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Double shuffle relations
for multiple Dedekind zeta values
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0. Introduction. Multiple zeta values (MZVs) were defined as infinite
sums by Euler [Eul:

(0.1) C(ma,...,mq) = Z . md
O<ki<-<kqg L ~°77d

Using the infinite sum representation , we can express a product of two
MZVs as a sum of such. The MZVs can also be expressed as iterated path
integrals (see [G1]). This integral representation leads to an integral shuffle
relation, which is a formula expressing a product of multiple zeta values
as a sum of such. However, the infinite sum representation gives different
formulas for the product compared to the shuffle coming from the integral
representation. Expressing a product of multiple zeta values as a sum of such
in two different ways leads to linear relations among multiple zeta values (see
for example [G1], [G2], [GKZ], [IKZ]).

Multiple Dedekind zeta values (MDZV) are number field analogues of
multiple zeta values. Similarly to multiple zeta values, they are expected to
have two types of shuffle relations. Constructions of both shuffle relations
are the central theme of this paper. We also examine one example in detail.

Multiple Dedekind zeta values are defined in [H3| using a higher-di-
mensional analogue of iterated path integrals, which we call iterated inte-
grals over membranes. The idea of such integrals was introduced in [H1],
and further developed in [H2], for the purpose of generalizing Manin’s non-
commutative modular symbol [M] to Hilbert modular surfaces.

Structure of the paper. In Section 1, we give the definitions of mul-
tiple Dedekind zeta values needed for the two types of shuffles. We ex-
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tend the set of MDZVs defined in [H3| to ordinary and permutational
MDZVs.

In Section 2, we recall the infinite sum shuffle for multiple zeta values. We
construct an analogous shuffle for ordinary multiple Dedekind zeta values. In
particular, we obtain an infinite sum shuffle for a product of two Dedekind
zeta values at s = 2. We also give examples of other infinite sum shuffle
relations, and we construct the infinite sum shuffle of ordinary MDZVs in
the general case.

In Section 3, we present an integral shuffle relation for ordinary MDZVs.
In order to do that, we first give examples of classical polylogarithms and
multiple zeta values in terms of iterated integrals. We also give examples of
integral shuffles of multiple zeta values. Then we express polylogarithms as
integrals involving exponent variables in order to generalize them to multiple
Dedekind polylogarithms in the form of iterated integrals over membranes.
We give an example of an integral shuffle relation for Dedekind polylog-
arithms, and for the convenience of the reader we represent integrals as
diagrams.

We are able to obtain an integral shuffle relation for two Dedekind zeta
values at s = 2. This relation expresses the product as a sum of 36 per-
mutational MDZVs. To visualize these shuffles it is best to represent each
of the 36 integrals as a diagram. The value of each integral can be written
as an infinite sum and we write the corresponding summand below each
diagram.

At the end of Section 3, we construct the integral shuffle of ordinary
MDZVs in the general case.

In Section 4, we give an explicit example of a linear relation among
several ordinary MDZVs.

1. Definitions of multiple Dedekind zeta values. In order to intro-
duce the reader to the MDZVs we first recall classical multiple zeta values.
First, recall the double zeta value

Can)= Y

o<m<n

which converges for a > 1 and b > 2. It can also be written as

> 1
(ab)= Y —.
m,;zl ma(m +n)b

Let Ok be the ring of integers in an imaginary quadratic field K. If
a € Ok, we define a7 = « and let as be the complex conjugate of «j.
We will consider the norm of « defined as N(a) = ajae. Following Gangl,
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Kaneko and Zagier [GKZ], we define a cone Cy by
Cy =NU{a € Ok | Im(a;) > 0}.
Let also
Co={-a|laecCi}.
Then we have a decomposition of the ring of integers into a disjoint union
Oxg =CrU{0}UuC_.

We define a Dedekind zeta value to be

1
C}((al;bﬁ = Z a1 by’

acC, 41 *2
which converges for a; > 1, bo > 1 and aj + by > 3. The proof is essentially
the same as for multiple zeta values. Note that C}((a;a) is equal to the

classical Dedekind zeta value at s = a, where the summation is over all
non-zero principal ideals in O

DEFINITION 1.1. For an imaginary quadratic field K, with the above
definition of the cone C,, we define the following multiple Dedekind zeta
values:

1
af' (a1 + Br)ras? (ag + B2)®

Cilar,biieada) = >

a,peCy

and
1

Celabiend) = 3 Gm o T A

a,BeCy

Note that 7. is obtained from (}; by interchanging oy and f;.

The series C[l((al,bl;CQ,dQ) and C[p((al, by; co,dy) converge when all the
parameters are > 1 and b; + do > 3.

The infinite sum shuffle between two Dedekind zeta values of the type
C}( (a;b) will be represented as a double Dedekind zeta value of the type (.
And the integral shuffle relation will represent the product of two values of
the type (Il<(a, b) as a sum of double Dedekind zeta values of the types ¢!
and ¢”.

Let us also define

Ck (a1, b1, c1;5da, 2, f2)

.S 1

wivge, ot (@ + B (ar + Bu+ m)tag? (az + B2)2 (az + B2+ 72) P2

Again we have convergence when all the parameters are > 1 and ¢; + fo > 3.
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DEFINITION 1.2 (ordinary multiple Dedekind zeta values). Let f :
C4 — CT be an N-linear map with coefficients in {0} UN. Let f =

(fi,..., fm) and let

(51 = fl(al,...,ad), ey 5m = fm(al,...,ad).
Then we define an ordinary multiple Dedekind zeta value as
1
Crlat, ... am;br... by) = Z

a am b Sbm
A1y g€C L 01< < 611 < O 511 - O
DEFINITION 1.3 (permutational multiple Dedekind zeta values). Let f =
(fis--vs fm) : C4 — CT* be an N-linear map with coefficients in {0} UN and
01 = filoq,...,aq),...,0m = fm(a1,...,aq), and let p be a permutation
of m elements. Then we define a permutational multiple Dedekind zeta value
as

1
Q’a,...,am;b...,bm = -
f( 1 1 ) aroeCs 511(61 + (52)042 e (61 + -+ 5m)am
1
b 5 Y N - .
5p}1) (59(1) + 5p(2))b2 e (5P(1) + .o+ 5p(m))bm

REMARK 1.4. Both the ordinary multiple Dedekind zeta values and the
permutational multiple Dedekind zeta values converge when all the param-
eters are > 1 and a,, + by, > 3. Also, ¢id = ¢ 7, where id signifies the identity
permutation.

