′(σ(t))σ′(t). Omitting
the argument t, we can write

Ω(α′,∇α′α′) = σ ′ 3(Ω(α′,∇α′α′)) ◦ σ.

Let us call the new parameter σ the equi-affine arclength parameter if
Ω(α′,∇α′α′) = 1. It is obvious that this condition holds if and only if

σ′ = 3
√
Ω(α′,∇α′α′).

The equi-affine arclength parameter σ starting at t0 ∈ I is

σ(t) =

t�

t0

3
√
Ω(α′(u), (∇α′α′)(u)) du, t ∈ I.

In what follows, α : J → M2 denotes an equi-affine arclength parame-
terizaton of α. Since Ω(α′,∇α′α′) = 1, one has Ω(α′,∇2

α′α′) = 0, where
∇2
α′α′ = ∇α′(∇α′α′). Therefore, ∇2

α′α′ and α′ are linearly dependent along
the curve. The function κa on J such that

∇2
α′α′ = −κaα′(1)

is said to be the equi-affine curvature of the curve α. Here κa can be calcu-
lated in the following way:

κa = Ω(∇α′α′,∇2
α′α′).

Now, returning to the arbitrary parametrization α : I → M2, consider
two auxiliary functions µ and ψ defined on I by

µ = σ′ = 3
√
Ω(α′,∇α′α′), ψ = µ−1.
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Define the Cartan moving frame (e1, e2) and the equi-affine curvature κa of
the curve α by

e1 = α′ ◦ σ, e2 = (∇α′α′) ◦ σ, κa = κa ◦ σ.
By direct calculations, we find that

∇α′e1 = ∇α′(α′ ◦ σ) = σ′((∇α′α′) ◦ σ) = µe2,

∇α′e2 = ∇α′((∇α′α′) ◦ σ) = σ′((∇2
α′α′) ◦ σ)

= σ′((−κaα′) ◦ σ) = −σ′(κa ◦ σ)(α′ ◦ σ) = −µκae1,
where we have also applied (1).

Thus, the equi-affine Frenet type formulas for the curve α are

(2) ∇α′e1 = µe2, ∇α′e2 = −µκae1.
Since Ω(e1, e2) = 1, using the second formula of (2) we conclude that

κa = ψΩ(e2,∇α′e2).(3)

Now, we are going to find an explicit formula for the curvature κa.
First, having (2), we find

e1 = ψα′, e2 = ψ∇α′e1 = ψψ′α′ + ψ2∇α′α′.(4)

Next, by covariant differentiation along the curve, we get

(5) ∇α′e2 = (ψ ′ 2 + ψψ ′′)α′ + 3ψψ′∇α′α′ + ψ2∇2
α′α′.

On the other hand, applying (4) and (5) to (3), we obtain

κa = (2ψ3ψ ′ 2 − ψ4ψ ′′)Ω(α′,∇α′α′)(6)

+ ψ4ψ′Ω(α′,∇2
α′α′) + ψ5Ω(∇α′α′,∇2

α′α′).

But ψ3Ω(α′,∇α′α′) = 1, and consequently ψ4Ω(α′,∇2
α′α′) = −3ψ′. The last

two equalities turn formula (6) into

κa = −ψ ′ 2 − ψψ ′′ + ψ5Ω(∇α′α′,∇2
α′α′).

Thus, we can state the following theorem.

Theorem 1. The equi-affine curvature κa of a curve in an equi-affine
2-manifold is given by the formula

κa = − 1
2(ψ

2)′′ + ψ5Ω(∇α′α′,∇2
α′α′).(7)

The second equi-affine Frenet type equation (2), with the aid of (4)
and (5), leads to the following theorem.

Theorem 2. The equi-affine curvature κa of a curve in an equi-affine
2-manifold satisfies the differential equation

ψ2∇2
α′α′ + 3ψψ′∇α′α′ + (ψ ′ 2 + ψψ ′′ + κa)α

′ = 0.

As a consequence of Theorem 2, we obtain



106 K. OLSZAK AND Z. OLSZAK

Corollary 1. If ψ = const (equivalently, µ = const), then the equi-
affine curvature κa of a curve in an equi-affine 2-manifold satisfies the dif-
ferential equation

ψ2∇2
α′α′ + κaα

′ = 0.

