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ON A CLASS OF SUBMANIFOLDS IN A TANGENT BUNDLE
WITH A g-NATURAL METRIC

BY

STANISŁAW EWERT-KRZEMIENIEWSKI (Szczecin)

Dedicated to the memory of Professor Witold Roter

Abstract. An isometric immersion of a Riemannian manifold M into a Riemannian
manifold N gives rise in a natural way to the immersion of the tangent bundle TM into
the tangent bundle TN with a non-degenerate g-natural metric G. It turns out that the
normal bundle of the image of TM is completely determined by the normal bundle of M.
The cases of M being either totally geodesic or pseudo-umbilical are discussed.

1. Introduction. Let π : TN → N be the tangent bundle of a Rie-
mannian manifold N with the Levi-Civita connection ∇ on N . Then at each
point (x, u) ∈ TN the tangent space T(x,u)TN splits into the direct sum of
two isomorphic spaces V(x,u)TN and H(x,u)TN, where

V(x,u)TN = Ker(dπ|(x,u)), H(x,u)TN = Ker(K|(x,u))
and K is the connection map [7] (see also [13]).

More precisely, if Z =
(
Zr ∂

∂xr + Z
r ∂
∂ur

)∣∣
(x,u)

∈ T(x,u)TN, r = 1, . . . , n,

then the vertical and horizontal projections of Z on TxN are given by

(dπ)(x,u)Z = Zr
∂

∂xr

∣∣∣∣
x

, K(x,u)(Z) = (Z
r
+ usZtΓ rst)

∂

∂xr

∣∣∣∣
x

,

where Γ rst are the components of the Levi-Civita connection on N.
On the other hand, to each vector fieldX on N there correspond uniquely

determined vector fields Xv and Xh on TN such that

dπ|(x,u)(Xv) = 0, K|(x,u)(Xv) = X,

K|(x,u)(Xh) = 0, dπ|(x,u)(Xh) = X.

Xv and Xh are called the vertical lift and the horizontal lift of X to TN
respectively.
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In local coordinates (xr, ur) on TN, the horizontal and vertical lifts of a
vector field X = Xr ∂

∂xr are given by

Xh = Xr ∂

∂xr
− usXtΓ rst

∂

∂ur
, Xv = Xr ∂

∂ur
.

In this paper we shall frequently use the frame (∂hk , ∂
v
l )=

((
∂
∂xk

)h
,
(
∂
∂xl

)v)
known as the adapted frame.

Given an isometric immersion f :M → N, we have two tangent bundles
πN : TN → N and πM : TM → M, where the latter is a subbundle of the
former. Suppose M, N are Riemannian manifolds with metrics gM and gN
and Levi-Civita connections ∇M and ∇N . Then TpTM and TpTN have at a
common point p their own decompositions into vertical and horizontal parts,
i.e.

TpTM = VpTM ⊕HpTM = VM ⊕HM

and
TpTN = VpTN ⊕HpTN = VN ⊕HN ,

but neither VM ⊂ VN nor HM ⊂ HN need to hold along TM.
So, for a vectorX tangent toM we define two vertical liftsXvM , XvN and

two horizontal lifts XhM , XhN with respect to the bundles over M and N
respectively and find relationships between them. These allow us to compute
the shape operator of the immersion under consideration (see (4.1) below)
and obtain some conclusions about the resulting submanifold of TN .

Note that totally geodesic submanifolds of the tangent bundle with g-
natural metric were also studied in [4] and [10].

Throughout the paper all manifolds under consideration are Hausdorff
and smooth. The metrics on base manifolds are Riemannian and the metrics
on tangent spaces are non-degenerate. We adopt the Einstein summation
convention.

2. Preliminaries on submanifolds. Throughout the paper we as-
sume that the indices h, i, j, k, l, r, s, t run through the range 1, . . . , n, while
a, b, c, d, e run through 1, . . . ,m, andm < n.Moreover, x, y, z = m+1, . . . , n.

