COLLOQUIUM MATHEMATICUM

VOL. 150 2017 NO. 1

ON FIBERS OF FAT ASSOCIATED BUNDLES

BY

MACIEJ BOCHENSKI, ANNA SZCZEPKOWSKA, ALEKSY TRALLE
and ARTUR WOIKE (Olsztyn)

Dedicated to the memory of Professor Witold Roter

Abstract. We are interested in associated fat bundles, which are an important tool
in constructing Riemannian metrics of positive and non-negative curvature. We want to
understand the behavior of the fatness condition under changes of structure groups of
bundles. We show that if the structure group does not coincide with the holonomy group,
and the G-bundle is fat, then the fiber of the bundle must be finitely covered by a sphere
or a complex projective space of a particular dimension.

1. Introduction. Let P(M,G) be a G-principal bundle endowed with
a connection form 6 and with curvature form (2. Let Kerf = H C TP be
the corresponding horizontal distribution. Assume that the Lie algebra g of
G is endowed with an invariant non-degenerate bilinear form B. We say that
a vector u € g is fat, or that the connection form 6 is u-fat, if the bilinear
2-form B(f2(-,-), u) is non-degenerate on H. The role of the fatness condition
in Riemannian geometry follows from its relation to the O’Neill tensor [4] of
a specific fiberwise metric on the associated bundle. In more detail, consider
an associated bundle

F— PxqgF — M.

Endow F with a G-invariant Riemannian metric gr, and M with a Rieman-
nian metric gps. Equip P Xg F with the connection metric, defining it to
be the Riemannian metric which equals gr on F, g(X*,Y™*) = gy (X, Y) for
horizontal lifts X* Y™* of X,Y € T'M respectively, and declaring TF and ‘H
to be orthogonal with respect to g. For that metric the following holds. Let
Ax denote the O’Neill tensor.

THEOREM 1.1 (|26]). The connection metric g on P xg F is complete
and defines a Riemannian submersion w: P xXg F — M with totally geodesic
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fibers F' and with holonomy group a subgroup of G. Conversely, every Rie-
mannian submersion over M with totally geodesic fibers arises in this fash-
1on. Moreover, the O’Neill tensor for such submersion satisfies the equality

O(AxY) = —Q(X,Y).

The condition of fatness is an important tool in constructing manifolds
of positive and non-negative curvature [13], [25]. There are also notions of
symplectic and contact fatness, which are different but parallel to the Rie-
mannian one. They are used as a tool of constructing symplectic and contact
manifolds with prescribed properties [5], [10], [I1], [19], [20], [14], [16], [21],
[25], [7], [8]. In the Riemannian context, the following definition of fatness is
used: a Riemannian submersion 7 : E — M with totally geodesic fibers is fat
if AxU # 0 for all horizontal vector fields X and vertical vector fields U (“all
vertizontal curvatures are positive”). For the associated bundles, the charac-
terization of fatness of any connection is known [26] and can be formulated
as follows, with [ denoting the Lie algebra of the Lie subgroup L.

THEOREM 1.2 (|26]). The Riemannian submersion P xg F — M with
totally geodesic fibers G/L is fat if and only if the 2-form B(2(X,Y),u) is
non-degenerate on the horizontal distribution for all u € [*.

Keeping the above theorem in mind, from now on whenever we say that
an associated bundle G/L — P/L — M is fat, we mean that the set [+ con-
sists of fat vectors. Note that it was proved [26, Proposition 2.6| that every
fat submersion necessarily has a homogeneous fiber. The fatness condition is
well understood only in several particular cases. For example, a theorem of
Derdziniski and Rigas [9] shows that the only fat SO(4)/SO(3)-bundle over S*
is the Hopf bundle S” — S*. Bérard-Bergery [3] classified all homogeneous
fat bundles, that is, associated bundles of the form H/L — K/L — K/H,
where K, H, L are compact Lie groups. There are some necessary topological
conditions for fatness [12]. The conclusion is that fat bundles are scarce. In
our previous paper [6] we explored the possibility of extending the results of
[3] to the case of invariant connections in G-structures over compact homo-
geneous spaces. However, we were able to get a kind of classification of fat
bundles only for the canonical connection. One can notice the following:

1. The fatness condition is preserved neither under the reduction nor under
the extension of the structure group.
2. It depends on the choice of the connection.

