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Sums of four polygonal numbers with coefficients
by

XIANG-Z1 MENG and ZHI-WEI SUN (Nanjing)

1. Introduction. Let m € Z*T = {1,2,3,...}. The polygonal numbers of
order m+2 (or (m+2)-gonal numbers), which are constructed geometrically
from regular polygons with m + 2 sides, are given by

2

(1.1) S ::m(g>+n:mn —(2m—2)n

forn e N=1{0,1,2,...}. Clearly,
Pm+2(0) =0, ppmia(l) =1, pmi2(2) =m+2, ppia(3) =3m+3,

and ppm42(z) with x € Z are called generalized (m + 2)-gonal numbers. It
is easy to see that generalized hexagonal numbers coincide with triangular
numbers (i.e., ps(n) = n(n +1)/2 with n € N). Note that

pa(n) =02 ps(n) =n(B3n—1)/2, ps(n) =n(2n—1) =p3(2n —1).
Fermat’s claim that each n € N can be written as the sum of m+2 polygonal
numbers of order m+2 was proved by Lagrange in the case m = 2, by Gauss
in the case m = 1, and by Cauchy in the case m > 3 (cf. [9, pp. 3-35] and
[7, pp. 54-57]). In 1830 Legendre refined Cauchy’s polygonal number theo-
rem by showing that any integer N > 28m? with m > 3 can be written as

Pm+2(®1) + Pmy2(22) + pmt2(23) + Pmr2(T4) + 6 (N)
where x1,z2, 23,24 € N, 0,,(N) = 0 if 2¢m, and 6,,(N) € {0,1} if 2|m.
Nathanson ([§] and [9] p. 33]) simplified the proofs of Cauchy’s and Legen-
dre’s theorems.
In 1917 Ramanujan [10] listed 55 possible quadruples (a, b, ¢, d) of pos-
itive integers with a < b < ¢ < d such that any n € N can be written as
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ax®+by? +cz? +dw? with z, y, z,w € Z, and 54 of them were later confirmed
by Dickson [2] while the remaining one on the list was actually wrong.

Recently, Sun [12] showed that any positive integer can be written as
the sum of four generalized octagonal numbers one of which is odd. He also
proved that for many triples (b, ¢, d) of positive integers (including (1,1, 3),
(1,2,2) and (1,2,4)) we have

{ps(x1) + bps(z2) + cps(w3) + dps(zs) : 21,22, 23,24 € Z} = N.

In [12, Conjecture 5.3], Sun conjectured that any n € N can be written as
pe(x1) + pe(x2) + 2pg(x3) + 4ps(24) With x1, 29, 23,24 € N.

Motivated by the above work, for (a,b) = (1,1),(2,2),(1,3),(2,4) and
m € {3,4,5,...}, we study whether any sufficiently large integer can be
written as

Pm+2(21) + Pmy2(2) + apmia(w3) + bpmya(zs)  with 21, 29, 23,24 € N
Now we state our main results.
THEOREM 1.1. Let m € ZT with 4|m.

(i) Any integer N > 28m3 can be expressed as
(1.2)  pma2(1) +Pma2(T2) +Pmy2(3) +Pmya(za) (21,22, 23,74 €N).
(ii) There are infinitely many positive integers not of the form
Pmta(1) + Pmta(@2) + pmsa(23) + Prta(@a)
with x1,x2,x3, T4 € N.

REMARK 1.1. This can be viewed as a supplement to Legendre’s theo-
rem. By Theorem 1.1(ii), there are infinitely many positive integers none of
which is the sum of four octagonal numbers; in contrast, Sun [12] showed
that any n € N is the sum of four generalized octagonal numbers.

COROLLARY 1.1. We have
(1.3)  {ps(w1) + pe(x2) + p6(w3) + pe(74) : w1, T2, T3, 74 € N}
=N\ {5, 10, 11, 20, 25, 26, 38, 39, 54, 65, 70, 114, 130},

and hence any n € N can be written as the sum of a triangular number and
three hexagonal numbers. Also, any integer n > 2146 can be written as the
sum of four decagonal numbers, and thus

(1.4)  {pio(z1) + pro(z2) + pro(xs) + pro(xa) : 1, 22, 23,24 € Z}
=N\ {5,6,26}.
Proof. Via a computer, we can easily verify that
5,10,11, 20, 25, 26, 38, 39, 54, 65,70, 114, 130
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are the only natural numbers smaller than 28 x 43 which cannot be written as
the sum of four hexagonal numbers, but all these numbers can be expressed
as the sum of a triangular number and three hexagonal numbers. Also, every
n = 2147,...,28 x 8 — 1 is the sum of four decagonal numbers, and 5, 6
and 26 are the only natural numbers smaller than 2147 which cannot be
written as the sum of four generalized decagonal numbers. Now it suffices
to apply Theorem 1.1 with m =4,8. =

REMARK 1.2. Sun [I1), Conjecture 1.10] conjectured that any n € N can
be written as the sum of two triangular numbers and a hexagonal number.
Krachun [6] proved that

{ps(—w) + ps(—x) + ps(y) + ps(2) : w, x,y,2z € N}
= {ps(—w) + 2ps(—2) + p6(y) + 2ps(2) : w, 2,9,z € N} =N,
as conjectured by the second author [12].

THEOREM 1.2. Let m > 3 be an integer.