Let (N, g),dimN = n, be a Riemannian manifold with metric g, cov-
ered by coordinate neighbourhoods (U, (xj)), j = 1, . . . , n. Let (M, g̃) be
a Riemannian manifold covered by coordinate neighbourhoods (V, (ya)),
a = 1, . . . ,m, isometrically immersed in (N, g), and let the local expres-
sion for this immersion be xr = xr(ya), r = 1, . . . , n, a = 1, . . . ,m. Set
∂r =

∂
∂xr and Br

a =
∂xr

∂ya .

For the local immersion xr = xr(ya) the components of the Levi-Civita
connection ∇ of the induced metric gab = g(Br

a∂r, B
s
b∂s) = grsB

r
aB

s
b are

Γ cab = [Br
a.b + Γ rstB

s
aB

t
b]B

c
r, Bc

r = gcdBt
dgtr,
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where the dot denotes partial derivative with respect to yb. The van der
Waerden–Bertolotti covariant derivative of Br

a is defined by

(2.1) ∇bBr
a = Br

a.b + Γ rstB
s
aB

t
b − Γ cabBr

c .

The operator ∇b is the covariant differentiation on M with respect to Γ cab
and can be extended to tensor fields on M of mixed type. For example,

∇c∇bBr
a = ∂c(∇bBr

a) + Γ rstB
s
c∇bBt

a − Γ dcb∇dBr
a − Γ dca∇bBr

d

(see [14]).
For any fixed indices a and b, the vector ∇bBr

a∂r is orthogonal to the
submanifold. Hence

∇bBr
a∂r = hxabN

r
x∂r,

where N r
x∂r, x = m+ 1, . . . , n, are unit vectors normal to the submanifold.

For fixed x, the hxab are components of a symmetric (0, 2) tensor h on M,
called the second fundamental form. Consequently, we have the decomposi-
tion

∇c∇bBr
a = ∇chxbaN r

x + hxba∇cN r
x ,

where (∇cN r
x)∂r is tangent to the submanifold for all c and x.

The Gauss formula is

∇̃XY = ∇XY + h(X,Y )

for all vector fieldsX, Y tangent toM, where ∇̃ and∇ denote the Levi-Civita
connections on N and M respectively.

The Weingarten formula is

∇̃Xη = −ÃηX + D̃Xη,

where X is a tangent vector field and η is a normal one. Here Ã is called the
shape operator, while D̃ is the Levi-Civita connection induced in the normal
bundle over M. We have

g(ÃηX,Y ) = g(h(X,Y ), η).

A submanifold M is said to be totally geodesic if the second fundamental
form h vanishes identically, or equivalently if the shape operator Ã vanishes
identically. For more details see [14] or [12].

3. Preliminaries on g-natural metrics. In [11] the class of g-natural
metrics was defined. We have

Lemma 1 ([11], [2], [3]). Let (M, g) be a Riemannian manifold and G
be a g-natural metric on TM. There exist functions aj , bj : [0,∞) → R,
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j = 1, 2, 3, such that for all X, Y and u ∈ TxM ,

G(x,u)(X
h, Y h) = (a1 + a3)(r

2)gx(X,Y ) + (b1 + b3)(r
2)gx(X,u)gx(Y, u),

G(x,u)(X
h, Y v) = G(x,u)(X

v, Y h)=a2(r
2)gx(X,Y ) + b2(r

2)gx(X,u)gx(Y, u),

G(x,u)(X
v, Y v) = a1(r

2)gx(X,Y ) + b1(r
2)gx(X,u)gx(Y, u),

where r2 = gx(u, u). For dimM = 1 the same holds for bj = 0, j = 1, 2, 3.

Setting a1 = 1, a2 = a3 = bj = 0 we obtain the Sasaki metric, while
setting a1 = b1 =

1
1+r2

, a2 = b2 = 0 = 0, a1 + a3 = 1, b1 + b3 = 1 we get the
Cheeger–Gromoll metric.

