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On pseudo-isomorphism classes of tamely ramified Iwasawa
modules over imaginary quadratic fields
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1. Introduction. First we introduce some basic concepts. Let p be a
prime number and k a number field. Let S be a finite set of finite primes
of k£ which do not lie above p. For an algebraic extension F'/k, we denote
by Mg(F') the maximal S-ramified abelian pro-p extension of F' and set
Xs(F) = Gal(Mg(F)/F). Moreover, we set X(F) = Xy(F).

Let K/k be a Zg—extension for some positive integer d. The completed
group ring A(K/k) = Z,[[Gal(K/k)]] acts on Xg(K) via inner automor-
phisms. Then Xg(K) is often called the tamely ramified Twasawa module
of K and X (K) is called the unramified Iwasawa module of K. It is known
that A(K/k) is noncanonically isomorphic to Zy[[T1,...,Ty]], the ring of
formal power series. Moreover, the notion of pseudo-isomorphism, denoted
by ~, and the characteristic ideal, denoted by char, are defined for finitely
generated torsion A(K/k)-modules (see [0, Chapter V, §1]).

The structure of Xg(K), and especially of X (K), is an important sub-
ject in Iwasawa theory. Indeed, if K/k is a Zj,-extension, then char(Xg(K))
determines the asymptotic behavior of the p-parts of the ray class numbers
modulo S (of the ideal class numbers if S = () of intermediate number fields
of K/k. (See [10, §13.3] for the case where S = (). The general case can be
considered similarly.) Moreover, for a general multiple Z,-extension K/k,
the pseudo-isomorphism class of Xg(K) partly determines those of Xg(K")
for “many” Z,-extensions K’ of k contained in K (see [4, Corollary 5.12 and
Remark 5.7] and Section [4).

In the case where k = Q and K = Q%°, the cyclotomic Zj,-extension
of @, the pseudo-isomorphism class of Xg(Q%¢) is determined by [I, The-
orem 1.1]. More precisely, [I, Theorem 1.1] gives the Z,-rank of Xg(Q%°),
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but looking more closely at the proof yields the pseudo-isomorphism class
of Xg(Q%°). Let k be an imaginary quadratic field and k¢ its cyclotomic
Zp-extension. Then the pseudo-isomorphism class of Xg(k“°) is also deter-
mined by [I, Theorem 1.4]. Moreover, [2] studies Xg(K) for various Z,-ex-
tensions K of k, with particular attention to the p-invariants.

The aim of this paper is to determine, under some conditions, the pseudo-
isomorphism class of Xg(k), where k is an imaginary quadratic field and k
is the Zg—extension of k. We should emphasize that the method of this paper
imitates [1]. Furthermore, we will deduce a result for Z,-extensions of k in
Section [l

Here we state the main result of this paper, which is an immediate con-
sequence of Theorems and Let k£ be an imaginary quadratic field
and p an odd prime number. Choose the appropriate Z,-basis of Gal(k/k)
(see the text after Proposition and identify A(k/k) with Z,[[T1, T2]].
As explained later, we assume without loss of generality that every q € S
satisfies p| (N(q) — 1), where N(q) denotes the norm of q. For q € S, set

ordp (g% —1)—1

Py=p , where ¢ is the prime number below q.

THEOREM 1.1. Suppose that p splits into two primes p,p* in k, no prime
q € S splits in k/Q, and S # 0. Suppose furthermore that there is no q € S
such that the prime p splits in Mg, (k)/k. Then

Xs(k)~ €Dz, 2]/ (1 +T1)™ — (1 +p)"),
q4€5, a7do
where qo € S is such that Py, = max{P, | q € S}.

2. General theory. In this section, we gather some general facts which
are not unique to imaginary quadratic fields. Some material of this section
may be known to experts. Let p be a prime number, k£ a number field, S a
finite set of finite primes of k£ which do not lie above p, and K a Zg—extension
of k with d a positive integer.