(i) Suppose that 2¢m or 4|m. Then any integer N > 1628m> can be
written as

(1.5)  pma2(z1)+pmr2(x2) +2pmi2(23) +2pmi2(za) (21,22, 23,24 € N).

(i1) If m =2 (mod 4), then there are infinitely many positive integers not
representable by pmy2(x1) + Pmr2(x2) + 2pmi2(x3) + 2pmia(z4) with
T1,T2,T3,T4 € N.

REMARK 1.3. Actually our proof of Theorem 1.2(i) given in Section 3
allows us to replace 1628m> by 418m3 in the case m = 1 (mod 2). By
Theorem 1.2(ii), there are infinitely many positive integers not representable
by ps(z1) + ps(x2) + 2pg(x3) + 2ps(x4) with z1, 29, x3, 24 € N; in contrast,
Sun [12] proved that any n € N can be written as ps(z1) + ps(x2) + 2ps(x3)
+ 2pg(x4) with a1, x9, 23,24 € Z.

COROLLARY 1.2. We have
(1.6)  {ps(z1) + ps(z2) + 2ps(w3) + 2ps5(x4) @ 1, T2, 3,24 € N} =N,

(1.7)  {pe(x1) + pe(x2) + 2ps(x3) + 2p6(v4) : 1,22, 23, 4 € N}
= N\ {22,82,100},

(1.8)  {pr(z1) + pr(x2) + 2p7(x3) + 2p7(z4) : 1, T2, 23,24 € N}
=N\ {13,26,31,65,67,173,175,215,247}.

Also, for each k =9,10,11, any integer n > C}, can be written as

Pr(w1) + pr(w2) + 2pr(x3) + 2p(z4)
with ©1,x9,x3,x4 € N, where Cg = 925, C¢9 = 840 and C11 = 1799. There-
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fore,

(1.9)  {ps(w) + ps(z) + 2ps(y) + 2ps(2) : w,z,y,2 € N} =N,

(1.10)  {2p3(w) + ps(z) +pe(y) + 2ps(z) : w, 2, y,z € N} =N,

(111)  Apr(w) + pr(x) + 2p7(y) + 2p7(2) :w € Z & @,y,2 € N} =N
(1.12)  {po(w) + 2pg(x) + po(y) + 2p9(2) : w,z € Z & y,z € N} =N
(1.13)  {pio(w) + 2p10(x) + p1o(y) + 2p10(2) : w,x € Z & y,z € N} =N,
(1.14)  {pn(w) + 2pu(z) + pr1(y) +2p11(2) tw,z € Z & y, 2 € N}

=N\ {7}.
Proof. Note that {pg(w) : w € Z} = {p3s(w) : w € N}. It suffices to
apply Theorem 1.2(i) with m € {3,4,5,7,8,9} and check those n € N with
n < 1628m? via a computer. =

REMARK 1.4. (1.6) appeared as part of [12, Conjecture 5.2(ii)], and it
indicates that the set {ps(x)+2ps(y) : =,y € N} is an additive base of order 2.
For positive integers a, b, ¢ with {aps(z) +bps(y) + cps(z) : ¢, y,2 € Z} = N,
see [1I] and [4].

THEOREM 1.3. Let m > 3 be an integer. Then each integer N > 924m?>
can be expressed as
(1.15)  pmye(x1) +Pmy2(22) +Pmy2(23) +3pmr2(za) (21,22, 23,24 €N),

COROLLARY 1.3. We have
(1.16) {ps(z1) + p5(x2) + ps(x3) + 3ps(z4) : 21,22, 23, 24 € N} =N\ {19},
(117)  {pe(®1) + ps(w2) + pe(x3) + 3pe(w4) : 1,2, w3, x4 € N}

= N\ {14, 23,41, 42,83},
(1.18)  {pr(z1) + pr(z2) + pr(x3) + 3pr(a) : 1,2, 23, 24 € N}
= N\ {13, 16,27, 31, 33,49, 50, 67,87,178, 181, 259}.
Also, for each k = 8,9,10, any integer n > My, can be written as py(z1) +
pr(x2)+pr(23) 4+ 3pr(4) with x1,x2, 23,14 € N, where Mg = 435, My = 695
and My = 916. Therefore
(1.19)  {pr(w) + pr(x) + pr(y) + 3p7(2) :w € Z & x,y,2z € N} =N,
(1.20)  {pgo(x1)+po(x2) + po(x3)+3pg(x4) : X1, 22,23, 24 € Z} =N\ {17},
(1.21)  {p1o(®1) + pro(z2) + p1o(w3) + 3p1o(z4a) : 1, T2, T3, 74 € Z}
=N\ {16, 19}.

Proof. Tt suffices to apply Theorem 1.3 with m € {3,4,5,6,7,8} and

check those n € N with n < 924m? via a computer. =

REMARK 1.5. Guy [5] thought that 10, 16 and 76 might be the only
natural numbers which cannot be written as the sum of three generalized
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heptagonal numbers. The second author [I2, Remark 5.2 and Conjecture 1.2]
conjectured that {p7(z) + p7r(y) + p7(2) : z,y,2 € Z} = N\ {10, 16, 76,307}
and

{ps(z) + ps(y) + 3ps(2) : x,y,2 € Z} = N\ {7,14,18,91}.

