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On the behavior close to the unit circle
of power series with additive coefficients

by

OLEG A. PETRUSHOV (Moscow)

1. Introduction. In this paper we study power series with completely
additive coeflicients. Power series with coefficients that have some arith-
metical structure have interesting properties. All known power series with
non-trivial arithmetical coefficients have no continuation beyond the unit
circle. Moreover they have interesting properties when z tends to the unit
circle along a radius.

For the following classes of power series there exist classical theorems
stating that the series have the unit circle as the natural boundary:

e Lacunary series
oo
A
F2) =3 a2,
n=1

where
A €N,  lim — =0.
n—o00 \p,
This result was proved by E. Fabry in 1896 (see [Bl p. 80], [E]).
e Power series whose coefficients take a finite number of values and are not
ultimately periodic (see [Bl p. 165], [3]).
e Power series with integer coefficients which are not rational functions.
This was proved by F. Carlson in 1921 (see [C]).

In 1981 L. G. Lucht [L] proved that for an extensive set of multiplica-
tive functions a(n) the unit circle is the natural boundary of the series

Doy e(n)2".
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Denote 2™ by e(B). In [PI] we studied the power series I(z) =
>oo2 pw(n)z™ where pu(n) is the Mobius function and proved that for each
peqQ,

M(re(B)) = 2((1—r)"%)
as r — 1—, for some a > 0 depending on .

In [P2] we obtained non-trivial estimates for My(z) = S.00, p?(n)z".
The behavior of this series when z = e(8)r, r — 1—, depends on Diophantine
approximation properties of 8. We proved that if the irrationality exponent
of B equals 2 then

Mo(re(B)) = O((L —r)~V279),  r—1-.
An arithmetical function a(n) is additive if
a(mn) = a(m) + a(n) for coprime integers m and n.
An arithmetical function a(n) is completely additive if
a(mn) = a(m) + a(n) for all m and n.

As usual for s € C we denote o = Rs, t = s.

In 2000 L. G. Lucht and A. Schmalmack [LS|] found an extensive class of
additive functions a(n) such that the unit circle is the natural boundary of
the series > > | a(n)z"™. Their class was defined by the asymptotic equality

Y a(n)xo(n) = cga’l(x) + o(a?|i(z)]), z — oo,

n<x
where [(x) is a slowly oscillating function, x¢ is a principal character and
the sum has some other properties. But for arbitrary complex additive a(n)
we do not know how to apply their method.

In this paper we prove that some conditions on the growth of the co-
efficients of power series with additive coefficients give us a class of power
series that have the unit circle as the natural boundary. Moreover we prove
some omega-estimates of such series with 2z tending to roots of unity.

For an arbitrary sequence «(n), a real 8 and Dirichlet character y we
set

Fe=3 20
n=1

[e.9]

FiB)(s) = _a(n)e(Bn)n"",
(1.1) n=1

[e.9]

F(s,x) = Y a(n)x(n)n*,

n=1

Az, 8) = a(n)e(Bn).

n<x
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Denote by (z) with z € C the power series

n=1
For a Dirichlet character y modulo ¢, x is the character conjugate to ¥,
T(x,1) = Y1, x(k)e(lk/q), and L(s, x) is a Dirichlet L-series.
In our paper we study the Dirichlet series F'[5](s) and from its properties
we deduce the properties of 2((z).
We will denote by p prime numbers.
We consider the class 9 of additive functions defined by

(1.2) a(p™) =mf(p,m)Inp
for p prime and m an integer, where f(p,m) is a complex function such that
f(p,m) — 0 as p — oo, uniformly in m. We prove the following theorems.

THEOREM 1.1. Let a € B. Let 8 = 1/p*, where (I,p) = 1. Then

e al@™) — a m—1
(13) 7g$j%@WM%1—rﬂz‘§: ") — "))
(1.4) x@ A(wx,ﬁ)’ > ‘i a(p™) ;,:(pml)

THEOREM 1.2. Let o € B. Suppose A(z) = > o7, a(n)z" has non-
singular points on the unit circle. Then A(z) is a rational function, and
« satisfies the following conditions: for some P € N,

(1.5) a(pf) =0 for p > P and each k,
(1.6) a(p®) = C(p)  for p< P and k > ko(p),
where C(p), ko(p) do not depend on k.

Hence all series 2(z) with additive coefficients that satisfy (1.2]) and do
not satisfy (1.5 or (1.6) have the unit circle as the natural boundary.