3. Pseudo-Riemannian 2-manifolds. Let (M2, g) be a pseudo-Rie-
mannian 2-manifold. For our purposes, we always assume that (M2, g) is
connected and oriented. Assign a parameter ω (= ±1) to the metric g by
setting ω = 1 if the signature is (++) or (−−), and ω = −1 if the signature
g is (+−).

Denote by Ω the natural volume 2-form generated by the metric g, and
assume that Ω is compatible with the orientation of the manifold M2 (see
e.g. [17]). The form Ω is given locally by

Ω = 2
√
|G| dx1 ∧ dx2 =

√
|G| (dx1 ⊗ dx2 − dx2 ⊗ dx1),

where (x1, x2) are local coordinates in a chart belonging to the oriented atlas
of the manifold, and gij = g(∂/∂xi, ∂/∂xj) and G = g11g22 − g212. Note that
|G| = ωG.

For a pair of tangent vectors u, v∈TpM2, p∈M2, one has: (a) Ω(u, v) 6=0
if and only if u, v are linearly independent; (b) Ω(u, v) > 0 resp. Ω(u, v) < 0
if and only if the orientation of the frame (u, v) is positive resp. negative;
(c) Ω(u, v) = ±1 when u, v are orthonormal.

On the manifold M2, define a (1, 1)-tensor field J by

g(X, JY ) = Ω(X,Y ), X, Y ∈ X(M),(8)

X(M) being the Lie algebra of vector fields on M2. In local coordinates
(x1, x2), the defining condition takes the form gisJ

s
j = Ωij (Einstein’s sum-

mation convention is used). Therefore, J ij = gisΩsj , and consequently

J1
1 = −J2

2 = ω
g12√
|G|

, J2
1 = −ω

g11√
|G|

, J1
2 = ω

g22√
|G|

.

It is now straightforward to verify that J isJsj = −ω Id ij , that is,

J2 = −ω Id .(9)

This means that J is an almost complex structure if ω = 1, and an almost
paracomplex structure if ω = −1. The relations

Ω(X, JY ) = −g(JX, JY ) = −ωg(X,Y ), X, Y ∈ X(M),(10)

are consequences of (8) and (9). Thus, the pair (J, g) is an almost Hermi-
tian structure when ω = 1, and an almost para-Hermitian structure when
ω = −1.

In fact, the pair (J, g) becomes a Kählerian or para-Kählerian structure
on M2 according to ω = +1 or ω = −1, since in both cases, J is integrable
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and Ω is a symplectic form onM2. Thus,∇J = 0, where∇ is the Levi-Civita
connection of (M2, g). For various applications of para-Kählerian structures,
see [5, 13, 15], etc.

4. Frenet curves in pseudo-Riemannian 2-manifolds. As in the
Euclidean plane and in the Minkowski plane (cf. [1, 10, 19], etc.), we will use
the almost (para)complex structure J to define the normal vector field and
to describe the curvature of a curve on a pseudo-Riemannian 2-manifold. For
the classical method, see e.g. [12].

Let (M2, g) be a pseudo-Riemannian 2-manifold. Let α be a curve in
(M2, g), that is, a smooth mapping α : I → M2, I being an open inter-
val. We will consider only nonsingular curves, that is, curves for which
g(α′(t), α′(t)) 6= 0 for any t ∈ I. The speed function ν : I → R+ is defined
by

(11) ν(t) = |g(α′(t), α′(t))|1/2, t ∈ I,
and the arclength parameter s starting at t0 ∈ I is

s(t) =

t�

t0

ν(u) du, t ∈ I.

The curve α is called a geodesic in (M2, g) (possibly, under a suitable
changing of the parametrization) if the vector fields ∇α′α′ and α′ are linearly
dependent at each point of the curve. As is well-known, α is a geodesic if
and only if ∇α′α′ = (ν ′/ν)α′, or equivalently, Ω(α′,∇α′α′) = 0.

