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Abstract. An isometric immersion of a Riemannian manifold M into a Riemannian
manifold N gives rise in a natural way to the immersion of the tangent bundle T'M into
the tangent bundle TN with a non-degenerate g-natural metric G. It turns out that the
normal bundle of the image of T'M is completely determined by the normal bundle of M.
The cases of M being either totally geodesic or pseudo-umbilical are discussed.

1. Introduction. Let # : TN — N be the tangent bundle of a Rie-
mannian manifold N with the Levi-Civita connection V on N. Then at each
point (z,u) € TN the tangent space T{, )TN splits into the direct sum of
two isomorphic spaces Vi, )TN and H(, )TN, where

‘/(m,u)TN = Ker(dﬂ-’(m,u)% H(m,u)TN = Ker(K‘(m,u))
and K is the connection map [7] (see also [13]).
. . T

More precisely, if Z = (Zra‘zr +Z %)‘(%u) €TpuwIN, r=1,...,n,

then the vertical and horizontal projections of Z on T, N are given by
0 0

oxr |’ oz |,

where I'], are the components of the Levi-Civita connection on N.

On the other hand, to each vector field X on N there correspond uniquely

determined vector fields X? and X" on TN such that

dﬂ—‘(ac,u)(Xv) =0, K|(:c,u)(Xv) =X,

K’(z,u)(Xh) =0, d7T|(:c,u)(Xh) =X
XV and X" are called the vertical lift and the horizontal lift of X to TN
respectively.

(dﬂ')(m,u)Z =7" K(:):,u)(Z) = (77” + uZ' srt)
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In local coordinates (", u") on T'N, the horizontal and vertical lifts of a
vector field X = X" 8(2” are given by

0 0 0
XM= XN — X o, XY= X

In this paper we shall frequently use the frame (8,?, )= ((%)h, (%)0)
known as the adapted frame.

Given an isometric immersion f: M — N, we have two tangent bundles
iy : TN — N and 7y : TM — M, where the latter is a subbundle of the
former. Suppose M, N are Riemannian manifolds with metrics gj; and gy
and Levi-Civita connections Vs and V. Then T,TM and T, TN have at a
common point p their own decompositions into vertical and horizontal parts,
ie.

T,TM = V,TM & H,TM = Vy; & Hy,

and
T,’N =V,TTN ® H/TN = VN ® Hy,

but neither Vj; C Vv nor Hy; C Hy need to hold along T M.

So, for a vector X tangent to M we define two vertical lifts X"™ X"~ and
two horizontal lifts X", X"~ with respect to the bundles over M and N
respectively and find relationships between them. These allow us to compute
the shape operator of the immersion under consideration (see below)
and obtain some conclusions about the resulting submanifold of T'V.

Note that totally geodesic submanifolds of the tangent bundle with g-
natural metric were also studied in [4] and [10].

Throughout the paper all manifolds under consideration are Hausdorff
and smooth. The metrics on base manifolds are Riemannian and the metrics
on tangent spaces are non-degenerate. We adopt the Einstein summation
convention.

2. Preliminaries on submanifolds. Throughout the paper we as-
sume that the indices h, i, j, k, [, r, s,t run through the range 1,...,n, while
a,b,c,d,erun through 1, ..., m, and m < n. Moreover, z,y,z = m+1,...,n.

Let (N,g),dim N = n, be a Riemannian manifold with metric g, cov-
ered by coordinate neighbourhoods (U, (z7)), j = 1,...,n. Let (M,g) be
a Riemannian manifold covered by coordinate neighbourhoods (V(y%)),

a = 1,...,m, isometrically immersed in (N, g), and let the local expres-
sion for this immersion be z" = z"(y*), r = 1,...,n, a = 1,...,m. Set
0y = 52 and By = 5.

For the local immersion " = z"(y®) the components of the Levi-Civita
connection V of the induced metric gqo, = g(Bg0r, B;0s) = grs By, B are

Iy, =By + TuBiBB;,  Bf = g™ Bygu,

a
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where the dot denotes partial derivative with respect to y°. The van der
Waerden—Bertolotti covariant derivative of B] is defined by

(2.1) VB, = By, + 4B, B, — I, BL.