For any intermediate number field k&’ of K/k, let Oy denote the ring of
integers of k. Then we have an exact sequence

(Op)* @ Zp — [ [(Or/a0k)* @ Zp — Xs(K') = X(K') — 0
qes
by class field theory. Set
E(K) = m(O0)* ©2,), Up(K) = lim((Op /q01)* © Z,),
K’ K’
where &’ runs through the intermediate number fields of K/k and the tran-

sition maps are induced by the norm maps. Then passing to the limit, we
obtain the following exact sequence.
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THEOREM 2.1. There is an exact sequence
K) = [[th(K) = Xs(K) = X(K) =0
qes
of A(K/k)-modules.

While the structure of £(K) is complicated in general, the structure of
Uy(K) is relatively easy, as we describe now. For q € S, let K(q) be the
decomposition field of q in K/k. Since q is unramified in K/k, the extension
K /K(q) is pro-cyclic, hence a Z,-extension unless q splits completely in K /k.

Choose a prime £ of K above q. For any intermediate number field &’

of K/k, set k'(q) = K(q) N k', the decomposition field of q in k'/k, and let
q’ be the prime of ¥’ below Q. Then

X
O/a0w) = TI  (©w/v))
YEGal(K (a)/k)
~ Z[Gal(K' /k)] @zicair i (q))) Ok /0')*
implies
(Or /a0w)* @ Ly =~ Lp|Gal(K' [ k)] @z, (Gai(e /k (q))] (Ow/0')* @ Zy).
Since Oy /q is a finite field with N(q') = N(q)**' @] elements, we have
(Op/a')* @ Zyp ~ Zp/(N(q)[k/:k,(q)] — 1)Zy.
Ifpt (N(q)—1), then pt (N(q)!* ¥ (@ -1), and we conclude that Uy (K) = 0.
On the other hand, if q splits completely in K/k, then
(O [a0k)* ® Ly = Lp[Gal(K' /k)] ®z, (Or/0)* @ Zp)
~ Zp|Gal(k'/k)]/(N(q) — 1)
and we obtain Uq(K) ~ A(K/k)/(N(q) — 1).
Finally, suppose that p|(N(q) — 1) and q does not split completely

in K/k. Then the p-adic valuation of N(q)¥*# @] — 1 goes to infinity as
k' gets larger. Therefore

(Ok /)" © Zy = lim (O /0')* @ Zp = Qp/Zp.
k./

Let xq : Gal(K/K(q)) — Z, be the character obtained by the action on
(Ok/Q)* ®Z,, which is independent of the choice of . Choose a topological
generator o4 of Gal(KX/K(q)). Then after choosing a generator of (O /q’)*,
we have

(Ow/4)* @ Zy = (Z,/ (N () = 1)Z,))[Gal(K' /K (a))]/ (04 = Xa(09))-

Therefore

(0w /40~ © Zyy = (Z,,/ (N (q) MO —1)Z,)[Gal(K /k)]/ (04 — xa(04))-
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By passing to the limit, after choosing a norm compatible system of gener-
ators of (O /q’)*, we obtain Uy(K) ~ A(K/k)/(0q — Xq(0q)). Summarizing
the above argument, we obtain the following.

PROPOSITION 2.2. Set

1 (pt(N(q) —1)),
fa=4N(q) -1 (p| (N(q) — 1), q splits completely in K/k),
oq— xq(oq) (| (N(q) — 1), q does not split completely in K/k),

where oq is a topological generator of Gal(K/K(q)) and x4 is the character
defined above. Then Uy(K) ~ A(K/k)/(fy)-

If K contains the cyclotomic Z,-extension k¢ of k£ and p is odd, then
the character x4 has a simple description as follows. Here we mention that
no prime of k splits completely in £%°¢/k. Noting that Gal(k(pp~)/k) =~
Gal(k¥¢/k) x Gal(k(up)/k), let & : Gal(k(pupe)/k) < Z, be the cyclotomlc
character and w : Gal(k(up)/k) < (Z/pZ)* — Z) the Te1chmuller charac-
ter. Set (k) = rw ! : Gal(kY¢/k) — 1+ pZ,. We also denote by (k) the
composition of (k) with the restriction map Gal(K/k) — Gal(k“¢/k).