2. Infinite sum shuflles. Shuflle relations are well known properties
of multiple zeta values. Let us recall them as they are a prototype of shuffle
relations for MDZVs.

The zeta values are defined by Euler as
=1
=2
k=1
Multiple zeta values are defined as

1
C(ml,...,md): Z W

O<k1<-<kgq 1

For multiple zeta values we have the following sum shuffle relation:

¢(m kal km2_< 2t 2t )kmlkm

ki=1 ko=1 0<ky<ks 0<ki=ko O<ko<ki
= ((m1,ma) + ¢(m1 + ma) + ((ma, m1).
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Similarly, a product of a zeta value and a double zeta value can be expressed
as a sum of multiple zeta values:

C(ml)C(m27m3): Z m1 Z kmgkmg

ki=1 ko<ks

(Y sy o+ ¥

0<k1<ka<ks 0<ki=ko<ks 0<ko<ki<ks
1
D SRS S N
O<ko<ki=ks O<ko<ks<k, 1 "2 ™3
= ((m1,ma,m3) + ((mq + ma, m3) + ((ma, my, m3)
+ ¢(ma, m1 +m3) + ((ma, m3, m1).

Now we are going to give examples of infinite sum shuffles for (multiple)
DZVs.

For o and 8 in C4, we write « < g if § — a is in Cy.

THEOREM 2.1. With the above notation, we have the following infinite
sum shuffle for Dedekind zeta values:

Cie(ar; e2)Che(br; da) = Ce(an, bi;ca, da) + Ce (a1 + by;co + da)
+ C[l((bl,al; dg, CQ).

The equality is valid when all of the parameters are > 1, and ay + co > 3
and by + da > 3. In that case all of the series converge absolutely.

Proof. We have

D e

oSt T
= (i lay, b1; ca,da) + CK(CL1 + by;co 4 do) + Ch (b1, a1;do, o). m
In particular, we obtain:
COROLLARY 2.2.
(2.1) Ci(2:2)Ck (252) = Cie(44) + 2¢k (2,22, 2)
Similarly, we define the following infinite sum shuffle for MDZVs.
THEOREM 2.3.

Cc (a1, bi;da, €2)Cic(c1; f2) = Clclar, br, 1 da, €2, f)
+ (i(ar, b1 + c15d2, ea + fo) + Cc (a1, 1,15 dz, f2, €2)
+ (ke (a1 +c1,b1;da + fa, e2) + (e (c1, a1, b1; fa, da, €2).
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Proof. We have

1
(i (a1, bu; da, e2)Cle (13 fa) = > T g
a,ByEC;a<p Y1 P1 Vi eg By

(v X+ X~ Z+Z)1b1 T
BYA T ag? B2y
a<fB<y  a<f=y a<y<f y=a<B y<a<f 1 /1 &2
= (i (a1,b1, c13da, ea, f2) + (a1, by + c13da, ez + f2)
+ (ke (ar, c1,b1;da, fa, ea) + Ce(ar + c1,b1;da + fa, €2)
+ Ck(e1,a1,by; f2,d2,€2). m

THEOREM 2.4 (Infinite sum shuffle for multiple Dedekind zeta values).

Given two ordinary MDZVs, we can express their product as a finite sum of
ordinary MDZVs.

P’I“OOf. Let (}(al, N ,adl;bl, ey bdl) and C}J(Al, e ,AdQ; Bl, e 7BdQ)
be two ordinary multiple Dedekind zeta values of depths d; and do, re-
spectively, where

f:C8 - CE and F:CP = OP
are N-linear maps from Definition [I.2] Then

1
1 . — §
Cf(al,...,adl,bl,...,bdl)— a b,
ay dy —by !
a1<...<ad1 Oél ...Oédl Oél ...Oédl

C};(Al,...,Adz;Bl,...,Bdl)

> 1
o al ad; by _ba,

dy +1< <y dy Oy 1 Yy +dy Oy +1 Yy +da

The product of C}(al, ceoyagyiby, .o bay) and (H(Aq,. .., Agy; Ba, ..., Bay)
can be written as a sum of ordinary multiple Dedekind zeta values, where
the sum is over all possible ways of arranging the two chains of inequalities
a1 < - <ag, and ag, 41 < -+ < g, +4, into a single chain of inequalities.
We call such an arrangement a shuffle. Note that such shuffles need not be
strict, in the sense that the inequality signs between the numbers might not
be strict; they could be “=”" or “<”. Let d, called depth, be the number
of strict inequalities plus 1. Then the resulting ordinary multiple Dedekind
zeta values can be of depth < dy + ds. Note that the indices of the alphas
are in the image of the maps f and F.

Consider one of the chains of inequalities. Suppose it has length d <
di +do. Then certain pairs of indices, one from Cﬂirl and the other from Cflf,
must coincide. In such instances we will consider them as an image coming
from a common element of the source C’jir. In this way we define a map

j: C’i — Cﬁl X Cﬁlf. We define g : C¢ — ijr as the pull-back of the map




Double shuffle relations for multiple Dedekind zeta values 207

(f,F):C{ xCP — C_d; X C’f with respect to the map j. Then C; has
arguments ay and A; if o # ag,4; and with ap + A4; if o = ag4,4 (and
similarly for the indices by and B;). The shuffle consists of all possible ways
of obtaining a single chain of inequalities. There are a finite number of them.
Moreover, for each of them we constructed an ordinary MDZV. That proves
the theorem. =