Following [2] we set

a(t) = a1(t)(a1(t) + a3(t))− a22(t),
Fj(t) = aj(t) + tbj(t),

F (t) = F1(t)[F1(t) + F3(t)]− F 2
2 (t) for all t ∈ [0,∞).

We shall often abbreviate A = a1 + a3, B = b1 + b3.

Lemma 2 ([2, Proposition 2.7]). A g-natural metric G on the tangent
bundle of a Riemannian manifold (M, g) is non-degenerate if and only if
a(t) 6= 0 and F (t) 6= 0 for all t ∈ [0,∞). If dimM = 1 this is equivalent to
a(t) 6= 0 for all t ∈ [0,∞).

Moreover, (TM,G) is Riemannian if and only if

a(t) > 0, F (t) > 0, a1(t) > 0, F1(t) > 0

for all t ∈ [0,∞).

Proposition 3 ([1], [5]). Let (N, g) be a Riemannian manifold, ∇ its
Levi-Civita connection and R its Riemann curvature tensor. If G is a non-
degenerate g-natural metric on TN, then the Levi-Civita connection ∇̃ of
(TN,G) at (x, u) ∈ TN is given by

(∇̃XhY h)(x,u) = (∇XY )h(x,u) + h{A(u,Xx, Yx)}+ v{B(u,Xx, Yx)},

(∇̃XhY v)(x,u) = (∇XY )v(x,u) + h{C(u,Xx, Yx)}+ v{D(u,Xx, Yx)},

(∇̃XvY h)(x,u) = h{C(u, Yx, Xx)}+ v{D(u, Yx, Xx)},

(∇̃XvY v)(x,u) = h{E(u,Xx, Yx)}+ v{F(u,Xx, Yx)},
where A, B, C, D, E, F are some F-tensors defined on the tensor product
TN ⊗ TN ⊗ TN.

Remark 1. Expressions for A, B, C, D, E, F were presented for the
first time in the original papers [2], [3]. Unfortunately, they contain some
misprints and omissions. For the correct form, we refer the reader to [1], [5]
(see also [8], [9]).
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4. Lifts of vector fields. Let f : M → N be an isometric immersion
of a Riemannian manifold M into a Riemannian manifold N. Suppose that
the following diagram commutes:

TN ⊃ (π−1(U), (xr, ur))

πN
��

(π−1(V ), (ya, va)) ⊂ TMf̃oo

πM
��

N ⊃ (U, (xr)) (V, (ya)) ⊂Mfoo

where (U, (xr)) and (V, (ya)) are coordinate neighbourhoods on N and M
respectively, while the local expression for f is xr = xr(ya), r = 1, . . . , n,
a = 1, . . . ,m and m < n. Then the local coordinate vector fields on M are
given by

δ

δya
=
∂xr

∂ya
∂

∂xr
= Br

a

∂

∂xr
.

Define the map

(4.1) f̃ : xr = xr(ya), ur = vaBr
a.

This is an immersion of rank 2m since the Jacobi matrix J is of the form

J =

[
∂xr/∂ya ∂xr/∂va

∂ur/∂ya ∂ur/∂va

]
=

[
Br
a 0

vb∂bB
r
a Br

a

]
.

Since δ
δya = Br

a
∂
∂xr , the coordinate vectors tangent to TM are

∂

∂ya
=

δ

δya
+ vbBr

a.b

∂

∂ur
,

∂

∂va
= Br

a

∂

∂ur
.

Definition 1. Let f : M → N be an isometric immersion. Then the
map f̃ : TM → TN, locally given by (4.1), will be called the lift of the
immersion f and its image LM will be called the lift of the submanifold M.

Remark 2. The lift of an immersion defined above seems to be the most
natural since Br

a∂r|(xr(ya)) are coordinate vectors at (xr(ya)) ∈M , and (va)
are components of tangent vectors. This kind of lift appears quite naturally
(see [6]).