PROPOSITION 2.3. Suppose K contains k¢, p is odd, and p|(N(q)—1).
Then xq = (k)| Gai(k/K(q))-

Proof. Choose a prime Q of K above q. We should show that the action
of Gal(K/K(q)) on ((’)K/Q) ® Zy is given by (k).

Choose a prime 9 of K (pp) above Q. Since (Ogy,,) /Q)* ® Z, can be
identified with the group of p-power roots of unity in the field O, ) / 55, the
Galois group Gal(K (1p)/K(q)(pp)) acts on it by the cyclotomic character k.
Since the natural injection O /Q < Ok ,,)/ 9 of residue fields induces an
isomorphism (O /Q)* @Zp =~ (O (u,)/ Q)* ®Zy, the assertion follows from

the commutative diagram

Gal(K (up) /K (a) (11p)) — Gal(k(upe)/k(pp)) —— 1+ ply

| | |
Cal(K/K(q)  ——  Gal(k%/k) —5 14 pZ,

Next we study whether f; are relatively prime or not for various q € S.
For q € S which does not split completely in K/k, let K(q) be the unique
intermediate field of K (q)/k such that Gal(K(q)’/k) is isomorphic to Zg_l.
Since K (q)/K(q) is a finite extension, we set P, = [K(q) : K(q)'] (the
compatibility with the P, of Section [1) will be shown in Proposition .

PROPOSITION 2.4. Suppose that K contains k¢ and p is odd. Let q1,q2
€ S satisfyp| (N(q1)—1) and p| (N(q2) —1). Then fq, and fy, are relatively
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prime if and only if K(q1)" # K(q2)". Moreover, if K(q1)' = K(q2)' and
Py, < Py,, then f4, divides fq,.

Note that f;, = 04, — (k)(0q;) by Propositions and Moreover,
K(q1) = K(q2)" and Py, < Py, is equivalent to oq, € (0q,)%. Thus Propo-
sition [2.4] is a consequence of the following elementary lemma.

LEMMA 2.5. Let G be a free Zy-module of rank d, written multiplica-
tively, ¢ : G — Z, any character, and 01,09 € G. Then the elements
o1 —Y(o1) and o2 — Y(02) of Z,[[G]] are relatively prime if and only if oy
and oo are Zy-linearly independent in G. Moreover, if o9 € (1), then
o1 — (o) divides o9 — (03).

Proof. By twisting Z,[[G]] by the character ¢, we may assume that 1) is
the trivial character. Suppose that o2 € (¢1)%, in other words, there is an
element o € Z, such that o9 = (01)®. Then 09 —1 = (01)* —1 is divisible by
o1 — 1. Conversely, suppose that 01,09 are Z,-linearly independent. Then
since G/(o1,02) is a finitely generated Z,-module of rank d — 2, the Krull
dimension of Z,[[G]]/(c1 — 1,02 — 1) =~ Z,[[G /{01, 02)]] is d — 1. Therefore
o1 — 1 and o9 — 1 are relatively prime, as asserted. m

The following lemma will be used in Section

LEMMA 2.6. Suppose that K /k is a Z,-extension. For any v € Gal(K/k)
with v # 1, the kernel of the natural map

Xs(K)/(v = 1) Xs(K) » X(K)/(v — 1) X (K)
is finite.

