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1. Introduction. Let N be all nonnegative integers. For any subsets
A, Bof Nand n € N, let

Rap(n) =%{(a,b):a€ A, be B, a+b=n}.

Let Ra(n) = Ra,a(n). The definitions of Ry p and R4 can be repeated
verbatim with N replaced by any additive semigroup.

In the case of N, if R4(n) > 1 for all sufficiently large integers n, then
we say that A is a basis of N. The celebrated Erdés—Turdn conjecture [ET]
states that if A is a basis of N, then R4(n) cannot be bounded. Erdds [E]
proved that there exists a basis A and two constants cq,ce > 0 such that
cilogn < Ra(n) < cologn for all sufficiently large integers n. Recently,
Dubickas [D] gave the explicit values of ¢; and cs.

In 2003, Nathanson [N] proved that the Erds-Turdn conjecture does
not hold on Z. In fact, he proved that there exists a set A C Z such that
1 < Ra(n) < 2 for all integers n. In the same year, Grekos et al. [GHHP)]
proved that if R4(n) > 1 for all n, then limsup,,_,. Ra(n) > 6. Later,
Borwein et al. [BCC|] improved 6 to 8. In 2013, Konstantoulas [K|] proved
that if the upper density d(N\(A+A)) of the set of numbers not representable
as sums of two numbers of A is less than 1/10, then R4(n) > 5 for infinitely
many natural numbers n. Chen [C12] proved that there exists a basis A of N
such that the set of n with R4(n) = 2 has density 1. Later, the second author
[Y] and Tang [T] generalized that result. For the analogue of the Erdés—
Turén conjecture in groups, one can refer to [CS|], [HH04], [HHO8] and [KIJ].

For a positive integer m, let Z,, be the set of residue classes mod m. If
R4(n) > 1 for all n € Z,,, then A is called an additive basis of Z,,.
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In 1990, Ruzsa [R] found a basis A of N for which R4(n) is bounded in
the square mean. Ruzsa’s method implies that there exists a constant C' such
that for any positive integer m, there exists an additive basis A of Z,, with
Ra(n) < C for all n € Zy,. For each positive integer m, Chen [CO8| defined
Ruzsa’s number R,, to be the least positive integer r such that there exists
an additive basis A of Z,, with Ry(n) < r for all n € Z,,. In that paper,
Chen also proved that R,, < 288 for all positive integers m and Ry,. < 48
for all prime numbers p. Until now, this is the best upper bound for Ruzsa’s
number and there is no nontrivial lower bound. In fact, in the same paper,
Chen says “We have R, > 3 for m # 1,2,3. Now we cannot improve this
trivial lower bound”.

In this paper, we give a nontrivial lower bound of Ruzsa’s number.

THEOREM 1.1. R,, =2 if and only if m = 2,3; and R,, = 3 if and only
ifm=4,51.

REMARK 1.1. If m > 1 and A C Z,, is an additive basis, then |A| > 2.
It follows that there exist distinct a,a’ € A, and so Ra(a + a’) > 2. Hence
R, =1 if and only if m = 1.

THEOREM 1.2. R,, = 4 if and only if m = 6,8,9,10,11, 12,13, 14, 15, 19;
and Ry, = 5 if and only if m = 16,17, 18,20, 21, 22, 23, 24, 25, 27, 28, 35.

From Theorems [I.1 and [I.2], we have the following corollary.
COROLLARY 1.1. If m > 36, then R,, > 6.
REMARK 1.2. Furthermore, if m < 35, then R,, < 6. We list all the

values of R, (2 < m < 35) and a set A C Z,, such that 1 < R4(n) < Ry,
for all n € Z,, in the Appendix.

2. Proofs. In order to prove Theorems 1 and 2, we need some lemmas.
The first one, due to Lev and Sarkozy [LS], is the main tool of our proofs.