THEOREM 1.4. Let m > 3 be an integer. Then any integer N > 1056m>
can be written as

(1.22)  pmy2(@1) +pms2(x2) +2pmr2(x3) +4pm2(xa) (21,22, 23,24 € N).
COROLLARY 1.4. We have
(1.23) {ps(x1) + ps(z2) + 2ps(x3) + 4ps(xs) : 1, 22, 23,24 € N} =N,
(1.24) {ps(x1) + pe(z2) + 2pe(x3) + 4ps(x4) : 1, 22, 23,24 € N} =N,
(1.25)  A{pr(@1) + pr(z2) + 2p7(x3) + dp7(24) * 71, 72, 73, 74 € N}
~ N\ {17,51},

(1.26) {ps(x1) + pa(z2) + 2ps(x3) + 4ps(xs) : @1, 22, x3, 24 € N}

— N\ {19,30,39,59, 78,91},

(1.27)  {po(x1) + po(x2) + 2pg(x3) + 4pg(w4) : w1, 22,73, 74 € N}
— N\ {17, 21, 34, 41, 44, 67,89, 104, 119, 170, 237, 245, 290} .

Also, for each k =10,11,12 any integer n > Ny can be written as
pr(z1) + pr(x2) + 2pk(23) + 4p(z4)

with x1,x9,x3,24 € N, where Nig = 333, N1 = 734 and Nio = 1334.
Therefore,

(1.28)  {pr(w) + pr(x) + 2pk(y) +4pi(2) cw € Z & w,y,2 € N} =N
for k=179, and

(1.29) {pr(w) + pr(z) + 2px(y) + 4pi(2) t w,z,y,2 € Z} =N
for k=8,10,11,12.

Proof. Tt suffices to apply Theorem 1.4 with m € {3,...,10} and check
those n € N with n < 1056m? via a computer. =

REMARK 1.6. ([1.23) and (1.24) were conjectured by the second author
[12, Conjectures 5.2(ii) and 5.3]. Sun [12] Remark 5.2] also conjectured that

{p7(x) + 2p7(y) + 4p7(2) : x,y, 2 € Z} = N\ {131, 146}.

We will prove Theorems 1.1-1.4 in Sections 2-5 respectively.

Throughout this paper, for a prime p and a,n € N, by p® | n we mean
p®|n and p*t! tn. For example, 4| n if and only if n = 4 (mod 8).
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2. Proof of Theorem 1.1. We first give a lemma which is a slight
variant of [9, Lemma 1.10].

LEMMA 2.1. Let I,m,N € Z* with N > 71>m3. Then the length of the
interval

1 6N 2 8N
2.1 I = |- — — 3. = -
(2.1) ! [2+Vm ’3+\/m]

1s greater than Im.

Proof. Let Ly denote the length of I. Then Ly = v/8z —/6x — 3+ 1/6,
where x = N/m > 71°m?. Let lop = Im — 1/6. Then

Ly >Im & V8z > 6z -3+
& 2r+3 12> 2lpV/6x —3
& dx(x +3 = T705) + (1§ — 3)* + 121§ > 0.
As x > 712, by the above we have L; > Im. =
The following lemma is a slight modification of [9, Lemma 1.11].

LEMMA 2.2. Let a,b,m,N € Z* with m > 3 and

2
N:T(a—b)—l-bzgm.

2
Suppose that b belongs to the interval Iy given by (2.1). Then
(2.2) b <4a and 3a < b*+2b+ 4.

Proof. Observe that
2 2N
o= (1 - ) by 2N
m m

2 N
b2—4a:b2—4<1—)b—8

and
m m
2\)? 2\? 2N
(-2 (2 )
m m m
Asm > 3 and b € I, we have
2 N 2 2\? 2N
b“,/sd(l_)ﬂﬂl_) L2
3 m m m m

and hence b2 — 4a < 0. On the other hand, since (1/2 — 3/m)? < 1 and
b € I, we have
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and hence
N
W +20+4—3a=10%— (1—6>b+<4—6>

m m

2 2
(LB (L BY LY L,
2 m 2 m m
This proves (2.2). »

LEMMA 2.3. Let a,b, c be positive integers and let x,y, z be real numbers.
Then

(2.3) (az + by + c2)* < (a + b+ ¢)(az? + by® + c2?).
Proof. By the Cauchy—Schwarz inequality (cf. [9 p. 178]),

(Va(Vaz) + Vb(v/by) + vVe(v/ez))?
< ((Va)* + (VB> + (vO)2) (Vaw)? + (Vby)® + (Vez)?).
This yields . "

The following lemma with 2t ab is usually called Cauchy’s Lemma (cf.
[9, pp. 31-34]).

LEMMA 2.4. Let a and b be positive integers satisfying . Suppose
that 21 ab, or 2||a and 2|b. Then there exist s,t,u,v € N such that
(2.4) a=s5+t2+u’4+v? and b=s+t+u+o.

Proof. By the Gauss-Legendre theorem (cf. [9, Section 1.5]), we have
(25)  {e? 4+ +22a,y,2€Zy =N\ {4*81+7): k1 eN}.
We claim that there are z,v, z € Z with 4a — b> = x? + y? + 22 such that all

the numbers

b+x+y+=z ; b+x—y—=z
S=——— e —

4 ’ 4 ’
(2.6) b—x+y—=z b—xz—y+=2
= V— = —

4 ’ 4

are integers.