Proof. By Theorem and Proposition it is enough to show that
fq is relatively prime to v — 1 for every q € S. If p{ (N(q) — 1) or q splits
completely in K/k, this is clear. Suppose that p|(N(q) — 1) and q does
not split completely in K/k. After taking some power of «, choose a € Z,,
such that v = (oq)®. Then (v — 1, f5) = ((xq(0q)* — 1,04 — Xq(0q)). Since
Xq(oq)® — 1 does not vanish, the assertion follows. m

3. Zg-extension of an imaginary quadratic field. In this section,
let k& be an imaginary quadratic field and p be a prime number such that k
does not contain a primitive pth root of unity, that is, p is odd and (k, p) #
(Q(v/=3),3) (this assumption is needed for Rubin’s result [9] to work). Let
S be a finite set of finite primes of £ which do not lie above p. We consider
the Zg—extension ];:/ k and apply the results of Section [2| For simplicity, we
assume that every q € S satisfies p| (N (q) — 1). This assumption does not
lead to any loss of generality in considering Xs(if) by Theorem and

Proposition
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In order to get information on & (12;), we use the elliptic unit group. We
apply the results of [9], which is a generalization of [8], for k, %,k in place
of K, Ko, Ko in the notation of [9]. Noting that our £(k) coincides with

Eoxo = E(Koo) of [9], we denote by C(k) c E(k) the elliptic unit group,
which corresponds to Co = C(K ) of [9]. Then the following theorem is the
two-variable main conjecture. Recall that char denotes the characteristic
ideal.

THEOREM 3.1 ([9, Theorem 2|). If p splits in k, then char(X(k)) =
char(£(k)/C(k)). The containment D holds even if p does not split in k.

As already defined, let k(q) be the decomposition field of q in k/k and
k(q)’ the Z,-extension of k contained in k(q). Motivated by Proposition
we consider whether the fields k(q)’ for varying q are distinct or not. Let Sy
(resp. Sps) be the set of all q € S which split (resp. do not split) in £/Q. We
denote by £*¢ the anti-cyclotomic Z,-extension of k.

LEMMA 3.2 (see [2, Lemma 2.3]). Let q € S.
(1) If q € Shs, then k(q)' = k*.
(2) If q €8s, then k(q)' # k*. Moreover, for the conjugate prime q* of q,
we have k(q)" # k(q*)".
Therefore we are concerned with q € Ss. Let q1 and g2 be distinct ele-
ments of Sg. It is obvious that k(q1)" # k(q2)" if and only if k(q1) N k(q2) is
a finite extension of k. Moreover, the Galois group of k(q1) Nk(q2)/k can be

described by class field theory (see [3l, Theorem 2.4]) and one obtains the fol-
lowing criterion. Let Eyq, 4,1 (k) be the {q1, g2 }-unit group of k, whose Z-rank

is 2, and let Ujgl)(k) be the principal semilocal unit group of k£ at p. Then
k(q1)’ # k(q2)" if and only if the natural map Eiq1,q0y (k) @ Zp — U;gl)(k) is
injective. The author guesses that this always holds because of conjectural
p-adic independence as in the Leopoldt conjecture. B

For q € S, define f; € A(k/k) such that U(k) ~ A(k/k)/(fq) as in
Proposition We shall give an explicit description of fy for q € Sys. As
in Section 2} set Py = [k(q) : k(q)']:

PROPOSITION 3.3. For q € Sy, we have Py = pordl’(q2*1)*1, where q is
the prime number lying below q.