3. Integral shuffles

3.1. Classical polylogarithms. Let us recall the notion of polyloga-
rithm and its relation to Riemann zeta values.

The first polylogarithm is defined as

1

Lil(azl) = S
0

1 2 3

dzx T T
= f( 4zt )dro= o+ D
0

1—{[)0 2 3 ’

and the mth polylogarithm is defined by iteration:

Tm

(3.1) Lip (2m) = | Lim—1(2m-1)
0 Tm—1

dxm—1

Equation (3.1 is a representation of the mth polylogarithm as an iterated
integral. By a direct computation it follows that

2 1‘3

T
Li,, — 4
im(x) T+ om tgm T
and the relation
C(m) = Lim(l)

is straightforward. Using (3.1]), we can express the mth polylogarithm as

dx dx dx
S : L ANS22 Ao p 22
O<zy<<am<s — L1 T2 Lm

Lip(z) =

Let x; = e~%. Then the mth polylogarithm can be written in terms of
the variables t1,...,t,, in the following way:
S dty A - ANdty,

(3.2) Lip(e™f) = |

t1 >t > >tm >t
This can be achieved, first, by changing variables in the differential forms
dl‘l _ d(*tl) and %

1—xz; et —1 T;

= d(—ti),

and second, by reversing the bounds of integration 0 < z1 < -+ < Xy, < T
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toty > --- > t,, > t, which absorbs the sign. We have the infinite sum
expression

efnt
(3.3) Lim(e™") =) —

n>0

Formulas (3.2)) and (3.3) will be generalized to Dedekind polylogarithms
(see (3.14) and (3.15)).

Below we present similar formulas for multiple polylogarithms with ex-
ponential variables. We will construct their generalizations to Dedekind mul-
tiple polylogarithms (see Subsection 3.2, Lemma .

Let us recall the definition of the double logarithm:

Liy1(1,7) = | Liy (z1) 1“;1 = §<Z f:) (Z x?z) Cf:ll

0 ni=1 na=1
o0 pnitne
Z ni(ng +na)’

iyl 1(n1 + n2)

Let 21 = e ™ and # = e~ *. Then Li; 1(1,e"") can be written as an iterated
integral in terms of the variables tg,t1,t in the following way:
S dto A dtq

Lipi(1,e7%) = (efo — 1)(eh — 1)’

to>t1>1
We also have an infinite sum expression:
oo 7(n1+n2)t
e
3.4 Liii(1,e7Y) = _
( ) 1,1( ’ ) Z n1<n1 +n2)

ni,no=1
An example of a multiple zeta value is

00 1

1 dx
1,2) = —— =\Li —.
¢(1,2) Z (1t a2 S i,1() .
ni,n2=1 0
Thus, an integral representation of ((1,2) is
dty dto
3.5 1,2) = A A dts.
(3.5) W= § s Ay
t1>t2>t3>0
Similarly,
dtq dto
. 1,3) = dts A dt
(3 6) C( ?3) S (etl — 1) A (€t2 — 1) A atg A 4,
t1>ta>t3>t4>0
dt dt
(3.7) ¢(2,2) = | L Adtg A ——2— Adty.

(efr — 1) (efts — 1)

t1>to>t3>t4>0
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An example of an integral shuffle relation is

d
d A dus

B8) @@= | oM |~ na

@ 1)
w1 >u2>0 t1>t2>0

SO I

w1 >ug >t >ta>0 w1 >t1 >u2>ta >0 wuy >t >ta>us>0 t1>u1 >u2 >t >0

duy dtq
R A I e K e
=¢(2,2) +¢(1,3) + ¢(1,3) + ¢(1,3) +¢(1,3) +¢(2,2)
=2¢(2,2) +4¢(1, 3).
From the infinite sum shuffle, we have

(3.9) €(2)¢(2) = ¢(4) +2¢(2,2).
Therefore, from (3.8) and (3.9)), we obtain the following relation between

multiple zeta values:
(3.10) ¢(1,3) = L(4).

3.2. Dedekind polylogarithms. A key part of this subsection is to
find formulas analogous to that provide an integral shuffle for Dedekind
zeta values. In order to do so, we need to express (multiple) Dedekind zeta
values as iterated integrals over membranes (see [H2] and [H3]). First, we
recall analogues of (multiple) polylogarithms, which we call Dedekind (mul-
tiple) polylogarithms over imaginary quadratic fields (see , and
Lemma. We will denote by f,;, the mth Dedekind polylogarithm, which
will be an analogue of the mth polylogarithm Li,,(e~!) with an exponen-
tial variable. Each f,, will have an integral representation, resembling an
iterated integral, and an infinite sum representation, resembling the clas-
sical Dedekind zeta values over a quadratic number field. We also draw
diagrams in order to give a geometric image of the iterated integrals over
membranes in dimension 2. We will give examples of multiple Dedekind zeta
values (MDZV) over a quadratic number field, using the Dedekind (multiple)
polylogarithms.

We will generalize equations and for (multiple) polylogarithms
to their analogues over a quadratic number field. We first recall some prop-
erties and definitions related to quadratic extensions. For more information
about quadratic fields, one may consider [IR].

In order to make the examples easier to follow, we use two sequences of
inequalities

ty >wup >wvy >wp and  to > ug > vo > wo,

when we deal with a small number of iterations.
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Let K = Q(v/—d). The elements of K are of the form p + gv/—d, where
p and q are rational numbers. Let Ok be the ring of algebraic integers in K.
If d is square free and d = 1 or 2 mod 4, then O consists of elements of
the form a + byv/—d, where a and b are integers. If d = —1 mod 4, then
Op consists of elements of the form a + b(1 4+ v/—d)/2, where a and b are
integers.

We are going to define a function f;, which will be an analogue of
Lij(e™"). Recall that Cy = NU{«a € Ok | Im(a) > 0}. Let

(3.11) fo(Cystita) = > exp(—auty — asty).
acCy

We define
ul ug

(312) f1(0+;u1,u2) = S S f0(0+;t1,t2) dty A dts.

For this integral we can draw the following diagram:

u2

to f()dt1 A dta

o)
e’} t1 U1

The diagram represents that the integrand is fo(Cy;t1,t2) dtq Adta, depend-
ing on the variables #; and to, subject to the restrictions oo > ¢; > u; and
00 > to > uo.