In particular, we have

THEOREM 1.3. Let a(n) be a completely additive function with
(17) a(p) = o(lnp).
Let B =1/p*, where (I,p) = 1. Then

a 1-k

(18) T ()1 - )| > 22
—A@H)| - lalp)lp

(19) S R

Moreover if A(z) has non-singular points on the unit circle then a(n) = 0.
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Hence all series 2A(z) with completely additive coefficients that satisfy
and are not identically zero have the unit circle as the natural bound-
ary.

Theorems [1.1H1.3| are proved in Sections 2—4. In Section 5 we also note
that the growth conditions (L.2)), in Theorems cannot be sig-
nificantly weakened.

2. Preliminary results. From the definition (1.1)) of F(s, x) we easily
obtain the following properties.

LEMMA 2.1. Suppose the Dirichlet series F' and G are absolutely con-
vergent at the point s. Then

(F+ G)(S>X) = F(37X) + G(S,X),
(F'G)(s,x) = F(s,x)G(s, x)-

LEMMA 2.2. Let Gp(s) = Y22, cprp™ ¥ Suppose the double series F(s)
= 2., Gp(s) is absolutely convergent. Then

F(Sv X) = ZGP(Sv X)'

The following lemma detects the structure of the Dirichlet series with
additive coefficients.

LEMMA 2.3. Let a(n) be an additive function with a(n) = O(Inn). Then

(2.1) F(s) = ((s) Y Gypls),

where Gy(s) = S22 (a(pF) — a(pF1))p~** for Rs > 1.

Proof. 1f the series } Gj(s) is considered as a double series, then for
Rs > 1 the series is absolutely convergent. We have

o0

(2.2) > Gpls) = 57

n=1
where
b — {Oé(p"’) —a(*) ifn=pk
if n # p*.
The double series on the left-hand side of and the series on the right-
hand side of are absolutely convergent for R8s > 1. In this half-plane

O)NAOES pria)

n=1
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where for n = pll1 ...plr we have

T

yn) = ba=Y [a@") = a@" )] =D a@") = a} ...pl)

d|n pF|n i=1

a(n).

Let I(s) be a Dirichlet integral,
o0

I(s) = S u$ " f(u)du, s€C,
0

where f(u) € L'[r, R] for any 0 < r < R < co. Let

1 o)
N(s)=\w""fu)du, Ir(s)=|u"f(u)du.
0 1

The following theorem relates I(s) to f(u).
THEOREM 2.4. Suppose that 1(s) has the following properties:

(1) Ir(s) = {7 us"' f(u) du is convergent for all s € C.
(2) I(s) is convergent for Rs > oy.
(3) There exist c,a > 0 and tg € R such that

(23> Tm ‘[(Uo—i-ito—f—x)‘ S .
’ z—0+ T« -

Then

— |f ()] c
2.4 1 > )
(2:4) w0t (—lnw)*=tu=00 = '(«)

Proof. Assume that
— |f(u)] c

li .
it (—Inu)*~tu=00 = I'(«)

Then for u < up we have |f(u)| < ey (—Inwu)® 1y~ where ¢; < c. Since
I>(s) is convergent for all s € C, it is an entire function and I»(og+ito+x) =

O(1) for z — 0+. Hence for z — 0+,

1
|I(00 + ito + )] < O(1) + )g oottt e £ () gy
0

1
€1 —0o a—1, oco+z—1
<C+ u 7 (=lnw)*  u du
o)
o !
<C+ -\ (= Inuw)* " du.
o))
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Since
1 o)
Su“fl(— Inu)* ! du = S eyl du = I(a)z®,
0 0

we obtain

C1
I'(a)
The inequality (2.5)) contradicts condition (3) of the theorem. =

Recall the definitions (1.1).

PROPOSITION 2.5. Let

(2.6) A(z) = a(n).

(2.5) |I(O‘0+it0—|—l‘)| <C+

')z *=C+cz™% x—0+.

If for some ¢ > 0,
(2.7) Lm [A(M)|(1—7) > ¢,

r—1—
then
lim |A(z)|z™! > c

T—00

Proof. Using the Abel transform we obtain
Ar) =1 —r)>_ An)r".
n=1

Assume that for some ¢; satisfying 0 < ¢; < ¢ we have |A(z)| < cjz for
x > xo. Then

A <OM) + (1A =r)er D " <O) + (1 =r)er Y nr”
n=1

n>xo
<CH+eoa(l-—r)t r—o1-.
This contradicts (2.7).
The following lemma relates F'[l/q](s) to 2A(e(l/q)r).