CASE 1: 21 ab. In this case, 4a — b?> = 3 (mod 8) and hence 4a — b* =
2?2 4+ y? + 22 for some z,y, z € Z with 2 { zyz. Without loss of generality, we
may assume that z =y =2z =b (mod 4). (If z = —b (mod 4) then —z =
(mod 4).) Thus the numbers in are all integers.

CASE 2: 2||a and 2|b. Write a = 2a9p and b = 2by with ag,by € Z
and 21 ag. Since 2ap — b3 = 1,2 (mod 4), we have 2ag — b3 = 2% +y2 + 23 for
some xg, Yo, 2o € Z. Without loss of generality, we may assume that zg = by
(mod 2) and yp = 29 (mod 2). Set x = 2x9, y = 2yo and z = 2z5. Then
4a—b* = 4(2ag —b) = 2? +y*+ 22, and the numbers in are all integers.
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In either case, there are z,vy, z € Z for which 4a — b> = 22 + y? + 22 and
s, t,u,v € Z, where s,t,u,v are as in (2.6)). Obviously, s+t +u+v = b
and

2 2 2 2
9 .9 9 9 s+t s—1 u+v U—v
t =2 2 2 2
ST+t +ut+v < 5 > + < 5 > + < 5 ) + ( 5 )
b+ 2> y+z 2 b—az\?2 y—z 2
_2< . ) +2< ) ) 2y
R

4
In view of Lemma and the second inequality in ([2.2)), we have

(Jz] + |y + |2])* < 3(2% + y* + 22) = 3(da — b?) < (b+4)%

Therefore
b—lz| — |yl — |z
4

s, t,u,v > > —1,

and hence s,t,u,v € N. n
Now we need one more lemma which is well known (cf. [I, p. 59]).

LEMMA 2.5. For any n € Z", we have
(2.7) ra(n) =8 Z d
d|n,4td
where

ra(n) = {(w,z,y,2) € Z* : w? + 2* +y* + 22 = n}|.

Proof of Theorem 1.1. (i) Let I = [a, B8] be the interval given by (2.1)).
As N > 7 x 22m3, by Lemma 2.1 the length of I; is greater than 2m.
Choose by € {[a] +7 :7r =10,...,m — 1} with by = N (mod m). Then
by =byp+m < [a] +2m —1 < a+ 2m < . Thus both by and b; lie in I;.
Note that

%(N*bl)erl* <;(Nb0)+bo> =m —2=2 (mod 4).

So, for some b € {bg, b1} and a = 2(N —b) + b we have 2 ab, or 2|/ a and
2|b. Obviously,

2 2
b>minl; >0, a:N+<1—>b>0, N:m(a—b)—l—b.
m m 2

Applying Lemmas 2.2 and 2.4, we see that there are s,t,u,v € N satisfy-
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ing (12.4). Therefore,

N:%(a—b)—f—b

:%(32—s—{—t2—t+u2—u+v2—v)—|—s+t+u+v

= pm+2(8) + Pm+2(t) + Pmi2(w) + Pmi2(v).
(i) Write m = 41 with [ € Z*. Let ¢ denote Euler’s totient function. We
want to show that none of the positive integers
4k<p(21+1) -1

4l2XT (]{21,2,)

can be written as Z?:1pm+4($i) with 21, 22, 23,24 € N.
Suppose that for some n € ZT divisible by (2[+1) there are w, z,y, z € N
such that

4n — 1
417 x 1 = Pta(W) + Pra(@) + pmsa(y) + psa(2)
4] + 2
:T+(w2+x2+y2+22—w—x—y—z)+w+x+y+z.
Then

472 = (20 4+ Dw — 1)* + (21 4+ 1)z — 1)?
+ (2 + D)y — D)%+ (2 + 1)z — D)2

As r4(4"T12%) = r4(41%) by Lemma 2.5, there are wo, zo, Yo, 20 € Z with
w3 + a3 + y¢ + 22 = 41* such that

2L+ Dw—1=2"wy, 20+ 1)z —1=2"x,
2L+ Dy —1=2"yy, (2014+1)z—1=2"2.
Since 2™ =1 (mod 2] + 1) by Euler’s theorem, we have
wo = x9 = Yo = 20 = —1 (mod 20 + 1).
As w3 + 23 + y3 + 28 = 412, we must have wy = 79 = yo = 20 = —l. Thus
(20 + Dw = 2"wp + 1 = I(1 — 2™) < 0, which contradicts w € N. =
3. Proof of Theorem 1.2

LEMMA 3.1. Let I,m,N € ZT with N > 11lm?(Ilm+1). Then the length
of the interval

3 /10N [12N
(3.1) Iy = [ +4/— =3, 1+ ]
2 m m

is greater than Im.
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Proof. The length Ly of I is v/12x — /102 — 3—1/2, where x = N/m >
11im(lm + 1). Let lyp = lm + 1/2. Then
Ly >1Im & V122 >V10z -3+
& 22+3—13+3> 2010z -3
& da(z — 113 +3) + (1§ — 3)* + 1215 > 0.

As
x> 11m(Im + 1) > 112m? + 11m + 11/4 — 3 = 1113 — 3,

we have Lo > Im as desired. =

LEMMA 3.2. Let a,b,m, N € Z* with m > 3 and
3
N:%(a—b)—kbz “m.