The operator Vj, is the covariant differentiation on M with respect to Iy,

and can be extended to tensor fields on M of mixed type. For example,
VeViB, = 0:(VoBy) + TG BV B, — Ty N By — Iy Vi By

a
(see [14]).
For any fixed indices a and b, the vector VB0, is orthogonal to the
submanifold. Hence
vngar = hibN:;arv

where N O,, x = m+1,...,n, are unit vectors normal to the submanifold.
For fixed z, the h¥, are components of a symmetric (0,2) tensor h on M,
called the second fundamental form. Consequently, we have the decomposi-
tion

V. VB, = V.hi,Ny + h, VNI,
where (V.N; )0, is tangent to the submanifold for all ¢ and x.
The Gauss formula is

VxY = VxY +h(X,Y)

for all vector fields X, Y tangent to M, where V and V denote the Levi-Civita
connections on N and M respectively.

The Weingarten formula is
Vxn=—AyX + Dx,

where X is a tangent vector field and 7 is a normal one. Here A is called the
shape operator, while D is the Levi-Civita connection induced in the normal
bundle over M. We have

9(A,X,Y) = g(h(X,Y),n).

A submanifold M is said to be totally geodesic if the second fundamental
form h vanishes identically, or equivalently if the shape operator A vanishes
identically. For more details see [14] or [12].

3. Preliminaries on g-natural metrics. In [II] the class of g-natural
metrics was defined. We have

Lemma 1 ([II], [2], [3]). Let (M,g) be a Riemannian manifold and G
be a g-natural metric on TM. There exist functions aj, bj : [0,00) — R,
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j=1,2,3, such that for all X, Y and u € T, M,

Gy (X" Y?) = (a1 + a3) (%) g2 (X, Y) + (b1 + b3) (r?) 92 (X, 1) g (Y, ),
Gl (X" Y") = Gy (X, Y =02(r?) g0 (X, Y) + ba(1?) g2 (X, 1) g (Y, ),
Gw)(X", YY) =a ( )9 (X,Y) 4 b1(r?) g (X, u) g2 (Y, w),

(u,u). For dimM =1 the same holds for b; =0, j =1,2,3.

where 1% = g, (u

Setting a1 = 1, ag = a3 = b; = 0 we obtain the Sasaki metric, while
setting a; = b; = ﬁ, az=by=0=0,a;+a3=1, by + b3 =1 we get the
Cheeger—Gromoll metric.

Following [2] we set

a(t) = a1 (t)(a1(t) + a3(t)) — a3(t),
Fj(t) = a;j(t) + tb; (1),
F(t) = F1(t)[Fy(t) + F3(t)] — Fi(t) forall t € [0,00).
We shall often abbreviate A = a1 + a3, B = b1 + bs.

LEMMA 2 (|2 Proposition 2.7]). A g-natural metric G on the tangent
bundle of a Riemannian manifold (M, g) is non-degenerate if and only if
a(t) # 0 and F(t) # 0 for all t € [0,00). If dim M = 1 this is equivalent to
a(t) # 0 for all t € [0,00).

Moreover, (TM, Q) is Riemannian if and only if

a(t) >0, F(t)>0, ai(t)>0, Fi(t)>0
for all t € [0, 00).

ProposiTION 3 ([1], [5]). Let (N, g) be a Riemannian manifold, V its

Levi-Cwita connection and R its Riemann curvature tensor. If G is a non-

degenerate g-natural metric on TN, then the Levi-Civita connection V of
(TN, G) at (x,u) € TN is given by

(VY™ @) = (VxY) oy + h{A(u, Xz, Y2)} + 0{B(u, X, Ya)},
(VxnY") o) = (VxY){ 0 + B{C(u, Xz, Ya)} + v{D(u, X,, V2)},
(VxoY™) (u) = H{C(u, Yz, X)} + v{D(u, Yz, Xo)},
(VxoY") 00y = M{B(u, Xp, Vo) } + v{F(u, Xo, V) },

where A, B, C, D, E, F are some F-tensors defined on the tensor product
TNRTN®TN.