REMARK. Here the diagram may seem superfluous, but further we have
much more complicated integrals that are easily explained by similar dia-
grams.

In order to obtain explicit formulas for iterated integrals, we need:

LEMMA 3.1.
u ot e—kzu
(a) S e "dt = 5
o0
(b) Let N(a) = ajca. Then
e exp(—aqu; — agusz)
S S exp(—a1t1 — O[2t2> dty AN dty = N( )
oo 0 @

The proof is straightforward.
Using the above lemma, we obtain

f(Criuug) = >

acCy

exp(—aiu; — agug)
N(a)
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We define a Dedekind dilogarithm fo by

V1 V2

(3.13) fQ(C+;1)1,U2) = S S fl(C+;U1,UQ) duy A dus

o0 0

= S fO(C—f—;tl,tQ) dt1 A dtg A dug N dus.
t1>u1>v1; te>u2>v2

We can also associate a diagram to this integral representation:

V2

U2 duy N dus

to fodt1 A dta

o]
e’} t1 U1 U1

The diagram represents that the variables under the integral are t1, to, u1,
u9, subject to the conditions co > t1 > u; > vy and co > to > ug > v9.
Also, the function fy in the diagram depends on the variables ¢; and ts.

Similarly to (3.1]), we inductively define the mth Dedekind polylogarithm
over a quadratic number field by

ul Ul

(3.14) fm(C+; ui, UQ) = S S fmfl(CJr; tl, tz) dtl A dtg.

[eole )
The above integral is the key example of an iterated integral over a mem-
brane. For more examples and properties, see [H3].
From (3.14]), we can derive an analogue of the infinite sum representation

(3-3):
(3.15) fn(Crsur,ug) = >

acCy

exp(—au; — @usg)
N(a)™

Now we can define an analogue of the double logarithm Lij 1(1,e*) over
an imaginary quadratic field:

V1 V2

(3.16)  fra(Crsvr,va) = | | A(Csun,u0) fo(Clys i, us) duy A dus,

o0 o0

called a Dedekind double logarithm. As an analogue for (3.13]), we can ex-
press fi1 only in terms of fy by
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J11(Cy5v1,v2)
= | (fo(Cysta, t2) dir A diz) A (fo(Cys ur, ug) duy A dug).

t1>u1>v1;ta>u>02

This allows us to associate a diagram to fi i:

V2
u2 fodu1 A duso
to fodtl A dta
[o.@]
(o] t1 w1 V1

The variables t1, t2, u1, ug in the diagram are the variables in the integrand.
They are subject to the conditions t; > wq > v1 and to > ug > wve. Also,
the lower left function fj in the diagram depends on the variables t1 and ts,
and the upper right fo depends on u; and us.

The similarity between fi1(Cy;v1,v2) and Lij1(1,e7*) can be noticed
in the infinite sum representation:

LEMMA 3.2.
. _ exp(—(a+ B)v — (@ + B)va)
fra(Civr v) = aﬁ;@ N{@)N(a + 5)
Proof. We have
f1,1(Cysv1,v2) = S S [1(Chiur,u2) fo(Cysur, ug) dur A dus
= S S Z exp(—ajifm — u2) Z exp(—Butur — Baus) dur A dus
o0 0o aeCy (a) peC+
e exp(—(a1 + B1)ur — (a2 + F2)ug)
= d d
iia7%+ N (o) up A\ dug
_ Z exp(—(a1 + Bi)vr — (ag + f2)v2) .
e N(a)N(a+p) ’

3.3. Examples of integral shuffles. In this subsection, we consider
several examples of shuffle relations based on iterated integrals over mem-
branes.
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Let C1 and Cy be two cones. For example,

Ci=N{l,1+i} ={a+b(1+1i)]|a,be N},
Coy=N{l,1—-i} ={a+b(1—1i)]|a,beN}

Similarly to (3.11)) and (3.12)), we define

fo(Criti,ta) = Y exp(—arts — agty),
aeCy
Ul U

[1(Criur,ug) = S S fo(Crsty, te) dty A dts.

(e oo o]

We define two types of Dedekind double logarithms in order to present
an integral shuffle relation in a simpler setting:

f11(C1, C5v1,v2)
= | fo(Custa,ta) dty Adty A fo(Co;ur, ) duy A dug,

t1>u1>v1 t2>u2>v2

f{il(Cl,CQ;'Ul,'UQ)
= S S f()(cl;tl,UQ) dtq /\dtz/\fQ(CQ;U1,t2) dui N dus.

wy>t1>v1 ta>us>v2

In particular, fi1(C4,Cy;v1,v2) = f1,1(C4;v1,v2), where the second fi 7 is

from ((3.16]).

THEOREM 3.3. (Shuffle relation for the Dedekind (poly-)logarithms
fl(Cl; v, UQ) and fl(CQ; U1, UQ)).

(3.17)  fi(Crsv1,v2) f1(Co;01,v2) = f1,1(C1, C2;v1,v2)+f1 1 (C1, Cas 01, v2)
+ f1.1(C2, C1;v1,v2) + f11(C2, Cr; 01, v2).

Proof. We have

f1(Cr;v1,v2) f1(Ca; 01, v2)

V] V2 V1 V2
= S S fo(Criur,u2) dut A dus S S fo(Caitr, ta) dty A dto

(e )0 1)

urSt>vr b>ui>v us>ta>vs  ta>us>vn

fo(Cryur,ug) duy A dug A fo(Ca;tr, te) dty A die

= f1,1(C1, Ca;v1,v9) + f11(C1, Co;v1,v2) + f1,1(C2, C15 01, v2)
+f£1(C2,Cl;v1,v2). "



214 1. Horozov

In terms of diagrams, the shuffle relation can be expressed as

v2 — v2 ]
v v u2 fo(C2) uz| fo(C2)
ug| fo(Ch) |« t2| fo(C2) | — 4
— Tt (@) ta fo(Ch)
t1 ur U1 t1 Ul V1
v2 v2
u2 fo(Ch) uz| fo(C1)
+ +
ta| fo(Ca) t2 fo(C2)
t ur v o ur o1

Similarly to f11, we define a multiple Dedekind polylogarithm
w1 w2
fra(Ciwi,we) = | | fL1(Cvr,v2) dvy A du,.