Proof. We have Gal(k/k) ~ Gal(k?/k) x Gal(k¥¢/k). Since k(q)’ = k?¢
by Lemma [3.2 we obtain Py = [k¥(q) : k], where k¥(q) is the decomposi-
tion field of q in £¢/k. Moreover k“°(q) = Q%°(q)k, where Q%¢(q) is the
decomposition field of ¢ in Q®%¥°/Q. Therefore

[K¥(a) : K] = [Q¥(q) : @) = p (@D,

where the last equality follows from the theory of cyclotomic fields. =
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Under the isomorphism
Gal(k/k) = Gal (k% /k) 2 1 + pZ,,

take the topological generator 1 of Gal(l;:/ k3¢) corresponding to 1 + p.
Choose any topological generator v of Gal(k/k%°). Since 71,72 form a
Zy-basis of Gal(k/k), we have

A(k/k) = Zp[[Ty, T]]

by sending 1,72 to 14Ty, 1+ T3, respectively. Then for q € Sys, oq = (1)
can be taken as a topological generator of Gal(k/k(q)). Consequently, under
the above isomorphism,

fo= )" = {w)((n)™) « @L+T)% — (1+p).
Now we combine the above ingredients.

~ THEOREM 3.4. Suppose that p splits into two primes in k, k(q) #
k(q2)" for any distinct q1,q2 € S, and S # (). Furthermore suppose that
X{qy(k) ~ 0 for every q € S. Then

Xsk)~ @ AR/K)/(f)

qE€Sns, 47q0

~ P 2B+ T~ (1 + ),
q€ Shs, 4740

where qo € Sns is such that Pyy = max{Py | q € Sns}. (If Sns is empty, then

Xs(k) ~0.)

Proof. To simplify the notation, we write & = £(k), C = C(k), Uy = Uy (k)
and A = A(k/k). Let T = Z(k/k) be the kernel of the augmentation map
A(k/k) — Zp. Then [8, Theorem 7.7(i)] shows that C ~ 7 as A-modules.

By the assumptions we have X (k) ~ 0. Combining this with Theorem (3.1
shows that the inclusion map C — £ is a pseudo-isomorphism. Consequently,
the sequence induced by Theorem

C— [[ttg = Xs(k) -0,
qes
is exact up to pseudo-null modules, in other words, the homology groups of
this sequence are pseudo-null.

For each q € S, the same procedure yields Cok(C — Uy) ~ X{q}(l;:) ~ 0.
We claim that the map C/f;C — U, induced by C — Uj is injective. Since
the augmentation of f; is 1 — xq(0q) # 0, the snake lemma applied to
0—=+Z—A— Z,— 0 yields an exact sequence

0—=Z/fe — A/(fq) = Zp/(1 — Xq(0q))Zp — 0.
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Consequently, char(C/f,C) = (fy). Since char(Uy) = (f;) and the coker-
nel of C/f,C — U, is pseudo-null, the kernel of this homomorphism is
also pseudo-null. Since A/(f) has no nonzero pseudo-null submodule and
C/fsC ~TI/fZ — A/(fq), the claim follows.

The injectivity of C/fyC — Uy implies the injectivity of C/ ﬂqu fqo€ —
[lies Uy We claim that C/ (s faC ~ A/ (foo [Iyes. fa) (if Sus = 0, then
the term fy, is omitted). As above, one can show that

C/ () fC=T/ () T~ A/ (fy).

qes qes qes

By the assumption and Lemma we can decide whether /~<;(q)’ are distinct
or not for various q € S. Then Proposition tells us whether f; are
relatively prime or not. Consequently, (,cs(fq) = (fao [14es. fa), as desired.

In particular, if Sy is a singleton or empty, we obtain Xg(k) ~ 0. When
Sns contains at least two elements, consider the commutative diagram

00— C/gesfiC —  lljess —— Xs(k) —0

| l |

0 — C/ﬂqESsU{CIU} ch —_— qussu{qo}uq —_— XSSU{qo}(k) —_— 0

whose rows are exact up to pseudo-null modules. As X Ssu{qo}(k) ~ 0, the
diagram yields qu Suc\{qo} Ua ~ X 5(k), which concludes the proof. m

Corresponding to [I, Theorem 3.1], it is a crucial problem whether
X{qy(k) ~ 0 or not. We provide a sufficient condition for the affirmative
answer.