Lemma 4. Let f̃ : TM → TN be the lift of the isometric immersion
f : M → N in the sense of Definition 1. Then the vertical and horizontal
lifts of the coordinate vector field δ

δya on M with respect to TN and TM are
related by (

δ

δya

)vN
=

(
δ

δya

)vM
,(

δ

δya

)hN
=

(
δ

δya

)hM
− vb∇bBr

a

(
∂

∂xr

)vN
.
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Proof. By the use of the definitions of vN and vM we have(
δ

δya

)vN
= Br

a

(
∂

∂xr

)vN
= Br

a

∂

∂ur
=

∂

∂va
=

(
δ

δya

)vM
.

For horizontal lifts we have(
δ

δya

)hM
=

∂

∂ya
− Γ cabvb

∂

∂vc

and, along M,(
δ

δya

)hN
= Br

a

(
∂

∂xr

)hN
= Br

a

(
∂

∂xr
− usΓ tsr

∂

∂ut

)
=

δ

δya
− vbBr

bB
s
aΓ

t
rs

∂

∂ut
(1)
=

δ

δya
− vb[∇bBr

a −Br
a.b + Γ cabB

r
c ]

∂

∂ur

=

(
δ

δya
+ vbBr

a.b

∂

∂ur

)
− vbΓ cab

∂

∂vc
− vb∇bBr

a

∂

∂ur

=

(
δ

δya

)hM
− vb∇bBr

a

∂

∂ur
=

(
δ

δya

)hM
− vb∇bBr

a

(
∂

∂xr

)vN
.

We define the vertical vector field

KvN
a = vb∇bBr

a

(
∂

∂xr

)vN
= Kr

a

(
∂

∂xr

)vN
.

Corollary 5. If M is a totally geodesic submanifold in N, then the
horizontal lifts hN and hM coincide on TM .

4.1. Projections

Lemma 6. Let f̃ : TM → TN be the lift of the isometric immersion
f :M → N in the sense of Definition 1. Then the projections πN : TN → N
and πM : TM →M satisfy

d(πN )|TTM = d(πM ).

Proof. The components of the projections: πN : TN → N and πM :
TM →M can be written as

(πN )
s(xr, ur) = xs, (πM )b(ya, va) = yb,

where r = 1, . . . , n, a = 1, . . . ,m. Thus for any fixed indices s, b we obtain
∂(πN )

r

∂xt
= δrt ,

∂(πN )
r

∂ut
= 0,

∂(πM )a

∂yb
= δab ,

∂(πM )a

∂vb
= 0.

Then for the vectors δ
δyc , c = 1, . . . ,m, tangent to M, and ∂

∂yc tangent to
TM we find

dπM |(xr(ya),vbBr
b )

(
∂

∂yc

)
=
∂(πM )a

∂yc
δ

δya
= δac

δ

δya

∣∣∣∣
(xr(ya))

=
δ

δyc

∣∣∣∣
(xr(ya))

,
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and

dπN |(xr(ya),vbBr
b )

(
∂

∂yc

)
= dπN |(xr(ya),vbBr

b )

(
Br
c

∂

∂xr
+ vbBr

b

∂

∂ur

)
= Br

c

[
dπN |(xr(ya),vbBr

b )

(
∂

∂xr

)]
+ vbBr

b

[
dπN |(xr(ya),vbBr

b )

(
∂

∂ur

)]
= Br

c

(
∂(πN )

s

∂xr
∂

∂xs

)∣∣∣∣
(xr(ya))

+ vbBr
b

(
∂(πN )

s

∂ur
∂

∂xs

)∣∣∣∣
(xr(ya))

= Br
c

(
δsr

∂

∂xs

)∣∣∣∣
(xr(ya))

= Br
c

∂

∂xs

∣∣∣∣
(xr(ya))

=
δ

δyc

∣∣∣∣
(xr(ya))

.