Along the curve α, the unit tangent vector field is defined by

T =
α′

ν
=

α′

|g(α′, α′)|1/2
.(12)

As the normal vector field along the curve α, we choose

N = −ωεJT,(13)

where ε = g(T,T) (= ±1) and J is the almost (para)complex structure de-
fined in the previous section. Using (8) and (10), we check that g(N,N)=ωε,
g(T,N) = 0, Ω(T,N) = 1. Thus, N is the unique unit vector field along the
curve which is orthogonal to T and such that the pair (T,N) is positively
oriented.

Since the vector field ∇TT is orthogonal to T at every point of the curve,
there exists a function κr on I such that

∇TT = κrN.(14)

The function κr is called the (oriented, Frenet) curvature of the curve α.
The pair (T,N) is the Frenet frame and (14) is the Frenet equation of the
curve α.
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By direct calculations, in which we use (12)–(14), we find

κr = Ω(T,∇TT) =
1

ν2
Ω

(
α′,∇α′

(
α′

ν

))
=

1

ν3
Ω(α′,∇α′α′).

Thus, we have obtained the following formula for the curvature of a Frenet
curve.

Theorem 3. The curvature of a Frenet curve in a pseudo-Riemannian
2-manifold (M2, g) is given by the formula

κr =
Ω(α′,∇α′α′)

|g(α′, α′)|3/2
= −g(∇α

′α′, Jα′)

|g(α′, α′)|3/2
,(15)

where Ω is the natural volume element on (M2, g) and J is the natural almost
(para)complex structure generated by Ω.

5. The equi-affine and Frenet curvatures. In this section, we deter-
mine a relation between the Frenet curvature and equi-affine curvature of a
curve in a pseudo-Riemannian 2-manifold.

Let (M2, g) be a pseudo-Riemannian 2-manifold. The metric g gener-
ates on M2 the equi-affine structure (∇, Ω) with ∇ being the Levi-Civita
connection and Ω the natural volume element with respect to g.

Thus, for a nondegenerate curve in (M2, g), we have (i) the equi-affine
curvature κa, which according to (7), we rewrite as

κa = −1
2

(
ψ2
)′′

+ ψ5Ω(∇α′α′,∇2
α′α′),(16)

where ψ is the auxiliary function defined by

ψ = (Ω(α′,∇α′α′))−1/3;(17)

and (ii) the Frenet curvature κr, which according to (15), we rewrite as

κr =
Ω(α′,∇α′α′)

|g(α′, α′)|3/2
.(18)

The following theorem states a relation between those curvatures.

Theorem 4. The equi-affine curvature κa and the Frenet curvature κr
of a regular curve in a pseudo-Riemannian 2-manifold (M2, g) are related by

κa =
1

9κ
8/3
r

(3ν−2κrκ
′′
r − 5ν−2κ′ 2r − 3ν−3ν ′κrκ

′
r + 9ωκ4r).(19)

Proof. First, by (18) and (11), we have

Ω(α′,∇α′α′) = ν3κr,(20)

which, applied to (17), gives

ψ = ν−1κ−1/3r ,(21)
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and hence we find that

(ψ2)′′ = (6ν−4ν ′ 2 − 2ν−3ν ′′)κ−2/3r + 8
3ν
−3ν ′κ−5/3r κ′r(22)

+ 10
9 ν
−2κr

−8/3κ′ 2r − 2
3ν
−2κ−5/3r κ′′r .

Moreover, from (12)–(14), we get

∇α′α′ = ν−1ν ′α′ − ωενκrJα′,(23)

which, by covariant differentiation and (9), gives

∇2
α′α′ = (ν−1ν ′′ − ων2κ2r)α′ − ωε(3ν ′κr + νκ′r)Jα

′.(24)

We also need the relation

Ω(α′, Jα′) = −ωg(α′, α′) = −ωεν2,(25)

which is a consequence of (10) and (11). Now, with the aid of (23)–(25)
and (20), we obtain

(26) Ω(∇α′α′,∇2
α′α′)

= ωε
(
(ν ′′ − 3ν−1ν ′ 2)κr − ν ′κ′r − ων3κ3r

)
Ω(α′, Jα′)

= (3νν ′ 2 − ν2ν ′′)κr + ν2ν ′κ′r + ων5κ3r .

Finally, applying (21), (22) and (26) to (16), we obtain formula (19).