Suppose that b belongs to the interval Iy given by (3.1). Then

(3.2) b < 6a and 5a < b*+ 2b+6.
Proof. Note that
2 IN
a= (1 - )b + =,
m m
Thus
2 12N
b? 6a:b2—6<1—>b—
m m

As b € I, we have

12N 2 2\? 12N
b§1+\/<3<1—>+\/9<1—> + =,
m m m ™m

and hence b?> — 6a < 0. On the other hand,

1 10N
B2+ 2+ 6 — 5a = b% — <3—O)b+(6—0>
m m

() (2 )

since (3/2 —5/m)? < 9/4 < 3 and

3 /10N 3
b> - — —3> - —
_2+ m >2

This proves (3.2)). m

3| e
_|_
&
N
N
|
3| en
N———
|
(@)
3|8
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LEMMA 3.3. Let a and b be positive integers with a = b (mod 2) sat-
isfying (3.2]). Suppose that 24 a or 4| a, and 3|a or 31b. Then there exist
s, t,u,v € N such that

(3.3) a=s+1>+2u> +20° and b=s+1t+2u+ 2.

Proof. If n € N is not of the form 4% (8] + 7) with k,I € N, then by (2.5
there are z,u,v € Z with u = v (mod 2) such that

uU—7v 2 u-+v 2
n:x2+u2+02:w2+2( 5 >+2< 5 )

We claim that there are z,y, z € Z with 6a — b = 22 + 2y + 222 such that
all the numbers
8_b+x+2y+2z t_bfx72y+22
(3.4) 6 ’ 6 ’
b—z+y—=z _btrx—y—=2
6 6

are integers.

CASE 1: 31b. If a = b = 1 (mod 2), then 6a — b> = 1 (mod 4). When
4|l @ and 2| b, we have 6a —b? = 4,8 (mod 16). Thus 6a —b? = 22+ 2y% + 222
for some x,y,z € Z. Clearly, x = b (mod 2) and y = z (mod 2). Note that

22 + 29?4+ 22% = 6a — b? = 2 (mod 3).

As 22 # 2 (mod 3), we have 3ty or 31z. Without loss of generality, we
assume that 31z and moreover z = b (mod 3). (If z = —b (mod 3) then
—z = b (mod 3).) As 22 — y? = 22 + 2y?> = 0 (mod 3), without loss of
generality we may assume that x = y (mod 3). Now it is easy to see that all
the numbers in are integers.

CASE 2: 3|a and 3|b. In this case, a = 3ap and b = 3by for some
ap,bp € Z. If a =b =1 (mod 2), then 2ag — b2 = 1 (mod 4). When 4| a and
2| b, we have 2ap — b3 = 4,8 (mod 16). Thus 2ag — b3 = x3 + 2y + 222 for
some o, Yo, 20 € Z. It follows that xg = by (mod 2) and yp = zp (mod 2)
since ag = by (mod 2). Set x = 3z, y = 3yp and z = 3zp. Then

6a — b% = 9(2a¢ — b3) = 2% + 2¢% + 22°

and all the numbers in (3.4)) are integers.

By the above, in either case, there are x,y, z € Z for which x? + 2y? 4 222
= 6a — b% and s,t,u,v € Z, where s,t,u,v are as in (3.4)). Observe that
b+ 2z b—z

9
5 XT3

s+t+2u+v)= =b
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and also

2+ 12 4 2u? + 20°

:2<S;t>2+2<5;t>2+(u+v)2+(u—v)2

b+ 222 T+ 2y 2 b—z\> T —y 2
—(757) (7)< (57) (%)
b2 4 22 + 292 + 222
- 6
In view of Lemmaand ,
(o] + 2ly| + 2/2])? < 5(2 + 29% + 222) = 5(6a — b%) < (b+6)?,

and hence

b— x| —2ly| — 2|z| > —6.

So we have

b— x| —2ly| —2
o] = 2yl = 2021 _ _

s,t,u,v >
VR el — 6

L,
and so s,t,u,v € N.
In view of the above, we have thus completed the proof of Lemma 3.3. u
REMARK 3.1. For s,t,u,v given in , the identity:
6(s? + 12 + 2u® + 20%) = b% + 2% + 29 + 227
= (s+t+2u+20)%+ (s —t — 2u + 20)?
+2(s5—t+u—v)?+2s+t—u—0v)?
is a special case of the following general identity:
(3.5)  (a+Db)(c+ d)(w? + abx® + cdy* + abedz?)
= ac(w + bz + dy + bdz)? + ad(w + bz — cy — bez)?
+ be(w — ax + dy — adz)? + bd(w — ax — cy + acz)?.
We have also found another similar identity:
(3.6)  (3b+4)(w? 4 22 + (b + 1)y* + 2b2?)
= (w+ 2z 4 (b+ 1)y + 2b2)> + 2(w — (b+ 1)y + bz)?
4+ (b+1)(w — 2z + y)? + 2b(w + = — 22)2.

Proof of Theorem 1.2. (i) Let Iy = |« 5] be the interval given by .
As N > 1628m3 = (12+1/3)mx132m? > 11m?x12(12m+1), by Lemma 3.1
the length of I, is greater than 12m. We distinguish two cases to construct
integers b € Iz and a = b (mod 2) for which N = %(a —b) +b, and 2{a or
4] a, and 3|a or 31b.
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CASE 1: 3tm or 31 N. Choose by = N (mod m) with by € {[a] + 7 :
r=20,...,m—1}, and let b; = bp+jm for j =1,...,7. Since [a] +8m—1 <
a+8m < (3, we have b; € I, for all i =0,...,7.