REMARK 1. Expressions for A, B, C, D, E, F were presented for the
first time in the original papers [2], [3]. Unfortunately, they contain some

misprints and omissions. For the correct form, we refer the reader to [1], [5]
(see also [8], []).
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4. Lifts of vector fields. Let f : M — N be an isometric immersion
of a Riemannian manifold M into a Riemannian manifold N. Suppose that
the following diagram commutes:

TN 5 (v (U), (@7 u") < (x4 (V), (v, %) € TM
ﬂN\L lﬂ-lw
f
N > (U, (z")) (V. (y") c M
where (U, (")) and (V, (y“)) are coordinate neighbourhoods on N and M
respectively, while the local expression for f is " = z"(y*), r = 1,...,n,
a=1,...,m and m < n. Then the local coordinate vector fields on M are
given by
6  0ox" 0 0

T

dye  Oyedxr  *0xr’

Define the map
(4.1) fia" ="y, u =B
This is an immersion of rank 2m since the Jacobi matrix J is of the form
oz /oy® 0Ox" /Ov® B! 0
N [E)u’" /oy Bu” /31}“] ~ |wb9,Br BT

= Bg 5,7 the coordinate vectors tangent to T'M are
0 0 0 0 0
bpr — =DB] .
oys — oya TV Pabgur gua T Cagyr

DEFINITION 1. Let f : M — N be an isometric immersion. Then the
map f TM — TN, locally given by 1) will be called the lift of the
immersion f and its image LM will be called the lift of the submanifold M.

REMARK 2. The lift of an immersion defined above seems to be the most
natural since Bj0r|(;r(ya)) are coordinate vectors at (z"(y?)) € M, and (v*)

are components of tangent vectors. This kind of lift appears quite naturally
(see [6]).

LEMMA 4. Let f: TM — TN be the lift of the isometric immersion
f: M — N in the sense of Deﬁmtion [ Then the vertical and horizontal
lifts of the coordinate vector ﬁeld g7 O M with respect to TN and TM are

related by

5 UN 5 s

() - G)
5 hn 5 hyv X . 9 \ N
) - (Ge) —vmlen)
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Proof. By the use of the definitions of vy and vy; we have

5\ d \"Y B, B, 5\
= BT = BT = = .
<5y“> ¢ <3ﬂ> “our ovt <5y“>

For horizontal lifts we have

s \"™ 5 ey 0
(5) a5

and, along M,
hy
()" =o1(a) =)
= (;;a W By B:I, 86 d 53@ —o’[VyB, — By, + I5,Br] a(z
= (55a +'B7, 88T> bﬂfbai — "'V, By, aar

5 hy ) o 5 hy X o \N
— — BT = — B .
<5y“> VB <5y“> vV “((%’") )

We define the vertical vector field

o \"N 9 \"N
oN __ b r _ r
o —owa( 2) = w2

COROLLARY 5. If M 1is a totally geodesic submanifold in N, then the
horizontal lifts hy and hpy coincide on TM.

4.1. Projections

LEMMA 6. Let ]?: TM — TN be the lift of the isometric immersion
[+ M — N in the sense of Definition[Il Then the projections iy : TN — N
and 7y TM — M satisfy

d(mN)|rrm = d(mar).

Proof. The components of the projections: ny : TN — N and mps :
TM — M can be written as

(nn)*(a" u") = 2°, (mr)"(y", o) = o,

where r =1,...,n,a=1,...,m. Thus for any fixed indices s, b we obtain
orn)" _ o Omw)” 0 Omm)® oo Omm)®
Oxt P o T oy b 8vb '
Then for the vectors %, c=1,...,m, tangent to M, and 5= tangent to
TM we find

4]

(r(ye)) OV

oye  Syr  Coye

i

a)_a(w)a 6 _
(@ ()

dﬂ—M‘(xT(ya)ﬂ)ng) (ayc
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and
B o, 9
d7rN| bB’r (ayc> — dﬂ-N|(1‘T(ya),7Jng)< 8 r +U Bba )

B P
|:d7TN|($r(y ’L)bB’") (a >:| + ’UbBb |:d7TN| va) <6u7“>]
=5 (75 )| oy (T )|

0x” 0 )| (ar (yay) our 0x° ) | ar ye)
o) w2
PO ey T 0T ey U | (@r(ye)

Similarly, for auc tangent to T'M, we get

0 A(mar)* 6
d7TM|(m’"(y“),vng) <avc> = e 5ya = 0’

and
0 , 0
dTrN‘(xr(ya),vbB{)’) <8UC> = dﬂN‘(xT(y“),vbB,f) (Bc W)

) o »(Omn)® O
- [d”N’mya),vbBw (%)] :BC< Our ax&)

4.2. Connection map

LEMMA 7. Let f: TM — TN be the lift of the immersion f: M — N
in the sense of Definition [l Then the connection maps Ky and Ky with
respect to the connections V and V respectively satisfy