Therefore, one can try to construct new fat bundles either by changing the
connection, or by changing the structure group.

In this paper we show that the second approach is not possible with one
exception: the fibers of the given G-bundle are finitely covered by spheres or
complex projective spaces of some particular dimensions (Theorem [4.1)).
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2. Preliminaries. The basic tools in this work are invariant connec-
tions and Lie group theory. Therefore, we closely follow the terminology and
notation in [I7], [18], [I5] and [24] without further explanations. We denote
the Lie algebras of Lie groups by the corresponding Gothic letters, so the Lie
algebra of the Lie group G is denoted by g, etc. We consider principal bun-
dles G — P — M and in most cases use the notation P(M, G). Throughout
the whole article we consider homogeneous spaces M = K/H and assume
that both K and H are compact Lie groups.

We recall the notion of the holonomy group following [17]. Let P(M, G)
denote a principal bundle with connection form 6 on P. Take a point x € M
and p € 7~ !(z). It can be proved that for a piecewise smooth loop ~ : [0, 1] —
M based at = the connection 6 defines a unique horizontal lift 5 : [0, 1] — P
for which 4(0) = p and 5(1) € 7~ (). Introduce an equivalence relation on
P as follows: p ~ ¢ < p can be joined to g by a piecewise smooth horizontal
curve. The holonomy group at a point p € P of a given connection in the
principal bundle is Hol(p) = {g € G | p ~ p- g}. It can be proved that
Hol(p) is a Lie subgroup of G. Throughout this paper the Lie algebra of the
holonomy group will be denoted by h*. Denote by P(p) the set of points in P
which can be joined to p by a horizontal curve. Recall the classical theorem
of Ambrose and Singer [1], [2], [17].

THEOREM 2.1. Let G — P — M be a principal bundle with M connected
and paracompact. Let 0 be a connection form and §2 the curvature form of a
given principal bundle. Let p € P. The Lie algebra of Hol(p) is equal to the
subspace of g spanned by all elements of the form 2,(X,Y), where v € P(p)
and X,Y are arbitrary horizontal vectors at v.

3. Onishchik triples

DEFINITION 3.1. We say that a triple of Lie algebras (g, [, ) is an Oni-
shchik triple, or an Onishchik decomposition, if

(the inclusions are inclusions of Lie algebras, while the sum is understood as
the sum of vector spaces). We will say that the Onishchik triple is proper if

h#gand [#g.

Onishchik classified such triples [22] (which he called Lie algebra de-
compositions). These decompositions are important and useful in so many
different areas that we believe they deserve a new name. In this article we
will need this classification. Therefore, we present a short summary in the
case where g is compact and simple. As usual, we consider the complexifica-
tion g¢ and a Cartan subalgebra j C g°. Having fixed them, we consider the
corresponding root system A, and choose the set of simple roots s, ..., am.
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It is known that any irreducible linear representation of g is determined (up
to equivalence) by the highest weight of the representation. This is a vector
A € j which can be described by the integers
T L ST
(0, o)

We write A = (Ay,...,A,) and denote by ¢; the irreducible representation
of a simple Lie algebra g with highest weight A which has A; = 1 and 4; = 0,
i # j. The following classification result was proved by Onishchik.

THEOREM 3.1 ([22]). Let g be a compact simple Lie algebra. All the
proper Onishchik triples (g, [, ) and possible embeddings

i'h—g i":l—=g

are given in Table 1.

Table 1
g ) i [ i Restrictions

Azn—1 Cn P1 Aon_2 Y1+ N n>1
Agp_1 Ch ©v1 Agp—o®T p1+ N n>1

Bs G2 P2 B> 01+ 2N

Bs G> ©2 By ®T  ¢1+2N

Bs G P2 D3 ¢1+ N
Dyt B, p1+ N An ©1+ pn n>2
Dy By p1+N AT 01+ @n n>2

Don  Bana @1+ N Ch 1+ @1 n>1

D2 Bapn—1 @1+ N CnoT v1+ 1 n>1

D2n Banei 1+ N Ch®A p1ten n>1

Dsg By p1+ N B 4

Dy Bs 3 Bo 01+ 3N

Dy Bs ©3 BT p1+ 3N

Dy B3 ©3 By & Ay p1+ 3N

D, B3 ¥3 Ds 1+ 2N

D, Bs ©3 Ds®T o1 +2N

Dy Bs 3 Bs o1+ N

REMARK 3.2. In Table 1, N stands for the trivial representation. The
types of simple Lie algebras are denoted as usual, following [24].