If 2¢m, then we choose i € {0,1} with b; odd. When 4|m, we may
choose i € {0,1,2,3} with

2
a; == %(N —b;) + b; =4 (mod 8)
since a; —ag = —2i+im = 2i(m/2—1) with m/2—1 odd. If 3| m and 3t N,
then b = b; = N # 0 (mod 3). When 3t m, we choose j € {i,i + 4} with
b=1b; # 0 (mod 3), and note that
0 (mod 2) if2¢tm,
0 (mod 8) if 4|m.

As N = b (mod m), we see that a = 2(N — b)/m + b is an integer with
a = b (mod 2). By our choice, 21 b if 24 m, and a = 4 (mod 8) if 4| m. Note
also that 31 b.

CASE2: m = N =0 (mod 3). Choose by € {[a]+r:r=0,1,...,3m—1}
with bp = N (mod 3m). If 21 m, then we choose b € {bg, by + 3m} with b
odd and hence a = 2(N —b) +b = b =1 (mod 2). When 4|m, we may
choose b € {by + 3jm : j = 0,1,2,3} with a = Z(N —b) + b =4 (mod 8),
for

2 2
—(N — by — 3jm) + by + 3jm — ((N—bo) —|—b0> :6j<m — 1)
m m 2

ai+4—ai:4m—85{

with m/2 — 1 odd. Note that
a<by<byp+9Im<[a]+3m—1+9Im<a+12m < p,

and hence b € I5. Obviously, a =b= N =0 (mod 3).

Now we have constructed positive integers b € Iy and a = b (mod 2) with
N = % (a —b) + b such that 21a or 4|/ a, and 3|a or 31b. So (3.2) holds
by Lemma 3.2. In view of Lemma 3.3, (3.3) holds for some s,t,u,v € N.
Therefore,
N = %(32+t2+2u2+202—s—t—2u—2@)+s+t+2u+2v

S t U v
= 2 2 2 2
m<2>+m<2>+ m<2>—|— m<2>+s+t+ U+ 2v

= pm+2(3) + pm+2(t) + 2Ppmy2 (U) + 2pm+2(v)'
This proves part (i) of Theorem 1.2.
(i) Now assume that m = 2[ with | € Z* odd. We want to show that
none of the positive integers
gke) _ 1

(1—1)%x l

(k=1,2,3,...)
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can be written as pyi2(w) + Pm2(x) + 2pm+2(Y) + 2pm+2(2) with w, z,y, 2
in N.

Let n € Z* be a multiple of ¢(l). Then 2" = 1 (mod ) by Euler’s
theorem. Suppose that there are w, x,y, z € N for which

4n 1
l
= P2 (W) + Pmr2(x) + 2pma2(y) + 2pma2(2)

(1—1)2 x

21
:5(11)2—|—:1:2+2y2+2z2—w—x—2y—22)+w+x+2y+2z.

4n+1(l _ 1)2
= (2w — (1 —1))?+ (2lz — (1 - 1))* +2(2y — (1 — 1)) +2(20z — (I - 1))?
= (2w — (= 1))*+ 2z — (1-1))*+ Uy +2) —2(1 = 1))* + (2U(y — 2))*,

and hence
2 2
sMI—1)2 = (lw—l_21> 4 <la:—l_21> (42— 1)+ 1)+ Uy —2))2.

As 4| (1 - 1), by Lemma 2.5 we have r4(4"(1 — 1)2) = r4((I — 1)?). So there
are wg, T, Yo, 20 € Z with
(3.7) wi+ g+ yp 25 = (1= 1)
such that

-1 n -1 n n n
lw—? = 2"wy, la:—? =2"xg, l(y+2z—1)+1=2"yq, l(y—z) = 2" 2.

As 2" =1 (mod [), we see that
l

wy = % (mod 1), xo = 1T_l (mod 1), yo =1 (mod 1), zp =0 (mod ).
Observe that [ = m/2 > 2, and hence woxo # 0. Thus y3 + 23 < (1—1)2 2.
Since yp = 1 (mod 1) and zp = 0 (mod 1), we must have yp = 1 and 29 = 0.
Now vields wi+ 23 =(1—-1)2-1=017-2l. Aswy =20 = (1 -1)/2
(mod 1), we must have {wo,zo} C {(1 —1)/2,(1+1)/2}. It is easy to verify
directly that none of the numbers

1-1\* (141}’ [-1\° 14+1)\?
—) + (=) 2A5—) . 2
2 2 2 2
is equal to (I — 1)®> — 1 = [? — 2[. This contradiction concludes the proof of
Theorem 1.2(ii). =
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4. Proof of Theorem 1.3

LEMMA 4.1. Let a and b be positive integers satisfying (3.2) for which
a=b (mod 2), and a = 3 (mod 9) or 31b. Then there exist s,t,u,v € N
such that

(4.1) a=s8+t*+u*+30° and b=s+t+u+3v.
Proof. 1t is known (cf. Dickson [3 pp. 112-113]) that
(4.2) {22+ 2 +32% 2,9y, 2 € Z} =N\ {9%(90 +6) : k,1 € N}.