We can associate the following diagram to it:

w2

Va2 dvy Advs

u2 fo dui Adus

to fodtl Ndts

o)
[e%e] t1 Ul V1 w1

The diagram represents the following: The variables of the integrand are
t1, ta, u1, us, v1, vo, subject to the conditions ¢; > u; > v; > w; and
to > ug > vo > we. The lower left fy depends on t; and t3, and the middle
fo depends on w; and wue. The upper right 2-form is dv; A dve. Thus, the
diagram represents the following integral:

(3.18)  f12(Cy;wr,wa)
= | (fo(Cystr,ta) dtr Adta) A (fo(Crsun, ug) duy A dug) A (dvy A dus),

le,wQ

where the domain of integration is
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thwz =

{(tl,tg,ul,UQ,vl,Ug) € RS | t1 > up > v > wp and tg > ug > vy > wg}.
A direct computation leads to

(3.19) S12(Chswi,wa) = Z

a,peCy
Using (3.19)), we define the corresponding multiple Dedekind zeta value as

1
1 ) — C.: = E .
CK(1’2’1’2) fl,?( +a070) = ZV(C)()N(OZ—Fﬁ)Z

exp(—(a + Bwy — (@ + Bws)
N(a)N(a+ )2

Similarly to fi 2, we define a multiple Dedekind polylogarithm
w1 w2
(3.20) f1(’12’2)(1)(0+, w1, WQ) = S S 1(’11’2)’(1)(C+, Cy;vy, ’Ug) dvi N dus.
oo o0
This definition is needed for the integral shuffle relation for multiple Dede-
kind zeta values. We can associate the following diagram to (3.20)):

w2
V2 dvi Advs
u2 fodt1 Aduso
to fodui Adte
o0
(e%e] t1 U1 V1 w1

The diagram represents the following: The variables of the integrand are
t1, to, u1, uo, v1, V2, subject to the conditions t;1 > u; > v; > wi and
to > ug > vo > ws. One of the functions fy depends on u; and t9, and the
other on ¢; and us.

From the diagram we obtain the following integral, which is more useful
for writing explicit formulas:

(3.21) fl(}éQ)’(l)(C+;w1,w2)
= | (fo(Cyitr,ta) dty Adta) A (fo(Csun, ug) dug A dug) A (dvy A dus),

le , W9

where the domain of integration is
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le,w2 =
{(tl,tg,ul,UQ,Ul,Ug) e RS | uy >t > v > wy and to > ug > vy > ’LUQ}.
A direct computation leads to
L. o _ exp(—(a + By — (@ + B)ws)
W1, W2) = .
f1,2 ( + ) Z ,81CUQN(C¥+,3>2
a,BeCy

We use it to define the corresponding permutational multiple Dedekind zeta
value

G (1,2:1,2) = £{571(C:0,0)

1
Z Bi(ar + Bi)%az(ag + B2)?

a,BeCy
On pages 2184219, we will consider 36 similar dlagrams Then the above

diagram, with w; = 0 and wy = 0, associated to (K (1,2,1,2) will be
denoted by

V2 0 0
t2 1 or simply |1
u2 1 1

t1 u1 V1

The 1’s signify fo(t1,t2)dty A dty or fo(uq,uz)dui A dug. The 0 signifies the
differential form dvi Advy. Also, for the variables t1,u1,v1 we have t1 > uj >
vy > 0, and similarly us > to > v9 > 0 for the variables left of the box.
Compare the above diagram with the previous one. They represent the
same integrals, when w; = 0 and ws = 0.
Now, we are going to consider the particular example of an integral
shuffle relation for the product (¢, (2)Cr,c. (2).

THEOREM 3.4 (Example of integral shuffle). We can express the above
product of Dedekind zeta values as a sum of permutational MDZVs:

(322) CK;C+ (2)CK;C'+ (2) = 2CII(;C+ (27 27 27 2) + SCII{;CJr(la 3) 173)
+ 4C11{;C+(]‘? 3) 2’ 2) + 4C}(;C+ (2’ 27 ]-7 3) + 2C[p{;(j’+ (27 2) 27 2)
+ 8.0, (1,3,1,3) + 4Ck. 0, (1,3;2,2) + 4Ck. 0, (2,2;1,3).

Proof. We recall the definition Cy = NU {a | Im(a;) > 0}. Due to
convergence issues, first we consider the exponents exp(—ait; — asty) X
exp(—p1u; — Bauz). Then we use iterated integrals over membranes. And
finally we sum over elements « of the cone C'y. The sums of such integrals
converge for imaginary quadratic fields.

The shuffle is done in the following way. The variables t; > u; > 0 are
shuffled with v; > wy > 0. For this, there are six possibilities. Then the
variables to > ug > 0 are shuffled with v9 > w9 > 0. Shuffling simultane-
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ously among the variables t1, u1, v, w; with index 1 and among the variables
to, ug, Vo, wo with index 2, we obtain 62 possibilities. When the variables with

. . 1
index 1 are shuffled, we have two summations of the type Zaia? =
1 N
P CTE RO We obtain similar terms
when we shuffle the variables with index 2, namely, two summations of the

and four summations of the type

1 . s 1
type Tlaathy X and four summations of the type @t X We
obtain
(323) (k.o (2)Ck,c,(2)
= S f0(0+;t1,t2) dt1 Ndto Ndug Adus
t1>u1>0;5t2>ue>0
X S fo(C+;U1,U2) dvi Advg A dwi Adws

v1 >wi>0; va>we >0

:221\7 2Na+,8 3 +8 Z

,ﬁ€C+ ,ﬁ€C+

oH—ﬂ)

1 1
Y o1 (a1 +p1)%a3(ag + B2)? i Z of (a1 + p1)%az(aa + B2)3

a,BeCy a,BeC,
1
2 Z 2531\7 (a+3)? S Z a1 BN (a+B)3

a,BeCy a,BeCy

1 1
4 Z a?(aq +B1)2B3 (g + B2)? 3 4 Z at(ar+B1)3683 (g + B2)?

a,BeCy a,BeC
= 2050, (202:2,2) +8Ck0, (1,35 1,3) +4Ck e, (1, 35.2,2) +4¢ k.0, (2,231, 3)
+20%.0, (2,22,2) +8(f ¢, (1,3:1,3) +4C% ¢, (1,3;2,2)
+4Ck. 0, (2,21, 3).