Similarly, for ∂
∂vc tangent to TM, we get

dπM |(xr(ya),vbBr
b )

(
∂

∂vc

)
=
∂(πM )a

∂vc
δ

δya
= 0,

and

dπN |(xr(ya),vbBr
b )

(
∂

∂vc

)
= dπN |(xr(ya),vbBr

b )

(
Br
c

∂

∂ur

)
= Br

c

[
dπN |(xr(ya),vbBr

b )

(
∂

∂ur

)]
= Br

c

(
∂(πN )

s

∂ur
∂

∂xs

)∣∣∣∣
(xr(ya))

= 0.

4.2. Connection map

Lemma 7. Let f̃ : TM → TN be the lift of the immersion f : M → N
in the sense of Definition 1. Then the connection maps KN and KM with
respect to the connections ∇N and ∇M respectively satisfy

KN

(
∂

∂va

)
=

δ

δya
= KM

(
∂

∂va

)
,

KN

(
∂

∂ya

)
= vb∇bBr

a

∂

∂xr
+KM

(
∂

∂ya

)
.

Proof. By definition we have

KN : T(x,u)TN → TxN, KN

(
Xr ∂

∂xr
+X

r ∂

∂ur

)
= (X

r
+ Γ rstu

sXt)
∂

∂xr
,

KM : T(y,v)TM → TyM, KM

(
Za

∂

∂ya
+ Z

a ∂

∂va

)
= (Z

a
+ Γ abcv

bZc)
δ

δya
.

Hence,

KN

(
∂

∂va

)
= KN

(
Br
a

∂

∂ur

)
= Br

a

∂

∂xr
=

δ

δya
= KM

(
∂

∂va

)
.

Moreover,

KM

(
∂

∂ya

)
= Γ cdbv

bδda
δ

δyc
= Γ cabv

bBt
c

∂

∂xt
,
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and, by the use of (2.1) and (4.1), we find

KN

(
∂

∂ya

)
= KN

(
Br
a

∂

∂xr
+ vb∂bB

r
a

∂

∂ur

)
= (vb∂bB

r
a + Γ rstB

s
au

t)
∂

∂xr

= vb(∂bB
r
a + Γ rstB

s
aB

t
b)

∂

∂xr
= vb(∇bBr

a + Γ cabB
r
c )

∂

∂xr

= vb∇bBr
a

∂

∂xr
+ vbΓ cab

δ

δyc
= vb∇bBr

a

∂

∂xr
+KM

(
∂

∂ya

)
.

5. Vector fields normal to LM . In the case where M is totally
geodesic in N, the unit vector fields normal to the lift of M can be cho-
sen in the form αηhNx + βηvNx , x = m + 1, . . . , n, where α, β are functions
depending on generators of the g-natural metric G along the lift. The next
lemma explains the structure of the vector fields normal to LM in the general
case.

Theorem 8. Suppose thatM is not necessarily totally geodesic in N and
η = HhN

> +HhN
⊥ + V vN

> + V vN
⊥ is a vector field normal to the lifted subman-

ifold LM , where H>, V> are tangent to M and H⊥, V⊥ are normal to M
in TN. Then

H> = V> = 0

for all x ∈M and

(5.1) g(Kac, a2H⊥ + a1V⊥) = 0

and
g(Ka, a

′
2H⊥ + a′1V⊥) = 0.

Proof. The relation G(δvNa , η) = 0 yields

(5.2) a2H> + b2g(H>, u)u+ a1V> + b1g(V>, u)u = 0,

while G(δhMa , η) = 0, in virtue of Lemma 4, gives

(5.3) g(δa, AH> +Bg(H>, u)u+ a2V> + b2g(V>, u)u)

+ g(Ka, a2H⊥ + a1V⊥) = 0,

where Ka = vc∇cBr
a∂r. Substituting u = vcBr

c∂r = 0 into (5.2) and (5.3) we
get

AH> + a2V> = 0, a2H> + a1V> = 0

for all (x, 0) ∈ TM. Since G is non-degenerate andH> and V> do not depend
on vc, we get H> = V> = 0 for all x ∈M. Consequently, by (5.3),