THEOREM 3.5. Let q be a prime of k not lying above p such that
p|(N(q) —1). Suppose that there exists a prime p of k above p which does
not split in Mgy (k)/k. Then X(qy (k) ~ 0.

REMARK 3.6. This is an analogue of [0, Proposition 3.B|, which states
that if there exists a prime p of k£ above p which does not split in My(k)/k,
then X (k) ~ 0. In the following proof, we imitate the strategy of [5] (see
also [3, Theorem 3.3] or [7, Theorem B]). We also use the method of [2]

Proposition 4.5] to treat ramification above q.

Proof of Theorem . Set k" = M4 (k). Since the prime p in the state-
ment is inert in k'/k, the extension is (finite) cyclic. Let K/k be a {p}-
ramified Z,-extension of k.

First, we claim that X4, (k") = 0. Since &'/k is cyclic, by [3, Lemma 2.1]
we have

Xy (K ai /) = Gal(Mqy (K') Nk /K),
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where in general FP denotes the maximal abelian extension of a field F. It
is clear that Mg (k') Nk C Mgy (k) = K. Therefore X gy (k") Gai /5y = 0,
and Nakayama’s lemma implies the claim.
Secondly, we claim that X3 (k'K) = 0. Since &'K/k' is pro-cyclic, we
have similarly
Xy (K EK)gaiw i1y = Gal(L/K' K),

where £ = My (K'K) N (K")*P. By assumption, there is only one prime p’
of k" above p. Since L/k' is {p, q}-ramified, the previous claim implies that p’
is totally ramified in £/k’. On the other hand, £/k’'K is {q}-ramified, which
shows that £ = k'K. Therefore Xy (k' K)qawk/w) = 0 and Nakayama’s
lemma again implies the claim. We mention here that My (K) C Mg (k' K)
= k'K shows that X3 (K) is finite.

Now we assume that p does not split in k and claim that X4, (A’ k) = 0.
In this case we may choose an arbitrary Z,-extension of k as our K. There-
fore, since k'/k is cyclic, we may assume that K Nk’ = k. In particular,
K N My(k) = k, which implies that p is totally ramified in K /k. Hence the
unique prime p’ of k' above p is totally ramified in k'K /k'. Consequently,
there exists only one prime of k'K above p. One can check that the proof
of the previous claim works on replacing k, k', K by K, k'K, k, and conse-
quently Xyqy (&' k) = 0, as claimed. In partlcular X{q}(k:) is finite, which
proves the theorem in this case.

Suppose that p splits into two primes p, p* in k. To prove X{q}(l;) ~ 0,

it is enough to show that X{q}(l;:)Gal(,;/K) is finite (see [3, Lemma 2.2]). As
usual we have

X{q}(E)Gal(%/K) = Gal(M/k),
where M = M{q}(l;:) N K2b. Since M/K is {p*, q}-ramified, we have

Gal(./\/l/M{q} Z I&B* M/K)
B

where B* runs through the primes of K above p*, and Ip-(M/K) denotes
the inertia group. Since M/ k is unramified above p*, we have a natural
injection Iy« (M/K) — Gal(k/K) ~ Z,. Combining this with the finiteness
of X¢q3(K), we see that Gal(M/K) is a finitely generated torsion A(K/k)-
module. Let M’ be the intermediate field of M/K such that Gal(M /M)
is the maximal finite A(K/k)-submodule of Gal(M/K). Choose an interme-
diate number field k” of K/k such that no prime above p splits in K/k”.

We claim that M’/K” is abelian. Indeed, by the natural injection
Ip«(M/K) = Gal(k/K), the action of Gal(K/k") on Ip(M/K) is triv-
ial. By the finiteness of X(q(K), the natural map Gal(M/Mq(K)) —
GalM/K) — Gal(M’'/K) is pseudo-isomorphic. Therefore there is a
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pseudo-isomorphism Gal(M'/K) — Gal(M /M4 (K)), which is injective
by the choice of M’. Then the triviality of the action of Gal(K/k"”) on
Gal(M /Mg (K)) implies the triviality of the action of Gal(K/k”) on
Gal(M’/K). This proves the claim.