LEMMA 2.6. Let a(n) be an arbitrary sequence of complex numbers, and
l € Z. Suppose the Dirichlet series F(s) = 2 a(n)e(ln/q)n~* is conver-
gent for 0 = Rs > g9 > 0. Then for each s with Rs > oy,

I'(s) Za(n)e(ln/q)n_s = S t571A(e(1/q)e™) dt.
n=1 0

Proof. This follows from the result of [H|. m

The following lemma relates the behavior of 20(e(l/q)r) as r — 1— to
the behavior of F'[l/g](s) near its singular point.
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THEOREM 2.7. Let a(n) be an arbitrary sequence of complex numbers,
and l,q € N, g > 1, (I,q) = 1. Suppose the series F[l/q](s) is convergent in
{Rs > gg} for some oy > 0. Suppose that there exist c;, o« > 0 and top € R
such that

— |F[I it
(2.8) iy EWdlootite )l

z—0+ xrx— ¢

Then

(2.9) T Bﬁg)/ g}iui)o\o - \F(Z(ﬂ)(—;)ito)].

Proof. By Lemma [2.6]
I(s)F[1/q)(s) = | w™'A(e(l/q)e™) du
0

where the integral is also convergent in {Rs > o0p}. The assumptions of

Theorem are satisfied with I(s) = {"u*"'A(e(l/q)e ) du, f(u) =

A(e(l/q)e™™) and ¢ = ¢1|I'(ag + itg)|. By Theorem [2.4 we obtain (2.9).

Let g be a fixed positive integer, 5 =1/q, (I,q) = 1;let ¢ = plf1 ...pl be
the prime factorization. Denote by K(q) the set {n : n = pll1 ...plr} where
l; are arbitrary positive integers. Each n € N has a unique representation
n = mk where k € K(q) and (m,q) = 1. For k € K(q) denote by Ay the
set {n : n = mk, (m,q) = 1}. From the above it follows that N = | |, Aj.
Let u(n) = e(ln/q) if (n,q) = 1, and u(n) = 0 if (n,q) # 1. From the
orthogonality relations for Dirichlet characters we derive

IR

(2.10) u(n) = —
“lq X (mod q)

Let a(n) be an additive function of an integer argument.
Let us represent F'[3](s) in terms of F(s, x). For k € K(q) consider

Sk = Z a(n)n"’e(fn) = Z a(mk)(mk) *e(mkp).

neAy (m,q)=1

Additivity of a(n) yields
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From (2.10) we obtain
Sk =
1 1 = a(m)x(m)  a(k >
(LS a3 AR 00 5 Sl
¢(q) \k m k
x (mod q) m=1 x (mod q) m=1
1 T(X, lk a(k
= > ( (XS ) P(s,x) + (% 1K) (S)L(s x))
¢(q) k k
X (mod g)
Summing Sy, with respect to k € K(q) we obtain
LEMMA 2.8. Let a(n) be an additive function. Then
(2.11) FBI( 2: Cx(s)F(s,x) + Dx(s)L(s, x),
X (mod q)
where
T7(x, lk
(2.12) sy = 3 TLlh),
keK(q)
T(X, lk)a(k
(2.13) Dy(s)= Y. (ks)()
keK(q)

This lemma relates the behavior of F[f](s) to the behavior of F(s,x)
and L(s,x).

3. The behavior of some useful Dirichlet series. In this section
for an arbitrary function A and positive B, A < B means A = O(B).
Let us recall the properties of the Ramanujan sum. For a prime p, integers
k, 1, a with (I,p) = 1 and the principal character x¢ modulo p*, we have
7(xo, 10" ") = —p*,
(X07lp ) pk 1( _1)7 CLZIC,
(X0, (p") =0, a<k-—1
Consider Cy(s) and D, (s) in the case ¢ = plg , where pg is a fixed prime. Let
Xxo be the principal character modulo ¢ = p’é . Then from (2.12)) and (2.13)),

po - k—1 — 1
CXO(S):_ (k—1)s +p0 (pO_l) e
2 n:kpo
k—1 —ks
=— 1(7,3 s P61 0
Po L —pg
k—1 o0 n
P a(pg)
(31)  Dyls) = el + 55 o - 1) Y 20

20 n=k Po
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Note that 7(x,p§) = 0 if a > k for a nonprincipal character x modulo g.