LEMMA 2.1 (Lev and Sérkozy’s lower bound). If A is a subset of a finite
nontrivial abelian group G, then for any real number ¢ we have

4
S (Rale) = o 2 i (HoE —2lap + 1ap16i)

geG

LEMMA 2.2. Let A C Zy,. If Ra(n) > 1 for all n € Zy,, then |A| >
Vam — 1/2.
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Proof. Since Ra(n) > 1 for all n € Z,,, we have

m—1
AP =) Ra(n)
n=0

>{n:n € Zp, Ra(n) =1} +2/{n:n € Zp, Ra(n) > 2}|
=2{n:n€Zn}|—|{n:n € Zp, Ra(n) =1}
=2m—|{n:n € Zp, Ra(n) =1} > 2m — |A|.

Hence (JA| +1/2)2 > 2m, that is, |A| > vV2m —1/2. =

LEMMA 2.3. Let A C Zy, and ¢ be a positive integer. If Ra(n) < ¢ for
all n € Zp,, then |A| < y/em.

This lemma follows from |A|? = Zg:ol R4(n) < em immediately.

LEMMA 2.4 (see [Bl p. 827, Test C]). Suppose that v, \,k (v >k > )
are positive integers. Let p be a prime divisor of k — X and let w > 1 with
(w,p) = 1 be a divisor of v for which there exists an integer f > 0 such
that pf = —1 (mod w). If p° exactly divides k — X and p' (I > 0) ezactly
divides v, then there exists a set A C Z, with |A| = k such that the congru-
ence a—a' = b (mod v) with a,a’ € A has exactly \ distinct solutions (a,a’)
for all b # 0 (mod v) if and only if

P < (vjw)p,
where |x| denotes the largest integer < x.

LEMMA 2.5. Let A be an additive basis of Z., and k,l be positive integers
with (I,m) =1. Then A+ k and lA are also additive bases and
oy Fal) = g Rare(™) = Jag Rialr)

This follows from Ra(n) = Rayr(n + 2k) = Ria(in) for all n € Z,,
immediately.

Proof of Theorem[I.1 If m < 11, by a computer check we can find that
R,, = 2 if and only if m = 2,3, and R,, = 3 if and only if m = 4,5,7. Now
it suffices to prove that R,, < 3 implies m < 11. Suppose that m > 12 and
there exists a subset A C Z,, such that 1 < R4(n) < 3 for all n € Z,,.

Setting G = Z,, and ¢ = 2 in Lemma [2.1) we infer that for any subset
A C L,

(2.1) WS(RA(n) gy MR = AN

m(m — 1)
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Since 1 < Ra(n) < 3, it follows that

(Ra(n) —2)* = {

Furthermore, if R4(n) is odd, then there exists a € A such that n = 2a, and

1 if R4(n) is odd,
0 if Ra(n) is even.

SO
m—1 m—1
(2.2) D (Ran)—2%= Y 1<) 1=IA|
n=0 n=0 acA
24Ra(n)
By (2.1) and (2.2),

|A|(m — |A])? < m(m — 1) < m?.

On the other hand, Lemmas and yield vV2m — 1/2 < |A| < v/3m.

Hence

|A|(m — |A])? > (V2m — 1/2)(m — V/3m)? > m?,
because v2m — 1/2 > 4 and v/3m < m/2 for m > 12. This is a contradic-
tion. m

Proof of Theorem|[1.3. We first prove that R,,, <5 implies that m < 500.
Suppose that m > 500 and there exists A C Z,, such that 1 < R4(n) <5
for all n € Z,,. By Lemma taking G = Z,, and ¢ = 3, we get

m—1
[A*(m — |A])?
(2.3) ;}(RA(H) -3)*> Tmm—1)

If Ra(n) is odd, then (R4(n)—3)% < 4. If Ra(n) is even, then (Ra(n) —3)?2
= 1. Hence

m—1

(24) > (Ra(n)—3)

n=0
<4{n:n € Zp, Ra(n) is odd}| + {n : n € Z,,, Ra(n) is even}|
=m+3|{n:n € Zy,, Ra(n) is odd}| < m+ 3|A|.

By (23) and (Z9),

(2.5) |A>(m — |A])? < (m + 3]A|)m(m — 1).

On the other hand, Lemmas and yield vV2m — 1/2 < |A] < Vbm.
Hence

|A2(m — |A])? > (V2m — 1/2)%(m — V5m)? > (1.9 - 0.9%)m?
> 1.3m> > (m + 3vVBim)m? > (m + 3| A|)m(m — 1),

because v2m — 1/2 > v/1.9m, m — v/5m > 0.9m and m + 3vbm < 1.3m
for m > 500. This contradicts (2.5). Thus, if m > 500, then R, > 6.
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Now we only need to consider the cases m < 500.