DEFINITION 3.3 (|23]). We say that a triple (G, H, L) of Lie groups is
an Onishchik triple of Lie groups if G = H L.

THEOREM 3.2 ([23]). Let G be a connected Lie group and H,L be Lie

subgroups, where at least one of H, L is compact. If (g,h,1) is an Onishchik
triple of Lie algebras, then (G, H, L) is an Onishchik triple of Lie groups.
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4. Holonomy and fibers of fat bundles

PROPOSITION 4.1. Let G — P — M be a principal fiber bundle with
a connection form 0 and curvature form 2. Fix p € P. Denote by ' the
subalgebra in g generated by all 2,(X,Y), X,Y € H,. If there exists a fat
associated bundle
G/L — P xg (G/L) - M

with respect to the given connection and g # b, then (g,b',1) is a proper
Onishchik triple.

Proof. Notice that the fatness condition is equivalent to all 2-forms
B(£2,(X,Y),u) being non-degenerate for all u € I, p € P and X,Y € H,.
The latter implies (h')* NI+ = {0}. But (p)t NIt ={0}iff g=b"+ . u

COROLLARY 4.2. Let G/L — P x¢g (G/L) — M be a fiber bundle asso-
ciated with a principal bundle with a simple compact Lie group G. If it is fat
with respect to some connection, then either the holonomy Lie algebra h* is
contained in Table 2, or h* = g.

Proof. By Theorem b’ C b*. Hence, if h* # b, the triple (g, bh*, 1)
must be a proper Onishchik triple as well. But looking at Table 1, one can
see that this is not possible. Thus, either h’ = b*, or h* =g. »

THEOREM 4.1. Assume that a fiber bundle G/L — P/L — M 1is associ-
ated with a principal bundle P(M,G) where G is a simple and compact Lie
group such that g # [. If such an associated bundle is fat with respect to a
connection, then G /L is necessarily finitely covered by a homogeneous space
of the form

S8 =1 — QU(4k)/SU(4k — 1) (k> 1),

SU(
S° =SU(4)/Sp(2),
CP?*~1 = SU(4k)/(SU(4k — 1) x SY) (k> 1),
S8 =1 — SO(8k)/SO(8k — 1) (k > 1),
S15 =80(16)/S0(15),

ST =S0(8)/S0(7).
The proof will follow from the propositions below.

PROPOSITION 4.3. Assume that g, b/, [ and V are vector spaces such that
b, lCg, g="b +1 g is equipped with a non-degenerate inner product (-,-),
and the restriction of {-,-) to §' and | respectively is also nondegenerate. Let
R:V xV — b be a bilinear map. If

Jozxev dim R(X,V) < dim [+ = dim g — dim [

then
Fuert Vyev (R(X,Y),u) =0.
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Table 2

g h* [ Restrictions
su(4k) sp(2k) su(4dk — 1) E>1
su(4k) su(4k — 1) sp(2k) kE>1
su(4k) sp(2k) su(dk— 1)@ R E>1
su(4k) su(dk—1)a® R sp(2k) k>1
s50(8k) s0(8k — 1) su(4k) k>1
50(8k) su(4k) s50(8k — 1) kE>1
50(8k) s50(8k — 1) su(4k) @R kE>1
50(8k) su(4k) @ R s0(8k — 1) kE>1
s0(8k) s0(8k — 1) sp(2k) kE>1
50(8k) sp(2k) s50(8k — 1) kE>1
s50(8k) s0(8k — 1) sp(2k) @R kE>1
50(8k) sp(2k) &R s0(8k — 1) E>1
50(8k) s50(8k — 1) sp(2k) @ su(2) kE>1
s50(8k)  sp(2k) & su(2) s50(8k — 1) E>1
50(16) s0(15) 50(9)
50(16) 50(9) s0(15)
s0(8) 50(7) 50(5)
50(8) s50(5) 50(7)
50(8) s0(7) so(5) R
50(8) so(5) ®R 50(7)
50(8) 50(7) 50(5) @ su(2)
s0(8) s50(5) @ su(2) 50(7)
50(8) 50(7) 50(6)
50(8) 50(6) s50(7)
50(8) 50(7) s0(6) ®R
50(8) s0(6) ®R s0(7)
50(8) s50(7) 50(7)