0 1) 0
KN(ava) =Sy KM(ava)’

0 0
KN(aya> = v'VyBio— + Ku

Proof. By definition we have

=0. =
(=" (y*))

Ky : TN = TN, Ky <XT g X o

.0 — 0
X = (X +I"uX?
+ > ( + st )8x7«7

Ky T(yﬂ,)TM — TyM, K <Za aya 0a

Hence

3} 3} 0 5 3}

K Ky| B. = B! = =K .
N<01;“) N( “our > “oxr Oy M(@U”)

Moreover,

a _ 71C bd(s t
KM<W>_F‘”’ Vi gy = T B
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and, by the use of (2.1) and (4.1)), we find

0 _ T 0 b T 0 (b r T RS, t 0
KN(ay“) — i (B“é?a:r v abB“&u?") = (07 Ba + LB )axr

0 0
b T T RS Pt b T c pr
= B I B’ B)— = VB IS B
v (85 a+ st-a b)awr v ( b a+ ab C)ﬁxT
0 0 0 0
b r b e b r K
UV Vp a9pr +v abéyc UV a9 + Kup (aya> u

5. Vector fields normal to LM. In the case where M is totally
geodesic in N, the unit vector fields normal to the lift of M can be cho-

sen in the form om;”\’ + 8N, x =m+1,...,n, where «, [ are functions

depending on generators of the g-natural metric G along the lift. The next
lemma explains the structure of the vector fields normal to LM in the general
case.

THEOREM 8. Suppose that M is not necessarily totally geodesic in N and
n= H?N + HﬁN + VN + VN is a vector field normal to the lifted subman-
ifold LM, where H+, V1 are tangent to M and H,, V| are normal to M
i TN. Then

for allx € M and
(5.1) g(KaC, aoH | + al‘/]_) =0

and
g(Kav GIQHL + QIIVL) =0.

Proof. The relation G(§*V,n) = 0 yields
(5.2) aoHt + bog(Ht,u)u + a1 V7 + b1g(V,u)u = 0,
while G (6", 7)) = 0, in virtue of Lemma 4} gives
(5.3)  g(0q, AHT + Bg(HT,u)u+ agVr + bag(VT,u)u)
+ g(Ka, a2H| +a1Vy) =0,

where K, = v°V_.B]0,. Substituting u = v*B.J, = 0 into (5.2]) and ([5.3]) we
get
AH+ + asV7 =0, asHT + a1V =0

for all (z,0) € T M. Since G is non-degenerate and Ht and VT do not depend
on v, we get Ht = V4 =0 for all z € M. Consequently, by (5.3),

(5.4) g(Ka, aoH | + CL1VJ_) =0
for all (xz,u) € TM. Differentiating (5.4)) with respect to v we obtain
9(Kae,aoH | +a1Vy) +2g(Ky, abH| + ayVy)g(de,u) = 0.
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Transvecting with v¢, in view of (5.4)), we get g(Kq,abH | + a} V) )r? = 0 for
all 72 = g(u,u) > 0. Hence, by continuity, g(K,,ayH, + a}Vy) = 0 for all
u€eT,M. u

COROLLARY 9. There exist submanifolds M isometrically immersed in a
Riemannian manifold (N, g) such that for a given vector field n:HjL_N + VN
normal to LM immersed in T'N with non-degenerate g-natural metric G the
relation asH | + a1V, = 0 holds along M.

Proof. It is enough to take as M a non-totally geodesic hypersurface in
a Riemannian manifold V. =

6. Lift of a totally geodesic submanifold

6.1. Normal bundle. Suppose that M is a totally geodesic submanifold
isometrically immersed in N and 7,, * = m + 1,...,n, are vector fields
normal to M in TN. Then, by Lemma [@ the lifts of the vector fields from
M to TM coincide with those to TN. The lifts (n,)" = (n;)"¥ and (n,)" =

(nz)"N are orthogonal to (@%)h’w and (%)UM but are orthogonal to each

other if and only if az = 0 since G((nz)", (1,)?) = a2g(nz,n,) for all z,y =
m+1,...,n.

PROPOSITION 10. Let M, dim M = m, be a totally geodesic submanifold
isometrically immersed in a Riemannian manifold (N, g), dim N = n and n,,
x=m+1,...,n be a set of vector fields normal to M in T'N. Suppose, more-
over, that TN is endowed with a g-natural metric G and a = a1 A — a3 # 0.