Hence if x # xo (mod ¢), the sums in (2.12) and (2.13]) are finite. Thus
Cy(s) < 1 and Dy(s) < 1 as s = 14+ if x # xo (mod g¢). Further we will

use the simple asymptotic equality

-1
(3.2) L(1+ 0, x0) ~ pop T

0
Consider the function F(s, ). By Lemma for s > 1,

$) D Gyls)

P
where Gp(s) = Y oo (a(p®) — a(pt~1))p~*s. Hence by Lemmas [2.1{ and
(33) F(s,x0) = L(s,x0) Y_ Gp(5,X0)
P

— L(s,x0) 3 Gyls)

P#Po
The Abel transform yields

Gp( Z —ms

Since a(p*) = kf(p,k)Inp where f(p,k) — 0 uniformly with respect
to k, for Rs > 1 we obtain

Go(s)| < (1 4+p77) > g@)gmp,
m=1

where ¢g(p) = maxy f(p, k). From (1.2), g(p) — 0 as p — oo. Hence for
o — 0+,

—1—0

Gol1+0)) < 2060 (X ey ) 0 = 22—z ap

m=1 p
<8~ "7g(p) Inp,
where g(p) = 0 as p — oo.

Hence for arbitrary ¢ > 0 there exists a number P(c) such that g(p) < ¢/8
if p > P(c), and we obtain

F(1+0,x0)| < L1+ 0, x0) (0() +¢ Y p7 "7 Inp)
p>P(c)

= L(1 + &, xo) (0(1) te pte lnp)

p
C1+0)\  po—1
c<1+a>) “p 7

< L(1+ o, x0) (O(l) +c



328 O. A. Petrushov

Since C,(s) has a simple zero at s = 1, we get
ICye(1+0)F(140,x0)| < cio™!, o — 0+,
where ¢; > 0 is an arbitrarily small number. Hence
(3.4) Cyo(1+0)F(1+0,x0) =0(c™1), o — 0+.
Let x # xo (mod pk). From Lemmas and
F(s,x) = L(s,x) Y _ Gp(s,%).
P

Hence
[F(s,x)] < |L(s,0)] ) 1Gp(s. X))
P
Let us estimate G,(s, x). From the definition of the class B it follows that

la(p™) — a(p™ )| < mg(p)Inp + (m — 1)g(p)Inp < 2mg(p)Inp, where
g(p) — 0. Hence

Gp(s,x) = Y _(a@™) —a(™ "))p ™ x(p)"

m=1
= a(p)px(p) + 2Inp Y _ mp "™ O(g(p)).

m=2

Since
o0 oo / —28 /
Zmp mslnp:_< pfms> :_<1p S>
-p
m=2 m=2
2(lnp)p (L —p~*) +p **(lnp)p~* 2
= T_p o) =O0(p*Inp|), s— 1+,

we have
(3.5) Gp(1+0,x) = a(p)x(P)p~" 7 + O(p~ >+ Inp).
Since |a(p)| < clnp if p > P(c), we obtain
(3.6) 1Go(140,x)| <ep~ D Inp+0(p~ 20+ Inp)  for p > P.

Since Ep p~ 2049 Inp <« 1 when o — 0+, from 1' we have

‘ZGp(l +0,x)) <> p ' lpte Y plTlp+H
P p<P(c) p>P(c)
< H+ Hi+ ch_l_glnp
p
((1+0) 1

< Hs+c <cio
=T e =Y
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where H, Hy, Ho are positive constants, ¢ — 0+ and c¢; > 0 is an arbitrarily
small number. Hence if y # x¢ (mod ¢) then

(3.7) C'X(l +a)F(1+0,x)=o(c ).

Thus from 1' and we obtain

(3.8) Z Cy(1+a)F(1+0,x) =o0(ch).
x(modq)

Let us estimate D, (s). Using (1.2)) we obtain

o0
k—1 _ _ _
1Dy (3)] < 2500 “ T laol D + 0k o — 1) Y lalel)lpg ™
m=k

PIS ' k—1 o~ M
S c(p0)< (k—1)o (k=1)Inpo+ps (po—1) E o 1np0>
Py Po

m=k
oo
<eipo) D mpy ™ Kpps 1

for each 0 > 0 when Rs > 4.
Hence D, (s) is an analytic function in the half-plane {s > 0}.