The following 36 diagrams reprepresent all the possible shuffles among
the variables ¢t > u; > 0 and v; > w; > 0, and among to > ugs > 0 and
vg > we > 0. The diagrams show all possibilities of how these variables can
be ordered respecting the inequalities ¢t > uy > 0, v1 > w1 > 0, to > ug > 0
and v > wg > 0. In the boxes, the number 1 with coordinates (¢1,t2) and
(v1, v2) corresponds to the 2-forms fo(t1,t2)dt1 A dte and fo(v1, ve)dvy A dve
under the integral. Also, the occurrence of 0 in the boxes with coordinates
(u1,uz) and (wy,wse) signifies that under the integral we have the forms
duy A dug and dw; A dws, respectively. In each diagram, the variables in
horizontal and in vertical direction are arranged in decreasing order.

Note that a diagram itself stands for an integral representation of one
summand of a permutational multiple Dedekind zeta value. The summand
is given below each diagram.
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Table (1,1)

wWa 0 w2 0 w2 0
V2 1 V2 1 V2 1
U2 0 U2 0 U2 0
t2[1 e[| [ 1] e[ [ 1]
t1 u1 v1 wi t1 V1 u1 wi t1 v1 w1 w
1 1 1
N(a)2N(a+8)2 af(a1+81)3a3(az+82)? al(a1+B1)3a3(az+B82)?
W2 0 w2 0 w2 0
U2 0 U2 0 U2 0
V2 1 V2 1 V2 1
ta| 1 ta| 1 ta| 1
t1 u1 v1 wi t1 V1 U1 w1 t1 V1 w1 U1
1 1 1
a?(a1+p1)2a}(az+p82)3 N(o)IN(atB)3 N(@)IN(atB)3
U2 0 U2 0 U2 0
() 0 w2 0 W2 0
V2 1 V2 1 V2 1
ta| 1 ta| 1 tal 1
t1 u1 v1 wi t1 V1 u1 w1 t1 V1 w1 up
1 1 1
a?(a1+p1)%a}(az+pB2)3 N()IN(atB)3 N(o)IN(at8)3

Table (1, 2)

w2 0 w2 0 w2 0
v2| 1 v2| 1 v2| 1
U2 0 U2 0 U2 0
ta 1 ta 1 ta 1
V1t Ul wi V1t w1 u1 V1 w1 t; U1
1 1 1

B (a1+B1)3a3(az+p2)? Bi(a1+B1)3 02 (az+pB2)? BF(a1+B1)2 a2 (az+B2)?

w2 0 w2 0 w2 0
U2 0 Uz 0 U2 0
v2l| 1 v2| 1 v2| 1
ta 1 t2 1 t2 1
V1t Ul wi U1 t; w1 Ul v w1t U1
1 1 1

Bl(a1+B1)3al(az+B2)3 B1 (a1+B1)3ad(az+p2)3 B2 (a1+B1)%2ad(az+p2)3

U2 0 U2 0 U2 0
w2 0 w2 0 w2 0
v2| 1 v2| 1 V2| 1
ta 1 t2 1 t2 1
U1t U1 w1 U1 t; w1 u1 U1 w1 t; U1
1 1 1

Bl(a1+pB1)3al(as+p2)3 Bi(a1+B1)3al(az+pB2)3 BF(a1+B1)2ak(az+B2)3
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Table (2,1)

wa 0 w2 0 w2 0

Uz 0 U2 0 U2 0
ta| 1 t2| 1 ta| 1

V2 1 V2 1 V2 1

B2 (a1+B1)%ad(az+82)3

Uz 0
wa 0
ta| 1
Vg 1

t1 U1 v1 w1
1

Bi(a1+B1)3ad(az+82)3

U2 0
wa 0
ta| 1
V2 1

t1 V1 u1 wy
1

1
Bi(a1+B1)3ak(az+pB2)3

U2 0
w2 0
ta| 1
V2 1

t1 V1 w1 U1
1

aZ(a1+B1)2B3 (a2 +B2)3

Bl(a1+p1)3al(aa+B2)3

Bi(a1+B1)3al(az+8B2)3

U2 0 U2 0 U2 0
ta| 1 ta| 1 ta| 1
w2 0 w2 0 w2 0
V2 1 () 1 V2 1
t1 u1 v1 wy t1 V1 u1 wy t1 V1 Wi U1l
1 1 1
aiBIN(a+B)? al(a1+81)3B2(az+B2)? af(a1+81)383 (az+82)2
Table (2, 2)
w2 0 w2 0 w2 0
U2 0 U2 0 U2 0
to 1 ta 1 to 1
v2| 1 v2| 1 v2| 1
V1 t1 w1 w1 V1t w1 Ul V1 w1 t; U1l
1 1 1
N(B)IN(a+8)3 N(B)IN(a+p)3 a?(a1+p81)2al(az+B2)3
U2 0 U2 0 U2 0
w2 0 w2 0 w2 0
to 1 to 1 to 1
v2| 1 v2| 1 v2| 1
U1t U1 w1 V1 t; w1 Ul U1 w1t U1
1 1 1
N(B)'N(a+5)3 N(B)TN(a+B)? aZ(a1+p1)2al(az+B2)3
U2 0 U2 0 U2 0
to 1 to 1 ta 1
w2 0 w2 0 w2 0
V2|1 v2| 1 v2| 1

U1 t1 U1 w1
1

U1t w1 U1l
1

af(a1+B1)3a3(az+B2)?

al(a1+B1)3a2(az+82)?