If 31 b, then 6a—b> = 2 (mod 3). If a = 3 (mod 9) and 3 | b, then 6a—b*> = +9
(mod 27). By , 6a — b? = 22 + y? + 322 for some x,vy, 2 € Z. Clearly,
22 4+ 9% = 2b? (mod 3). Without loss of generality, we may assume that
x =y =b(mod 3). (If z = —b (mod 3) then —z = b (mod 3).) If a and b are
both odd, then 22 4 y?+ 322 = 6a —b> = 1 (mod 4), and hence one of z and
y is odd. If a and b are both even, then 22 +y? 4322 = 6a —b> = 0 (mod 4),
and hence one of  and y is even. Without loss of generality, we may assume
that x = a = b (mod 2) and y = z (mod 2). Thus all the numbers

b+x+y+3z ; b+z+y—3z b+ x— 2y b—x
S=— = U= ——— . v R
6 ’ 6 ’ 6 ’ 6
are integers. Observe that

(4.3)

b+x b—=x

t = — =)
s+t+u+3v 5 +3 x 5

and

(4.4) 2+t +u?+30°
2 2
s+t s—t 9 9
=2 2
(55) +2(550) +een
b+x+y 2 2\? b+x—2y 2 b—x\?
-9 =17 2( = e 49
(e ) 2(3) + (M572) (%

6
In view of Lemma [2.3[ and (3.2),

(lz| + y| + 3]2])% < 5(a® + y* + 32%) = 5(6a — b%) < (b+ 6)?,

and hence

b— x| — |y| — 3|z| > —6.

So we have

b— |z = |yl = 32|
>_
6

s, t,u,v > 1,

and hence s,t,u,v € N. n
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Proof of Theorem 1.3. As
1 1
N > 924m3 = 99m? <9 + 3> > 99m> (9 + ) = 99m*(9m + 1),
m

the length of the interval Is = [, 3] defined in Lemma 3.1 is greater than 9m.

Let bp € {[a] +7r:7=0,1,...,m — 1} with by = N (mod m). If 31m
or 31N, then we may choose b € {bg, by + m} with b # 0 (mod 3). When
3|m and 3| N, we let ¢g € {[a] +7:7r =0,...,3m — 1} with ¢¢ = N
(mod 3m), and set b = ¢o + j3m with j € {0,1,2} such that

2
—(N —¢p) +co— 65 =3 (mod 9).
m
Note that b € I since
a<b<[a]+3m—-—1+6m<a+9Im<p.

Let 5
a=—(N-b+b, Iie, N:%(a—b)m.

m
Then

2 2
a:N—|—<1—>b>O and a =b (mod 2).
m m
If 3|b, then 3|m and
2 2
a=—(N-b)+b=
m

2
—(N—=co—3jm)+co+3jm = —(N—cp)—6j = 3 (mod 9).
m m

By Lemmas 3.2 and 4.1, there are s,t,u,v € N satisfying (4.1). Therefore,

N:%(sz—l—tz—l—uz—i—?wz—s—t—u—3v)+s—|—t—|—u+3v

= pm+2(3) + Pm+2 (t) + Pm+2 (u) + 3pm+2 ('U) u

5. Proof of Theorem 1.4

LEMMA 5.1. Let I,m,N € ZT with lm > 20 and N > 3lm?(5lm + 12).
Then the length of the interval

5 [14N 4 | N
(5:1) 3 [2 + m 3 * m]

1s greater than Im.

Proof. The length of I3 is 4\/x — v/14x — 1 — 7/6, where x = N/m. Set
lo =1Im + 7/6. Then

e =14z —1-7/6>1m < 4z > 14z —1+1
& 204 112> 20pv/14z — 1

& dx(r+1—1513) + (12 - 1)* 4+ 413 > 0.
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Note that
2 9 2 2 245 2
x > 151°m* + 36lm > 151"m —|—35lm—|—ﬁ—l = 1505 — 1.
So the desired result follows. m

LEMMA 5.2. Let a,b,m, N be positive integers with m > 3,

4
N:JgW—m+b2?m
and b € I3, where I3 is the interval given by (5.1). Then
(5.2) V> <8a and Ta <b*+2b+8.

Proof. Clearly,

Thus

2 2
(2 (-2 2)
m m m
As b € I3, we have
2
b§4+4~/N<4<1_2)+4¢(1_2) ]
3 m m m m

and hence b> — 8a < 0. On the other hand,

14 14N
b2 +2b+8—Ta=b*— (5—>b+(8—)
m m

D) () )

since (5/2 — 7/m)? < 25/4 < 7 and

5 14N 5 7 5 7\? 14N
b>Z 4/ — —1>-——44/[=-—) +— —58.
2 m 2 m 2 m m

Therefore ((5.2)) holds. =

LEMMA 5.3. Let a and b be positive integers satisfying (5.2). Then there
are s,t,u,v € N such that

(5.3) a=s+12+2u® +4° and b=s+1t+2u+ 4o,

under one of the following conditions:
(i) 21 ab.
(ii) 2|a and 2| b.
(iii) 4]a and 4||b, or a = b+ 4 (mod 16) and 8 |b.
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Proof. 1t is known (cf. [3] pp. 112-113]) that
(5.4) {22+ 2% +42% :2,y,z € Z} = N\ {4¥(16] + 14) : k,l € N}.

We claim that if one of (i)—(iii) holds then 8a — b = 22 4 2y% + 422 for some
x,1, z € Z such that all the numbers

b -2 b— —
U= Ll S ’ s:u—i—&,t:u-l-u

(5:5) s ' 80 2 2

are integers.