(5.4) g(Ka, a2H⊥ + a1V⊥) = 0

for all (x, u) ∈ TM. Differentiating (5.4) with respect to vc we obtain

g(Kac, a2H⊥ + a1V⊥) + 2g(Ka, a
′
2H⊥ + a′1V⊥)g(δc, u) = 0.
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Transvecting with vc, in view of (5.4), we get g(Ka, a
′
2H⊥+ a′1V⊥)r

2 = 0 for
all r2 = g(u, u) > 0. Hence, by continuity, g(Ka, a

′
2H⊥ + a′1V⊥) = 0 for all

u ∈ TxM.

Corollary 9. There exist submanifolds M isometrically immersed in a
Riemannian manifold (N, g) such that for a given vector field η=HhN

⊥ +V vN
⊥

normal to LM immersed in TN with non-degenerate g-natural metric G the
relation a2H⊥ + a1V⊥ = 0 holds along M.

Proof. It is enough to take as M a non-totally geodesic hypersurface in
a Riemannian manifold N.

6. Lift of a totally geodesic submanifold

6.1. Normal bundle. Suppose thatM is a totally geodesic submanifold
isometrically immersed in N and ηx, x = m + 1, . . . , n, are vector fields
normal to M in TN. Then, by Lemma 4, the lifts of the vector fields from
M to TM coincide with those to TN. The lifts (ηx)h = (ηx)

hN and (ηx)
v =

(ηx)
vN are orthogonal to

(
δ
δya

)hM and
(
δ
δyb

)vM but are orthogonal to each
other if and only if a2 = 0 since G((ηx)h, (ηy)v) = a2g(ηx, ηy) for all x, y =
m+ 1, . . . , n.

Proposition 10. Let M, dimM = m, be a totally geodesic submanifold
isometrically immersed in a Riemannian manifold (N, g), dimN = n and ηx,
x = m+1, . . . , n be a set of vector fields normal toM in TN. Suppose, more-
over, that TN is endowed with a g-natural metric G and a = a1A− a22 6= 0.

If LM denotes the lift (4.1) of M to TN, then the normal bundle of LM
in TTN is spanned by the vector fields Sx, Tx, x = m+1, . . . , n, below, and
the following six cases can occur:

(1) Aa1 6= 0, a2 arbitrary. Let ε = sgn(a1A− a22), δ = sgn a1 and

Sx =
εδ
√
|a1|√
|a|

(ηx)
h −

εδa2
√
|a1|

a1
√
|a|

(ηx)
v, Tx =

δ√
|a1|

(ηx)
v.

Then

G(Sx, Sy) = εδg(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = δg(ηx, ηy).

(2) a2 6= 0, A = 0, a1 = 0, ε = sgn a2 and

Sx =
ε

2a2
ηhx − ηvx, Tx =

ε

2a2
ηhx + ηvx.

Then

G(Sx, Sy) = −εg(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = εg(ηx, ηy).
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(3) a2 6= 0, A = 0, a1 6= 0, ε = sgn a1 = −1 and

Sx=
a1√

3
√
|a1|a2

ηhx +
1√

3
√
|a1|

ηvx, Tx=
2a1√

3
√
|a1|a2

ηhx −
1√

3
√
|a1|

ηvx.

Then

G(Sx, Sy) = −g(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = g(ηx, ηy).

(4) a2 6= 0, A = 0, a1 6= 0, ε = sgn a1 = 1 and

Sx =
a1√
a1a2

ηhx −
1
√
a1
ηvx, Tx =

1
√
a1
ηvx.

Then

G(Sx, Sy) = −g(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = g(ηx, ηy).

(5) a2 6= 0, A 6= 0, a1 = 0, ε = sgnA = −1 and

Sx =
A√

3
√
|A|a2

ηvx +
1√

3
√
|A|

ηhx , Tx =
2A√

3
√
|A|a2

ηvx −
1√

3
√
|A|

ηhx .