V1 w1t u1

1
N(B)2N(a+p)?

219
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3.4. General integral shuffles. Recall that an ordinary multiple De-
dekind zeta value is

1
<(a1,...,ad;b1,...,bd): Z

ag =by
a1<---<aq

ay ~ba’
ai'oagtalt Loy

In order to represent such a value as an iterated integral over a membrane we
consider a square block diagram with non-zero blocks on the diagonal and
zero blocks off the diagonal. For now assume that all a4, ...,aq,b1,...,bg are
non-zero positive integers. In that case consider a diagonal consisting of d
blocks, so that the ith block is of size a; x b; and it has the following entries:

dty,

dto

Ifdsidti| dso e dsa;

Fig. 1

Here the box is of size a; x b; and f = exp(—pB;s1 — Bit1). Now we describe
the degenerate cases.
Let a; > 0 and b; = 0. Then the box is degenerate of size a; x 0. The
corresponding diagram is
f1d$1 dsa dsai

- —e

Qaq
Fig. 2

Here f1 = exp(—/;s1).
Let a; = 0 and b; > 0. Then the box is degenerate of size 0 x b;. The
corresponding diagram is
Idtbi

be
dts

fgdtl

Fig. 3
Here fo = exp(—fit2).
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When we consider the integral associated to the diagram consisting of
the above d boxes on the diagonal, we obtain

1
S(Br+ Ba)%2 .. (B -+ Ba) B (Br A+ Bo)b2 . (Br A+ Ba)be

If we substitute

o :517
ag = 1 + [,

ag =P+ + B
we find that the integral is equal to
1

ai a2 ag =by =ba _bg "
041 062 ad Ozl a2 ad

Note that Fig. 1 and Fig. 4 below give the same summand of a multiple
Dedekind zeta value. The invariance of a multiple Dedekind zeta value with
respect to the choice of a diagram is the following: we are allowed to move
each of the differential forms dsi,...,ds,, vertically to another box. Simi-
larly, we are allowed to move the differential forms dt1, ..., dt,, horizontally
to another box. Such moves do not change the value of the corresponding
iterated integral.

dty,

i

dtp, 1

i

dto s,

[fds1dt1| dso cor | dSa;—1

Fig. 4

If we multiply two multiple Dedekind zeta values of the above type then
we can consider the corresponding diagrams D; and D- in a block-diagonal
form, with blocks of the type given in Fig. 1. The product is equal to the
sum of the integrals of the following diagrams: One has to shuffle the rows
of the diagrams D1 and Dy as if each row of a diagram were a card and each
diagram were a deck of cards. Besides shuffling the rows, one has to shuffle
the columns as if each column were a card and the diagrams Dq and Dy were
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two decks of cards. If needed, we can move the forms ds horizontally and the
forms dt vertically. The resulting diagrams will not necessarily be in a block-
diagonal form with blocks of the type of Fig. 1; however, they will be very
close to that form, which we will describe in Proposition and in its proof.
Let di and do be the number of blocks in the diagrams D and Ds,
respectively. We call d; and do depths. Then we have the following;:

PRroOPOSITION 3.5. In the product of the multiple Dedekind zeta values
corresponding to the diagrams D1 and Dsy, we obtain “block-permutational”
diagrams, where each block is of the type of Fig. 1 and the blocks are arranged
in the same way as the entries 1 in a permutational matriz. Fxplicitly, the
values represented by the block-permutational diagrams whose blocks are of
the type of Fig. 1 are permutational multiple Dedekind zeta values from

Definition [1.3]

Proof. After the shuffle of D1 and D-, no two boxes containing an f are
in the same row or the same column. Put 1 in each box where the function
f appears and ignore all rows and columns where no f appears. Put 0 in all
the remaining boxes. That produces a permutational matrix.

Now, consider the diagram representing a particular shuffle of the dia-
grams D; and Ds. Since we are allowed to move the forms ds; vertically
and dt; horizontally, we can arrange the resulting diagram so that near each
square containing f we have a subdiagram that is of the type of Fig. 1.
By a direct computation it follows that the iterated integrals over mem-
branes associated to block-permutational diagrams give permutational mul-
tiple Dedekind zeta values. =

Let us give an example of a permutational MDZV. The corresponding
diagram is a block-permutational diagram of the form

te

degdt5 S4

ta

fd85dt3 56

dto

fd31 dtl d82

Fig. 5
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Then the resulting permutational multiple Dedekind zeta value is ¢§(2, 2, 2;
2,2,2) with permutation p = (1)(32) and a map g = identity.

PrRoPOSITION 3.6. We can express a permutational multiple Dedekind
zeta value as a finite sum of ordinary multiple Dedekind zeta values.

Proof. Recall that a permutational multiple Dedekind zeta value is de-
fined in the following way: Let f = (f1,..., fm) : C¢ — C% be an N-linear
map with coefficients in {0} UN, let

(324) 51 = fl(Oél,... ,Oéa), ceey (Sd = fd(oq,... ,Ota),

and let p be a permutation of m elements. Then we define

1
vy a3 by bg) =
Cf(a’lv » d; 01, ) d) Z 5(111(51+52)a2--.(51+"‘+5d)ad

1

at,...,og€Cy

— S—
0,1) (Gp(1) o))" -+ (Bp(a) + -+ + Fp(a) )
Fori=1,...,d, let

(3.25) Bi =01+ + 4,
(3.26) Vi = 6[)(1) —+ -+ 6p(1)

If 8 and «y are in C, there are three cases: either f—v € Cy,or f—7 =0,
or v — 8 € C. Following Gangl, Kaneko and Zagier [GKZ|] we define 8 < v
if v — 8 € C4. With respect to this order we can shuffle the two chains of
inequalities f; < --- < B4 and 71 < --- < 74 in order to obtain a single
chain of inequalities (if we have the “=” sign among two of the elements f;
or 7j, we consider them as one element in a chain of inequalities). Denote
any such single chain of inequalities by

(3.27) 1 < o < fhy.