Proof. Assume that dim R(X,V) < dim I+ for some 0 # X € V. Let pr,
(respectively pr..) denote the orthogonal projection onto [ (respectively [1)
with respect to the orthogonal decomposition g = [®[*. Since dim R(X,V) <
dim [, it follows that dimpr. R(X,V) < dim[*+. We have the orthogonal
decomposition I+ = pru. R(X,V) @ (prr R(X,V))* (with respect to the
inner product of g restricted to [*) with dim(pr. R(X,V))* > 1. We can
choose 0 # u € (pri. R(X,V))*. Obviously u € [*+. Consider the direct sum
prR(X,V)®pr R(X,V). Note that R(X,V) C pr R(X,V)®pry R(X,V).
Take any Y € V. Then R(X,Y) = v; + v2, v1 € pr;R(X,V) C [ and
vy € prie R(X, V). Since u € I+ and u € (prix R(X,V))*, we have

(R(X,Y),u) = (v1 +vo,u) = (v1,u) + (va, uy = 0.
Then u € I+ and (R(X,Y),u) =0forallY € V. u
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COROLLARY 4.4. Ifg, b/, [, V and R satisfy the assumptions of Propo-

sition [4.3] then:

(1) (X,Y) = (R(X,Y),u) is degenerate for some u € I*;

(2) if in addition (g, 1, ) is an Onishchik triple and R corresponds to the cur-
vature form then the bundle associated with a principal bundle P(M, Q)
cannot be fat with respect to any connection.

REMARK 4.5. Assume that b’, V are vector spaces and R: V xV — b/
is a skew-symmetric bilinear mapping. Then

Vorxey (dim R(X,V) <dimV — 1 Adim R(V, X) < dimV —1).

This follows from the fact that for a skew-symmetric R the kernel of both
R(X,-) and R(-, X) contains the one-dimensional subspace {aX}.

PROPOSITION 4.6. The irreducible Onishchik triples (g,1,4") in Table 3
do not correspond to fat associated bundles with respect to any connection.

Table 3
g [ b’ Restrictions
su(4k) sp(2k) su(4dk — 1) k>2
su(4k) sp(2k) su(dk—1)®R k>2
50(8k) su(4k) s50(8k — 1) kE>1
50(8k) su(4k) @R s0(8k — 1) kE>1
s0(8k) sp(2k) s0(8k — 1) k>1
s0(8k) sp(2k) @ R s0(8k — 1) k>1
50(8k)  sp(2k) @ su(2) s50(8k — 1) kE>1
50(16) 50(9) 50(15)
50(8) 50(5) s50(7)
50(8) so(5) ®R 50(7)
s50(8)  s0(5) P su(2) 50(7)
50(8) 50(6) 50(7)
s0(8) s50(6) ®R 50(7)

Proof. Apply the previous considerations to R(X,Y) = 2(X,Y). Note
that in this case R is skew-symmetric since it corresponds to curvature.
Now it is easy to check that each of these cases satisfies the assumptions of
Proposition [4.3] Indeed, first note that if g = su(4k) then g C so(8k) and
dim V' = 8k. In the remaining cases g = s0(8k) for some k, and then also
dim V' = 8k. Since the dimensional assumption of Proposition [£.3] does not
depend on the dimension of b/, it is sufficient to check it for all possible pairs
of g and [:

o g =su(4k), [ = sp(2k), k > 1: Then dimV = 8k, dim R(X,V) < 8k — 1,
dimg = 16k% — 1, dim [ = 8k? + 2k, dim [ = 8k? — 2k — 1 and
Viso dim R(X,V) < 8k —1 < 8k* — 2k — 1 = dim I+,
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g = s0(8k), | = su(4k), k > 1: Then dimV = 8k, dim R(X,V) < 8k — 1,
dim g = 32k% — 4k, dim [ = 16k% — 1, dim [ = 16k%> — 4k + 1 and

Vp>1 dim R(X,V) < 8k —1 < 16k? — 4k 4+ 1 = dim [*.

g = 50(8k), [ = su(4k) ® R, k > 1: Then dimV = 8k, dim R(X,V) <
8k — 1, dim g = 32k? — 4k, dim [ = 16k2, dim [+ = 16k? — 4k and

Vi>1 dim R(X,V) < 8k — 1 < 16k? — 4k = dim [*.