Then

G(Sx, Sy) = −g(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = g(ηx, ηy).

(6) a2 6= 0, A 6= 0, a1 = 0, ε = sgnA = 1 and

Sx =
A√
Aa2

ηvx −
1√
A
ηhx , Tx =

1√
A
ηhx .

Then

G(Sx, Sy) = −g(ηx, ηy), G(Sx, Ty) = 0, G(Tx, Ty) = g(ηx, ηy).

If ηx are unit, so are Sx and Tx.
Moreover, only in the first case can the metric induced on the normal

bundle from G be Riemannian. In all other cases the metrics are neutral.

6.2. Formulas. Let η = HhN
⊥ + V vN

⊥ = HhN + V vN be a vector field
normal to LM. According to Theorem 8, H and V are vector fields normal
to M in TN such that dπN (η) = H and KN (η) = V. Denote by Ã and H̃
the shape operator and the second fundamental form of the immersion (4.1)
of LM into TN.

Proposition 11. For the immersion (4.1) of LM into TN, in the above
notation, we have

(6.1) G(∇̃
δ
hM
a
η, δhMb ) = −G(Ãη(δhMa ), δhMb ) = −G(η, ∇̃

δ
hM
a

(δhMb ))

= −G(η, H̃(δhMa , δhMb )) + 1
2a1[R(u,Ka, H, δb) +R(u,Kb, H, δa)

+R(u, V, δa, δb)] + a2R(u, δa, H, δb)− 1
2B[g(u, δb)g(H,Ka)

+ g(u, δa)g(H,Kb)]− g(AH + a2V,Kab)− a1g(a1V + a2H,∇δaKb),
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−G(Ãη(δhMa ), δvMb ) = −G(η, ∇̃
δ
hM
a

(δvMb ))(6.2)

= 1
2 [a1R(u, δb, H, δa)− b2g(u, δb)g(H,Ka)],

−G(Ãη(δvMa ), δhMb ) = −G(η, ∇̃δvMa (δhMb ))(6.3)

= 1
2 [a1R(u, δa, H, δb)− b2g(u, δa)g(H,Kb)],

−G(Ãη(δvMa ), δvMb ) = −G(η, ∇̃δvMa (δvMb )) = 0.(6.4)

Here ∇̃, ∇, R denote the Levi-Civita connections on TN and N respectively
and the Riemann curvature tensor of N.

Proof. For the F-tensors A, B, C, D, E, F : TN ⊗TN ⊗TN → TN we
set A(x, y, z, t) = g(A(x, y, z), t), etc., where g is the metric tensor on N .
Since g(u,H) = g(u, V ) = 0 along M, by the use of Lemma 3 and either the
Gauss formula or the Weingarten formula, we obtain

(6.5) G(η, H̃(δhMa , δhMb )) = G(η, ∇̃
δ
hM
a

(δhMb ))

= Ag(H,∇δaδb) +AA(u, δa, δb, H) + a2B(u, δa, δb, H)

+ a2g(H,∇δaKb) +AC(u, δa,Kb, H) + a2D(u, δa,Kb, H)

+AC(u, δa,Kb, H) + a2D(u, δa,Kb, H) +AE(u,Ka,Kb, H)

+ a2F(u,Ka,Kb, H) + a2g(V,∇δaδb) + a2A(u, δa, δb, V )

+ a1B(u, δa, δb, V ) + a1g(V,∇δaKb) + a2C(u, δa,Kb, V )

+ a1D(u, δa,Kb, V ) + a2C(u, δa,Kb, V ) + a1D(u, δa,Kb, V )

+ a2E(u,Ka,Kb, V ) + a1F(u,Ka,Kb, V ),

(6.6) G(η, H̃(δhMa , δvMb )) = G(η, ∇̃
δ
hM
a

(δvMb ))