CASE 1: 2{ ab. Since 8a —b? = —1 (mod 8), we have 8a — b? = 2% + 2y*
+ 422 for some x,y,z € Z. As 22 +2y?> = —1 (mod 4), we have 2 { xy. Since
422 = —b? — 2% — 2> = —1 — 1 — 2 (mod 8), we also have 21t z. Note that

22 =81 —b -2 —422=8—-1>—2—-4=2—-b>=b% (mod 16),
and hence x = £b (mod 8). Without loss of generality, we may assume that

z =b (mod 8) and y = b (mod 4). (If y = —b (mod 4) then —y = b (mod 4).)
Thus all the four numbers in (5.5) are integers.

CASE 2: 2| a and 2||b. Write a = 2ag and b = 2by with ag, by € Z and
21 bg. Since 4ag — b3 = 3 (mod 4), by we have 4ag — b3 = 23+ 2y3 + 423
for some xq, Yo, 20 € Z. As w% + 2y(2] = 3 (mod 4), both zy and yg are odd.
Without loss of generality, we may assume that o = yo = by (mod 4). Set
x = 2x9, y = 2yp and z = 2zg. Then

8a — b* = 4(4ag — b3) = 2 + 29° + 422
and all the numbers in ([5.5)) are integers.

CASE 3: 4|a and 4]/ b, or a = b+ 4 (mod 16) and 8|b. Write a = 4ay
and b = 4by with ag, by € Z. Then

2a9 — b = { L (mod 2) if 41[b (ie., 21 bo),

2(bp+ 1) — b2 =2 (mod 8) if a =b+4 (mod 16) and 8|b.
Thus, by (5.4) we have 2ag — bg = x% + 2y(2) + 4z(2) for some xq, Yo, 20 € Z.
Obviously xg = b (mod 2). Set @ = 4xg, y = 4yo and z = 4z9. Then all the
numbers in (5.5 are integers.

Now assume that one of (i)—(iii) holds. By the claim we have proved,
there are z,, z € Z such that 8a —b? = 22 +2y? 4+ 422 and also s,t,u,v € Z,
where s,t,u,v are given by (|5.5)). Clearly,

b b—
+:1:+ x

st+t+2ut+dv=y+2u+2u+dv= 5 5
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and

(5.6) %+ t2 + 2u% + 40?
2 2 2 2
Y z b+x—2y b—x
=2 4 2 2 o == 4
b+x+2y 2 b+x—2y 22 b—x\?
Y et o 22— 4J .
( 8 ) + ( 8 + 2 + 4

(bt 2 y\? 22 b—x\?
() () 5+ ()
_b2—|—a:2+2y2+4z2
B 8
In view of Lemmaand ,
(l] + 2|yl +4]20)* < 7(2® + 2% + 42%) = 7(8a — 1) < (b+8)?,

and hence

b—|z| —2ly| —4|z| > —8.
So we have
b— x| —2lyl —4
GRS TEEEN

U, U, S, t >

—1,
and hence s,t,u,v € N.
In view of the above, we have completed the proof of Lemma 5.3.
Proof of Theorem 1.4. As
N > 96m? x 11m > 96m*(10m + 3) = 24m?(40m + 12),

applying Lemma 5.1 with [ = 8 we find that the interval I3 = [«, ] given
by (5.1) has length greater than 8m.

CASE 1: 4tm or 8¢ N. Choose by € {[a] +7:7=0,...,m — 1} with
N = by (mod m). Set by = by + m . Then

a<by<b <[a]+2m—-1<a+8m<p,
and thus b; € I3 for each j = 0, 1. Note that

2 2 .
aj = E(N—bj)—i-bj = E(N—bo)+b0+(m—2)j.

If 2{m, then a; = b; =1 (mod 2) for some j € {0,1}. If 2|m and 2/ N,
then ag = by = 1 (mod 2).

If 2||m and 2| N, then for some j € {0,1} we have b; = 2 (mod 4)
and 2|a;. When 4 |m and 2 || N, we have by = 2 (mod 4) and ap = by = 0
(mod 2). If 4||m and 4 || N, then 4|bg, and for some j € {0,1} we have
bj = 4 (mod 8) and a; = b; = 0 (mod 4). When 8|m and 4| N, we have
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by = 4 (mod 8) and ag = by (mod 2), hence for some j € {0,1} we have
a; =0 (mod 4) and b; = by =4 (mod 8).
CASE 2: 4|m and 8| N. Choose b € {[a] +7:7r=0,...,8m — 1} such

that b= N —2m (mod 8m). Since « < b < [a]+8m—1 < a+8m < 3, we
have b € I5. Clearly, 8| b since 8| N and 4| m. Note that

2

%(N—b)+bz4+b(mod8).

By the above, in either case we can always find b € I3 and a € Z for
which one of (i)—(iii) in Lemma 5.3 holds and also

a= %(N—b)—i—b, ie, N= %(a—b)—i—b.
By Lemmas 5.2 and 5.3, there are s,t,u,v € N satisfying . Therefore,
m
2
= Pm42(8) + Pm+2(t) + 2Pmt2(u) + 4pm2(v).

N=—(s*+t?+2u% +40* —s —t —2u—4v) + s+t +2u+4v

In view of the above, we have finished the proof of Theorem 1.4. u
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