g = 50(8k), [ = sp(2k), k > 1: Then dimV = 8k, dim R(X,V) < 8k — 1,
dim g = 32k% — 4k, dim [ = 8k + 2k, dim [+ = 24k? — 6k and

Vis1 dim R(X,V) < 8k — 1 < 24k? — 6k = dim [

g = 50(8k), [ = sp(2k) @R, k > 1: Then dimV = 8k, dimR(X,V) <
8k — 1, dimg = 32k? — 4k, dim [ = 8k% + 2k + 1, dim [ = 24k% — 6k — 1
and

Vis1 dim R(X,V) < 8k — 1 < 24k? — 6k — 1 = dim [*.

g = 50(8k), [ = sp(2k) & su(2), k > 1: Then dimV = 8k, dim R(X,V) <
8k — 1, dimg = 32k — 4k, dim [ = 8k% + 2k + 3, dim [+ = 24k — 6k — 3
and

Vis1 dim R(X,V) < 8k — 1 < 24k? — 6k — 3 = dim [

g = 50(16), [ = s0(9): Then dimV = 16, dim R(X,V) < 15, dim g = 120,
dim [ = 36, dim [ = 84 and

dim R(X,V) < 15 < 84 = dim [*.

g = 50(8), [ = 50(5): Then dimV = 8, dimR(X,V) < 7, dimg = 28,
dim [ = 10, dim [+ = 18 and

dim R(X,V) <7 <18 = dim [+,

g =50(8), [=50(5) ®R: Then dimV =8, dim R(X,V) < 7, dimg = 28,
dim[ =11, dim [+ = 17 and

dim R(X,V) <7 <17 = dim [+,

g =150(8), [=s0(5) @su(2): Then dimV =8, dimR(X,V) <7, dimg =
28, dim [ = 13, dim [+ = 15 and

dim R(X,V) <7< 15 = dim [+,

g = 50(8), [ = 50(6): Then dimV = 8, dimR(X,V) < 7, dimg = 28,
dim [ =15, dim [+ = 13 and

dim R(X,V) <7< 13 = dim [+,
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o g=150(8), [=s50(6) ®R: Then dimV =8, dim R(X,V) <7, dimg = 28,
dim [ = 16, dim - = 12 and

dimR(X,V) <7 <12 = dim .
Finally, the result follows from Corollary [£.4] =

Only the irreducible Onishchik triples (g, [, ") in Table 4 with a simple
g may correspond to a fat associated bundle.

Table 4

g [ b’ Restrictions
su(4) sp(2) su(3)
su(4) sp(2) su(3) @R
su(4k) su(4dk — 1) sp(2k) kE>1
su(4k) su(dk—1)dR sp(2k) kE>1
s0(8k) s0(8k — 1) su(4k) E>1
50(8k) s50(8k — 1) su(4k) @ R kE>1
50(8k) s0(8k — 1) sp(2k) kE>1
50(8k) s0(8k — 1) sp(2k) B R n>1
50(8k) s0(8k — 1) s5p(2k) @ su(2) kE>1
50(16) s50(15) 50(9)
50(8) 50(7) s0(5)
50(8) 50(7) so(5) ® R
50(8) 50(7) 50(5) @ su(2)
50(8) 50(7) 50(6)
50(8) 50(7) s0(6) @R
50(8) s50(7) 50(7)

Assume that the bundle G/L — P/L — M is a fat bundle associated
with the principal bundle P(M, G) and assume that G is simple and b’ # g.
Looking at the table of all possible Onishchik triples we see that the fiber
G/ L is necessarily covered by CP?*~! (k > 1) or one of the following spheres:

55’ 57’ 51157 SSk—l (k‘ > 1)7

which completes the proof. Note that the fiber corresponds to some pair
(g,1) from Table 4. Choose compact Lie group G corresponding to g and
a compact Lie subgroups L C G and H' C G corresponding to [ and b'.
By [23], Proposition 7, p. 89] (see also Theorem , (G, H', L) is Onishchik
triple. Hence, by [23] Corollary 2 on p. 228|, G must be SO(m) or SU(l) with
m = 8k,k > 1,m = 8,16 and | = 4k, k > 1 (as in Table 4), while L must
have the connected component Ly equal to SO(m —1) or S(U(I —1) x U(1)).
Thus, G/L is either a sphere or a projective space (in the simply connected
case), or is finitely covered by these spaces.
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