Since p does not split in My(k)/k, it does not split in K/k either. Let p”
be the unique prime of k” above p. Then the inertia group I»(M'/E") —
Gal(K/k") has Zy-rank at most 1. On the other hand, the fixed field of
Ty (M'/E") in M’ is contained in My« 51(k”). Class field theory and the
p*-adic Leopoldt conjecture (which is proven to hold in our setting) imply
that rankz, Gal(My,- g3 (k”)/k") =1. Consequently, rankz, Gal(M'/k") <2.

Thus M/ k is finite, which completes the proof. =

ExXAMPLE 3.7. We give a numerical example for Theorem We con-
sider k = Q(v/—1) and p = 5, so that p splits into two primes p = (2++/—1),
p* = (2—+v/—1). Let ¢ = 2 + /=1 be the fundamental p-unit.

The assumption that every q € S satisfies p | (N(q)—1) and does not split
in k£/Q is equivalent to ¢ = 11,19 mod 20 for the prime number g below q.
Moreover, the condition that p does not split in Myqy(k)/k is equivalent to

el@=1/p # 1 mod gq.
By computer calculation (using Mathematica), for prime numbers ¢ with
g = 11,19 mod 20 and ¢ < 500, the condition holds for
g =11,19,59,71,79,131, 151,179,199, 211, 239,
311,331,379,419,431, 439,479,491, 499,
but does not hold for
q = 31,139,191, 251,271, 359.

Assume that S is nonempty and consists of such good primes ¢ =
11,19,59,.... Then we can apply Theorem [1.1] to conclude that

Xs(k)~ @ T, T/ (1 +T0)" = (14 p)F).
qES, qa#q0

For example, since Pi1 = 1, Pi51 = p, Pigg = p?, we have

X11,151,400) (k) ~ Zp[[T1, o) /(1 + T1) — (1 +p))
® Zp([T1, T2]] /(1 + T1)" — (1 + p)P).

4. Z,-extensions of an imaginary quadratic field. Let %, p, and S
be as in the first paragraph of the previous section. We now determine the
pseudo-isomorphism classes of Xg(K) for many Z,-extensions K of k, using
Theorem 3.4 and the results of [4].
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Let F(k) be the set of all Z,-extensions K of k such that at least one
prime of k above p does not split in K/k. Then [7, Theorem 2] shows that if
X (k) ~ 0 (Greenberg’s generalized conjecture), then X (K) ~ Zy, for all but
finitely many K € F(k), where s = 1 if p splits in k, and s = 0 otherwise.
As a generalization, we obtain the following.

THEOREM 4.1. Under the assumption of Theorem (3.4

Xs(K)~Z,& @  AK/K)/(f)
qESr1S7 CI#QO
for all but finitely many K € F(k), where fq denotes the natural image of fy.

Proof. Applying [4, Theorem 5.6(2) and Remark 5.7] (note that scruti-
nizing the proof shows that the word “generic” can be replaced by “all but
finitely many” in our setting), one can obtain the assertion except for the
factors v — 1 for v € Gal(K/k),v # 1. By Lemma the factors of v — 1
in char(Xg(K)) are the same as those in char(X (K)). Since we are working
for K € F(k), the latter is determined in [7, Lemmas 4 and 5] and gives Z,
as desired. m

For example, let K be a Z,-extension of k which satisfies K N k% # k.
Then K € F(k) and we can take the restriction of v; as a topological
generator of Gal(K/k), by means of which we identify A(K/k) with Z,[[T1]].
The theorem implies

Xs(K)~Zy® @ Z[[T)/(1+T)" = (1+p)")
qGSnsycﬁéqO
for all but finitely many K.
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