If m < 20, then we can run a computer check over all the sets A C Z,,
with v/2m — 1/2 < |A| < v/5m and determine the values of R,,. We find
that R,, = 4 for m € {6,8,9,10,11,12,13,14,15,19} and Rig = Ri7 =
Rig = Ryo = 5.

Next we assume that 21 < m < 500. A routine computer-based calcula-
tion shows that the maximal pair of (m, k) satisfying

(2.6) 21 <m <500, V2m—1/2<|Al=k<bm

and is (m, k) = (91, 13). This value of (m, k) is too large for a computer
check of all sets A C Zg; with |A| = 13.

In the following, we need three steps to reduce these values.

Our task is to find all exact pairs of (m, k) with the following property:
There exists A C Zy, with |A| = k such that 1 < R4(n) <5 for all n € Zy,.
In the first step, for ¢ € {1,2,3,4,5}, let

ki=|{n:n € Zp, Ra(n) =1i}|.
Then
(2.7) ki+ke+ks+ki+ks =k keN(1<i<h),

m—1
(28) K =|AP =) Ra(n) =k + 2k + 3k3 + 4k4 + 5k,
n=0

(2.9) ki + ks + ks <|A| =k, with equality when m is odd.
By Lemma taking ¢ = k%/m, we have

m—1 k2 2 5 k‘2 2
(2.10) Ra(n)—— ) = i—— | Kk
> (- 52) =20 -5)
o JAP(m —1AD? _ K (m = k)?
m(m — 1) m(m—1)

By a computer check, the maximal value of (m, k) such that there exist
nonnegative integers ki, ko, k3, k4, ks satisfying f is (50, 12). This
value is also too large for a computer check of all subsets A C Zsg with
|A| = 12.

In the second reduction step, we shall delete all pairs (m, k) for which
42 < 'm < 50. Here we need to improve the Lev-Sarkozy bound. Clearly,

m—1 22 m-1 9 m—1 4
e X (R -5) =¥ Bw - S ra +
n=0

n=0
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Next we use Lev—Sarkozy’s arguments to obtain a better lower bound for
Zg:_ol (Ra(n) — k*/m)?. Clearly, > RA( n) counts the number of solu-
tions of the equation

a1 +ax = a3 +as, ai,az,a3, a4 € A

One can rewrite this equation as a1 — a3 = a4 — as. Hence

m—1 m—1
Z R%(n) Z R4 _aln) =k + ) Ry _4(n)
_ n=1

Clearly, >} RA _a(n) =k?—k. Let k> —k = q¢(m — 1) +r, where g, are
nonnegative 1ntegers and 0 <r <m — 1. Then

2 _ 2 _
q:V; kJ and T:k2—k—{k kJ(m—l).
m—1 1

Hence : o
(2.12) %fR _H+§:RAA (n)
2 )r+q%mti—r%=ﬁ+%%+lﬁ+@%m—1)
=k2+(2ﬁi:fJ+1)(H—%F—ﬁi:fJUﬂ—U)%-Ui:fJiMfﬂy

By (2.10)—(2.12)), we get the following improvement of (2.10):
5 2 2
k? k2 —k K
(2.13) G—>mzﬁ+{ J(m—D—
i=1

m m — m

e =1 !

A computer check yields all pairs (m, k) such that there exist nonnegative

integers ki, ko, k3, k4, ks satisfying (2.6)—(2.9) and (2.13):

(m, k) €

{21,7), (21,8), (21,9), (22,7), (22,8), (22,9), (23,7), (23,8), (23,9), (24,8), (24,9),
(25,8), (25,9), (26,8), (26,9), (27,8), (27,9), (28,8), (28,9), (28,10), (29,8), (29,9),
(29,10), (30,9), (30, 10), (31,9), (31, 10), (32,9), (32,10), (33,9), (33, 10), (34, 10), (35, 10),
(36,10), (36,11), (37,11), (38,11), (39,11), (40,11), (41,11), (45,12)}.