The possible values for m are integers in the interval [d, 2d]. We claim that
for each shuffle, the resulting zeta value is an ordinary multiple Dedekind
zeta value. Indeed, all the terms p; in the denominator and their conjugates
are raised to a non-negative integer power. Also, for each shuffle the sum is
taken over py < --- < pm, subject to extra linear conditions inherited from

ai, ..., aq. More specifically, the sum of the ordinary multiple Dedekind zeta
values is of the form
1
Co(At, ..., Ap; By ..., By) = >

al am —b1 o
A1y 0y 1 <o < My Hg My - g

Here G = hogo f, where: f : C% — C4 is defined by (3:24); using (3.25)
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and , we define

g:Ct=cltact, ©ay--6@)— B B) & (n, .-, 7a);
and using any of the chains , we define

h:CleCt =07, (B, B)® (s va) = (s fhm)-

The integers A1,..., Amn, B1..., By, are defined in the following way: Fix
a chain . If p, = B; for some k and 7, but p # 7; for any j, then we
define Ay, = a;. Otherwise A = 0. If u, = ~; for some k and j, but p # 5;
for any ¢, then we define By, = b;. Otherwise Bj, = 0.

That expresses the permutational MDZV as a finite sum of ordinary
MDZVs. u

THEOREM 3.7. A product of two ordinary MDZVs can be expressed as
a finite sum of such by using the integral shuffle.

Proof. An integral shuffle of two ordinary MDZVs can be expressed as
a sum of permutational MDZVs by Proposition And by Proposition
we can express a permutational MDZV as a finite sum of ordinary MDZVs.
That proves the theorem. =

4. Relations among ordinary multiple Dedekind zeta values. In
this section, we find a linear relation among ordinary MDZVs, using both
types of shuffles of ordinary MDZVs. We use the infinite sum shuffie for
the product of two Dedekind zeta values for imaginary quadratic fields at
s = 2 from Corollary We also express the same product as a sum of
permutational MDZVs using the integral shuffle from Theorem Then
we express the permutational MDZVs as a finite sum of ordinary MDZVs
using the construction from the proof of Proposition [3.6

From the two types of shuffles for (x.c, (2)(k;c. (2) from Corollary
and Theorem [3.4] we obtain the following linear relation among permuta-
tional MDZVs:

THEOREM 4.1. Permutational multiple Dedekind zeta values associated
to an imaginary quadratic number field K satisfy the following linear rela-
tion:

(41)  Cie.(454) = 8Ck e, (1,3;1,3) =4¢1(1,3;2,2) +4¢1 (2,21, 3)
+2¢°(2,2;2,2) +8¢"(1,3;1,3) + 4¢"(1, 3;2,2) + 4¢"(2,2; 1, 3).

If we express the permutational MDZV in terms of ordinary MDZV,
using Proposition [3.6] we obtain:
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THEOREM 4.2. Ordinary multiple Dedekind zeta values associated to an
imaginary quadratic number field K satisfy the following linear relation:

(42)  3¢'(454) —8¢1(1,3;1,3) = 4¢1(1,3;2,2) + 4¢1(2,2;1, 3)
+2¢4(2,0,2;0,2,2) +2¢}(0,2,2;2,0,2)
+8¢}(1,0,3;0,1,3) +8¢;(0,1,3;1,0,3)
+4¢}(1,0,3;0,2,2) + 4¢}(0,1,3;2,0,2)
+4¢7(2,0,2;0,1,3) + 4¢}(0,2,2;1,0,3),

) =

where f : C’_2F — Ci is defined by f(a,
sponding ordinary MDZV is

1
1
1b1,b0,b3) = E _ —
Cf(al;a25a37 1,02, 3) s O(G’IBGQ(O{+/6)a307b1ﬁb2(07+ﬁ)b3

(o, B, + ). Here the corre-

Proof. We recall that

1
¢P(a1,a2;b1,b) = - P s
a,L;@ am (a + B)ezpb(a + B)°

Using the method in the proof of Proposition we obtain

1
2¢P(2,2;2,2) = S
aﬁze:m a?(a+ B)25%(a + B)?

1
> a?f%(a+ §)?a%5%(a + B)?

0<a<p

1 1
* 2 Bt ARG R |2, B+ PP + BT

0<B<a 0<a=f
1
= 2¢4(2.0,2:0,2,2) +2¢+(0,2,2:2.0,2) + 2
Cf(a y Ly Uy &y )+ Cf(a g Ly &y Uy )+ é@Q(Qa)QO_ﬁ(Q@)Q

=2(4(2,0,2;0,2,2) +2¢7(0,2,2;2,0,2) + §¢' (4;4).

Similarly,
1
8C7(1,3;1,3) = 8CH(1,0,3;0,1,3)+8¢}+(0,1,3;1,0,3) —i—SZW
1

4¢P(1,3:;2,2) = 4¢H(1,0,3;0,2,2)+4¢1(0,1,3;2,0,2)+4 _——
C(v 77) Cf(a )y 77)+ Cf(v ) Jy 77)+ (Kzaa(za)gaz(za)z

= 4¢}(1,0,3;0,2,2)+4¢}(0,1,3;2,0,2)+ 5" (4; 4)
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and

1
4¢P(2,2;1,3) = 4¢H(2,0,2;0,1,3)+4¢k(0,2,2;1,0,3)+4
C ( » &y Ly ) Cf( )+ Cf( )Jr (;ag(Qa)ng(Qa)Q

=4¢}(2,0,2;0,1,3)+4¢}(0,2,2;1,0,3)+ 3¢ (4;4). =

Using the two types of shuffle relations for multiple zeta values, one
obtains linear relations among multiple zeta values. It is known that the
dimension of the space of certain (motivic) multiple zeta values of small
depth can be expressed as a dimension of a certain cohomology of arithmetic
groups (see [GKZ], [G1], [G2]). We expect that a similar analogy holds for
ordinary MDZVs, namely, from the two types of shuffles we obtain linear
relations. We expect that the dimensions of the spaces of certain ordinary
MDZVs can be expressed by the dimensions of the cohomology of arithmetic
groups.
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