If LM denotes the lift of M to T'N, then the normal bundle of LM
in TTN is spanned by the vector fields Sy, T, t =m+1,...,n, below, and
the following six cases can occur:

(1) Aay # 0, ay arbitrary. Let ¢ = sgn(a; A — a3), § = sgnaj and

Sy = M( m)h - M(nr)v T: = d (nx)”_

n s
Vlal ar+/]dl V]

Then

G(Sz, Sy) = €dg(Nzsmy)s  G(Sz, Ty) =0,  G(Ty,Ty) = 69(1zs1y)-

(2) ag 0, A=0, ag =0, =sgnaz and
€ €
r = 5 = 5.

nh—nl, T, 4+ n.

2a2 N 2a2

Then
G(Smsy) = _59(7795»771;)7 G(SmaTy) =0, G(TxaTy) = 59(77907%)-
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(3) ag #0, A=0, a1 #0,c=sgna; = —1 and
2(11 h

1 vV
Ny — Ny -
ﬁ\/\aﬂaz * \/3\/\601! N

Sy = nl + L T—
Vi A "
Then
G(Sz,Sy) = =9y my),  G(S2,Ty) =0, G(Iy,Ty) = g(na,ny)-
(4) ag #0, A=0,0a1 #0,c=sgna; =1 and
ai h 1, 1

— T, = .

Sy =

Then
G (S, Sy) = —g(nz,ny), G(S:Eva) =0, G(Tx,Ty) = g(nxvny)-
(5) ag #0, A#0,a1 =0, =sgnA = —1 and
A 1 2A 1
Se = o+ m,  Tp= - .
Vil VBTl VIl VaIA
Then
G (S, Sy) = —g(nz,ny), G(S:Eva) =0, G(Tx,Ty) = g(nxvny)-
(6) ag #0, A#0,a1 =0, =sgnA =1 and
A 1, 1,
?7z el Tx = 7=
VAas VA VA

Sy =

Then
G(SCMS ) (nmany) G(SxaTy) =0, G(TmTy) = g(nl’vny)'

If ny are unit, so are Sy and T).
Moreover, only in the first case can the metric induced on the mormal
bundle from G be Riemannian. In all other cases the metrics are neutral.

6.2. Formulas. Let n = ijN + V¥ = H'"W 4+ V'~ be a vector field
normal to LM. According to Theorem [§, H and V are vector fields normal
to M in T'N such that dry(n) = H and Kxn(n) = V. Denote by A and H
the shape operator and the second fundamental form of the immersion
of LM into T'N.

PROPOSITION 11. For the immersion (4.1)) of LM into TN, in the above
notation, we have

(6.1)  G(Vgam,6,™) = =G(A(65),6) = =G0, V yoas (8,™))
= —G(n, H(O!M , 81)) + Lai [R(u, Ko, H, &) + R(u, Ky, H, 8,)

+ R(u,V, 64, 0)] + a2 R(u, 8a, H, 8) — 3 Blg(u, 6)g(H, K,)
+ g(u, 5a)g(H, Kb)] — g(AH -+ CLQV, Kab) — alg(alv + CLQH, VgaKb),
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(62)  —G(A(08),5) = =G0,V gy (5))

= %[alR(u, Oy H, q) — bag(u, 0p)g(H, K,)],
(6.3)  —G(Ay(65),8,™) = —G(n, Vgour (53™))

= $a1R(u, 6o, H,0) — bag(u, 6a)g(H, Ky)],
(64)  —G(A,(55M),6,M) = =G (n, Vo (5,M)) = 0

Here %, V, R denote the Levi-Civita connections on TN and N respectively
and the Riemann curvature tensor of N.