In the last step, we deal with the cases (m, k) = (40, 11), (41, 11), (45, 12),
since such values are also too large for computer checks.

We first deal with the largest case (m, k) = (45,12). Take v = 45, A = 3,
k=12, p=3,w=05, f =2,e=2,]=2. By Lemma/[2.4] there is no subset
A C Zys with |A| = 12 such that R4 _4(n) = 3 for all n # 0 (mod 45). In
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other words, for any set A C Zys, there exists n # 0 (mod 45) such that
Ra_a(n) # 3. Noting that 32 R4 _a(n) = k* — k = 132, we have

> RL4(n) > 3% x 42+ 2% 4 4% = 398,
Hence, by (211) and (2:12),

= 122 ? = 124
2 2
E - ) = + E - >81.2.
<RA(n) ) 12 R _a(n) 3 81.2

n=0 n=1

On the other hand, we list all values of (ki, ko, ks, k4, ks) when (m,k) =
(45,12):

ki ko ks ka ks ki ke ks ka ks ki ko ks ka ks
0 24 O 9 12 5 14 0 19 7 9 6 0o 27 3
1 22 0 11 11 6 12 0 21 6 10 4 0 29 2
2 20 O 13 10 7 10 0 23 5 11 2 0 31 1
4 16 0 17 8 8 8 0 25 4 12 0 0 33 0
For all the values listed above, we have
44 5 2
12 122
R i— k; = 179.2.
> (ran -2 ) =3 (i
n=0 =1

This is a contradiction.

Finally, we deal with the cases (m, k) = (41,11) and (40, 11), since the
number of sets A for which a computer check is possible is about (399).
If m = 41, then by Lemma we can assume that 0,40 € A. Hence the
number of such A is (399), and a computer check is possible. Now we consider
the case m = 40. If there is an element in A coprime to 40, then by Lemma
we can assume that 0,39 € A, and so a computer check is also possible.
If there is no element in A coprime to 40, then we can assume that 0 € A

and A is contained in
{0,2,4,5,6,8,10,12,14, 15, 16, 18, 20, 22, 24, 25, 26, 28, 30, 32, 34, 35, 36, 38}.

In this case, there are only (%3) sets A and we can run a computer check.

Using these ideas, and performing computer checks, we obtain

R, =4 ifandonlyif m =6,8,9,10,11,12,13, 14,15, 19,
R, =5 ifandonlyif m = 16,17,18,20,21,22,23,24,25,27,28,35. m
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Appendix

m Ry A m Ry A
2 2 {0,1} 19 4 {0,1,5,7,8,15,18}
3 2 {0,1} 20 5 {0,1,2,5,6,13, 16}
4 3 {0,1,2} 21 5 {0,1,2,3,4,6,13,16}
5 3 {0,1,2} 22 5 {0,1,2,4,5,9,15,17}
6 4 {0,3,4,5} 23 5 {0,1,2,3,5,11,14, 18}
73 {0,1,2,4} 24 5 {0,1,2,6,9,10,12,17}
8 4 {0,3,5,6,7} 25 5 {0,1,2,4,9,12, 20,22}
9 4 {0,4,6,7,8} 26 6 {0,1,2,5,15,19, 20,22}
10 4 {0,1,2,3,6} 27 5 {0,1,2,3,5,11,15,18,23}
11 4 {0,4,6,8,9} 2% 5 {0,1,2,4,5,8,10,17, 22}
12 4 {0,1,6,8,9,11} 29 6 {0,1,2,3,4,6,10,17, 22}
13 4 {0,5,7,811,12} 30 6 {0,1,2,3,4,5,7,11,17,22}
14 4 {0,4,8,9,11,12} 31 6 {0,1,2,3,4,5,9,13,20, 25}
15 4 {0,6,8,11,12,14} 32 6 {0,1,2,3,4,5,8,15,20, 26}
16 5 {0,1,2,3,4,7,11} 33 6  {0,1,2,3,4,6,10,14,21,26}
17 5 {0,1,2,3,4,7,12} 34 6  {0,1,2,3,4,6,13,19,26,29}
18 5 {0,1,2,3,5,8,12} 35 5 {0,1,4,5,10,12,16, 19, 26, 34}
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