When the curve α is parametrized by arclength (ν = 1), formula (19)
looks much simpler. Namely, we have the following theorem.

Theorem 5. The equi-affine curvature κa and the Frenet curvature κr of
a regular, arclength parametrized curve in a pseudo-Riemannian 2-manifold
(M2, g) are related by the equations

κa =
1

9κr8/3
(3κrκ

′′
r − 5κ′ 2r + 9ωκ4r)(27)

= −1

2

(
1

κ
2/3
r

)′′
+ ωκ4/3r .

Remark 1. In the case of curves in the Euclidean plane, formula (27)
has appeared in [8, (28)], [9, Remark 2.2.4], [18, Remark 6].

For a curve on a pseudo-Riemannian 2-manifold, it follows from formula
(27) that if κr is constant, then κa = ωκ

4/3
r is constant too. However, the con-

verse is not true. To see this, it suffices to recall that in the Euclidean plane
as well as in the Minkowski plane, the quadratic curves (ellipses, parabolas
and hyperbolas) do not have constant Frenet curvatures in general and have
constant equi-affine curvatures. Below, we will exhibit a class of examples of
curves with constant equi-affine and nonconstant Frenet curvatures in cer-
tain Riemannian and Lorentzian 2-manifolds different from Euclidean and
Minkowski planes.
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Examples. On the setM2 = {(x, y) ∈ R2 : x > 0}, consider the pseudo-
Riemannian metric

g = x−3(dx⊗ dx+ ωdy ⊗ dy),

where ω = ±1. The metric g is Riemannian or Lorentzian according to
whether ω = 1 or ω = −1. Its nonzero Christoffel symbols are

Γ11
1 = Γ12

2 = Γ21
2 = −Γ221 = −

3ω

2x
.

The scalar curvature is equal to −3x, so the metric has nonconstant Gauss
curvature. The natural volume form is Ω = 2x−3dx ∧ dy.

(i) In (M2, g), consider the curves α(t) = (λ, t), t ∈ R, where λ is a
positive constant. For such curves,

α′(t) =
∂

∂y

∣∣∣∣
α(t)

, g(α′(t), α′(t)) =
ω

λ3
, ν(t) =

1

λ3/2
, (∇α′α′)(t) =

3ω

2λ

∂

∂x

∣∣∣∣
α(t)

.

Therefore, using (18) and then (19), we find that

κr(t) = −
3ωλ1/2

2
, κa(t) =

34/3ωλ2/3

24/3
.

(ii) In (M2, g) with ω = 1 (the Riemannian case), consider the curves

α(t) = (λ cos t, y0 + λ sin t), t ∈ (−π/2, π/2), y0, λ ∈ R, λ > 0.

Then

α′(t) = −λ sin t ∂
∂x

∣∣∣∣
α(t)

+ λ cos t
∂

∂y

∣∣∣∣
α(t)

,

ν(t) =
1

λ1/2(cos t)3/2
,

(∇α′α′)(t) =
λ

2
(cos t− 3 sin t tan t)

∂

∂x

∣∣∣∣
α(t)

+ 2λ sin t
∂

∂y

∣∣∣∣
α(t)

.

Therefore, using (18) and then (19), we find that

κr(t) = −
(
λ

4

)1/2

(cos t)3/2, κa(t) = −
(
λ

4

)2/3

.

(iii) In (M2, g) with ω = −1 (the Lorentzian case), consider the curves

α(t) = (λ cosh t, y0 + λ sinh t), y0, λ, t ∈ R, λ > 0,

Then

α′(t) = λ sinh t
∂

∂x

∣∣∣∣
α(t)

+ λ cosh t
∂

∂y

∣∣∣∣
α(t)

,
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ν(t) =
1

λ1/2(cosh t)3/2
,

(∇α′α′)(t) = −λ
2
(cosh t+ 3 sinh t tanh t)

∂

∂x

∣∣∣∣
α(t)

− 2λ sinh t
∂

∂y

∣∣∣∣
α(t)

.

Therefore, using (18) and then (19), we find that

κr(t) =

(
λ

4

)1/2

(cosh t)3/2, κa(t) =

(
λ

4

)2/3

.
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