Proof. For the F-tensors A, B,C, D, E, F : TN®TN®TN — TN we
set A(x,y,z,t) = g(A(x,y, 2),t), etc., where g is the metric tensor on N.
Since g(u, H) = g(u, V) = 0 along M, by the use of Lemma[3|and either the
Gauss formula or the Weingarten formula, we obtain

(6.5) G, H(0}™,65™)) = G(1, V gy (6))
= Ag(H,Vs,0) + AA(u, dq, 6y, H) + a2B(u, dq, 6, H)
+ agg(H Vs, Kb) + AC(U, 0a, Kp, H) + aQD(u,5a, K, H)
+ AC(u, 04, Ky, H) + a2D(u, 4, Ky, H) + AE(u, K4, Ky, H)
+ aoF(u, Ko, Ky, H) 4 a29(V, V5, 0) + a2A(u, dq, 0p, V')
+ alB(u Oa, Op, ) + alg(V, VgaKb) + CLQC(U, 0a, Kp, V)
+ a1D(u, bq, Kp, V) 4+ a2C(u, dg, Kp, V) + a1 D(u, dq, Kp, V)
+ asE(u, Ko, Kp, V) + a1 F(u, Ko, Kp, V),

(6.6) G, H(S4™,8,™)) = G(1, Vs (6))
= as9(H,V5,0) + a1g(V,Vs,0) + AC(u, 64, 0p, H) + a2D(u, 64, 5p, H)
+ a2C(u, 04,0, V) + a1 D(u, 04, 04, V') + AE(u, Kq, 0y, H)
+ aoF (u, K4, 0p, H) + a2E(u, K4, 0, V) + a1F(u, Kq, 6, V),

6.7) G, FHE,6)) = G, T yous (51))
= AC(’LL, Obs Oas H) + agD(u, 0p, 0a, H) + CLQC(U, Obs Oas V)
+ alD(u, Op, 0q, V) + AE(U, Op, Kq, H) + CLQF(U, 0p, Kq, H)
+ UQE(U7 51)’ Kaa V) + CLlF(U, 61)7 Kaa V)a

(6.8) Gy, H(03,8,™)) = G, Vo (8,™))
= AE(U, Oa, Ops H) + a2F<’U,, Oas Ops H) + agE(u, Oa, Ops V) + alF(u, Oas Obs V)

Then, by the use of Theorem [§, we reach the conclusion. The Gauss and
Weingarten formulas both lead to the same result, but the computations
with the use of the former seem to be a bit simpler. m
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From the above formulas we immediately get our main result.

THEOREM 12. Let M be a manifold isometrically immersed in a space
N of constant curvature, and LM be the lift of M to TN with non-
degenerate g-natural metric G.

If M is a totally geodesic submanifold in (N,g), then LM is totally
geodesic in (TN, Q).

If LM is a totally geodesic submanifold in (TN, G) and by does not vanish
on a dense subset of [0,00), then M is totally geodesic in (N, g).

Proof. By (6.1)—(6.3)) the first assertion is clear. To prove the second,
note that the normal bundle of LM is spanned by the lifts of the vector
fields normal to M, i.e. by ni’N and NN, x = m+ 1,...,n. Since K, =

T

v°hZ ny, K" and KN are orthogonal to LM. If LM is totally geodesic,

a

setting n = K + KU~ we deduce from (6.2) that g(K,, Kp) = 0 for all
a,b=1,...,m, whence, since g is Riemannian, K; =0. =

Recall that the submanifold M of (N,g) is said to be pseudo-umbilical
if its second fundamental form h and the mean curvature vector h satisfy

g(h(X,Y), 7) = Ag(X,Y) for all vector fields X, Y tangent M, where X is
a function defined along M. It is clear that a totally geedesic submanifold is
pseudo-umbilical.

Thus, if LM is a pseudo-umbilical submanifold in (TN_,)G), then its sec-

ond fundamental form H and the mean curvature vector H satisfy
%

GH(X,Y),H)=AG(X,Y)
for some function A and all vector fields tangent to LM.

THEOREM 13. The lift LM to TN of a manifold M, m = dim M > 1,
isometrically immersed in a manifold (N, g), with metric induced from a non-
degenerate g-natural metric G on TN, is not a pseudo-umbilical submanifold
unless A = 0.

Proof. Suppose A # 0. By we have
G(f[(égM, M), ﬁ) = AG(65M,0,™) = Ala1gap + b1vavs) = 0.
Contracting with ¢*® we get
Almay + b17'2] =0,
while transvecting with v*v® we obtain, for 72 > 0,
Alay + b7 =0,
whence A(m — 1)a; = 0. By continuity, a;(0) = 0.
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Now (6.2)) yields

=
A[a2.gab + bg’Ua’Ub] = b2vag(Ha Kb)7

whence, by a similar argument, a(t) = 0 for all ¢ € [0, 00), a contradiction.
This completes the proof. =
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