= a2g(H,∇δaδb) + a1g(V,∇δaδb) +AC(u, δa, δb, H) + a2D(u, δa, δb, H)

+ a2C(u, δa, δb, V ) + a1D(u, δa, δb, V ) +AE(u,Ka, δb, H)

+ a2F(u,Ka, δb, H) + a2E(u,Ka, δb, V ) + a1F(u,Ka, δb, V ),

(6.7) G(η, H̃(δvMa , δhMb )) = G(η, ∇̃δvMa (δhMb ))

= AC(u, δb, δa, H) + a2D(u, δb, δa, H) + a2C(u, δb, δa, V )

+ a1D(u, δb, δa, V ) +AE(u, δb,Ka, H) + a2F(u, δb,Ka, H)

+ a2E(u, δb,Ka, V ) + a1F(u, δb,Ka, V ),

(6.8) G(η, H̃(δvMa , δvMb )) = G(η, ∇̃δvMa (δvMb ))

= AE(u, δa, δb, H) + a2F(u, δa, δb, H) + a2E(u, δa, δb, V ) + a1F(u, δa, δb, V ).

Then, by the use of Theorem 8, we reach the conclusion. The Gauss and
Weingarten formulas both lead to the same result, but the computations
with the use of the former seem to be a bit simpler.
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From the above formulas we immediately get our main result.

Theorem 12. Let M be a manifold isometrically immersed in a space
N of constant curvature, and LM be the lift (4.1) of M to TN with non-
degenerate g-natural metric G.

If M is a totally geodesic submanifold in (N, g), then LM is totally
geodesic in (TN,G).

If LM is a totally geodesic submanifold in (TN,G) and b2 does not vanish
on a dense subset of [0,∞), then M is totally geodesic in (N, g).

Proof. By (6.1)–(6.3) the first assertion is clear. To prove the second,
note that the normal bundle of LM is spanned by the lifts of the vector
fields normal to M, i.e. by ηhNx and ηvNx , x = m + 1, . . . , n. Since Ka =
vchxcaηx, K

hN
a and KvN

a are orthogonal to LM. If LM is totally geodesic,
setting η = KhN

a + KvN
a we deduce from (6.2) that g(Ka,Kb) = 0 for all

a, b = 1, . . . ,m, whence, since g is Riemannian, Ka = 0.

Recall that the submanifold M of (N, g) is said to be pseudo-umbilical
if its second fundamental form h and the mean curvature vector

−→
h satisfy

g(h(X,Y ),
−→
h ) = λg(X,Y ) for all vector fields X, Y tangent M, where λ is

a function defined along M. It is clear that a totally geedesic submanifold is
pseudo-umbilical.

Thus, if LM is a pseudo-umbilical submanifold in (TN,G), then its sec-

ond fundamental form H̃ and the mean curvature vector
−→
H̃ satisfy

G(H̃(X,Y ),
−→
H̃ ) = ΛG(X,Y )

for some function Λ and all vector fields tangent to LM.

Theorem 13. The lift LM to TN of a manifold M, m = dimM > 1,
isometrically immersed in a manifold (N, g), with metric induced from a non-
degenerate g-natural metric G on TN , is not a pseudo-umbilical submanifold
unless Λ = 0.

Proof. Suppose Λ 6= 0. By (6.4) we have

G(H̃(δvMa , δvMb ),
−→
H̃ ) = ΛG(δvMa , δvMb ) = Λ[a1gab + b1vavb] = 0.

Contracting with gab we get

Λ[ma1 + b1r
2] = 0,

while transvecting with vavb we obtain, for r2 > 0,

Λ[a1 + b1r
2] = 0,

whence Λ(m− 1)a1 = 0. By continuity, a1(0) = 0.
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Now (6.2) yields

Λ[a2gab + b2vavb] = b2vag(
−→
H̃ ,Kb),

whence, by a similar argument, a2(t) = 0 for all t ∈ [0,∞), a contradiction.
This completes the proof.
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