Since for nonprincipal x the functions L(s, x) are holomorphic at s = 1
and D, (s) are bounded when s — 1, we get

(3.9) > Dy(1+o0)L(l+ox) <1, o0+
x#xo (mod q)

From (3.1) we deduce

(3.10) Dy(1) = —a(h™)) + (oo — 1) 3 288

m
m=k Po
k—1 o0 m
f alpy ) a(pg")
=p§1<— 0 ) gy 1) Y 2
Py o Po

ket i a(py) — alpg ™) ¢ i a(pg) — alpg ™)
m=k

- =p
gt Py’

If 5", (a(pd) — a(pg™))/p # 0, from (3.2)) and . we obtain

o m—1
) a(po )071‘
Py’

(3.11)

L o o - Oé(Po
¢(q)DXO(1+ )L(1+ 7X0) mz:k
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From and (| we derive

e o m—1
Po
=k

X (mod q)
when o — 04.

Thus it S, (a(pf) — a(p~4))/pf # 0, from (35, (.12) and Lemma
2.8 we deduce

(3.13) FlI/pg)(1+ o) ~ i op’) ;;(pgl Dot

m=k

4. Proofs of main theorems

Proof of Theorem. IS, (a(p™) — a(p™1))/p™ = 0 the assertion
is trivial. Consider the case Y oo, (a(p™) — a(p™1))/p™ # 0. Then from

(3.13)) it follows that

) e mfl)
Jim [FI 0+ ) > | Y

a(P™) —afp

m )

Applying Theorem to F(s), 1, q = plg, to =0, 09 =1, @« = 0 we obtain
(1.3). Using Proposition we deduce (1.4). m

Proof of Theorem . Since 2A(z) has non-singular points on the unit
circle, the singular points are not dense there. Hence for each sufficiently
large ¢ there exists an [ with (I,q) = 1 such that A(e(I{/q)r) is bounded
when r — 1—.

Applying this argument and Theorem to sufficiently large ¢ = p”,
and an integer [ with (I,p) = 1, we deduce that there exists an integer P
such that for any p > P and any k£ > 1,

pm

mfl) o,

m=k
From we find that a(p¥) — a(pF~!) =0 for all k > 1 and p > P. Thus
a(pk) =0 for k£ > 0 and p > P, and the assertion is proved. Similarly
for any p < P there exists an integer k(p) such that for k& > k(p) (4.1)
holds. Hence a(pF) — oz(pk’_l) = 0 for k& > k(p), hence a(p ) ( k) if

m > k(p), and the assertion is proved. From and ( and the
representation ([2.1]) we find that F(s) =((s)P(s) Where P(s ) is a Dlrlchlet

polynomial, P(s) = >, .y a(n)/n°. Hence

—Zn ’
n<X

and represents a rational function. The theorem is proved. =
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Proof of Theorem . Since a(n) is completely additive, we have a(p*)—

a(p*~1) = a(p) for each p. Hence
(4.2) Z a(p™) ;ﬁ(l) Zp Pk (p—1).

m=k

From Theoremusing (4.2) we obtain (|1.8]) and (1.9 . Theoremimplies

a(p) = 0 for each p. Hence a(n) = 0 for each p. m

5. Some examples. Using Theorem [1.1] we obtain

PROPOSITION 5.1. Let a(n) be an additive function with o(p) = o(lnp),
and a(p*) = a(p) if k > 1. Then

sl A/l o)
i [2(et/pr)(1 - )| > L T SRCUR S L

Let n = p'...plr be the prime factorization of n. Let w(n) = r and
2(n) =li+---+1. Let Wi(z,8)=), ., w(n)e(np), Wi(2)=> 7", w(n)z",
Wa(x, B) = >, . 2(n)e(nf) and Wa(z) = > -7, £2(n)z". Applying Theo-
rems and Propositions [2.5|to w(n), £2(n) we obtain the following
estimates. For each prime p and integer k > 0,

— 1
lim (20 (e(l/p)r)(1 —r)[ = =
r—1— p
Tim [Wi(z,e(l/p))] > 1’
T—00 T P

plfk

lim 25 (e(1/p)r) (1 —7)| =

r—1—

p—1
— |Wa(z,e(l/p" )\ pl*’“

x—>oo x -1

We note that the growth condition (1.2 cannot be much weakened.

EXAMPLE 5.2. If a(n) = cIlnn then 2((z) has an analytic continuation
to C\ [1,00).

Proof. Note that > 7, (Inn)z" is the s-derivative of the polylogarithm
function )7 n®z" at s = 0 (see [LS]). u
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