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Abstract. We study the properties of weakly conformally symmetric pseudo-Rie-
mannian manifolds, with particular emphasis on the 4-dimensional Lorentzian case. We
provide a decomposition of the conformal curvature tensor in dimensions n ≥ 5. Moreover,
some identities involving two particular covectors are stated; for example it is proven that
under certain conditions the Ricci tensor and other tensors are Weyl compatible: this
notion was recently introduced and investigated by Mantica and Molinari. Topological
properties involving the vanishing of the first Pontryagin form are then stated. Further we
study weakly conformally symmetric 4-dimensional Lorentzian manifolds (space-times);
it is proven that one of the previously defined covectors is null and unique up to scaling;
moreover it is shown that under certain conditions the same vector is an eigenvector of
the Ricci tensor and its integral curves are geodesics. Finally, it is shown that such a
space-time is of Petrov type N with respect to the same vector.

1. Introduction. Recurrent manifolds have been investigated by many
geometers (see for example [AM], [Ka], [Kh] and [Wa]). In particular, Walker
studied manifolds on which the Riemann curvature tensor is recurrent [Wa],
while conformally recurrent manifolds were investigated by Adati and
Miyazawa [AM] and others (see for example [R1]–[R4]). McLenaghan and
Leroy [ML] and then McLenaghan and Thompson [MT] carried out a de-
tailed investigation of space-times with complex-recurrent conformal curva-
ture tensor. They showed that such spaces belong to types D and N of the
Petrov classification, and found the metric forms of these spaces when the
recurrence vector is real.

U. C. De and S. Bandyopadhyay [DB2] introduced the notion of weakly
conformally symmetric manifold. An n-dimensional Riemannian manifold
is said to be weakly conformally symmetric, briefly (WCS)n, if it is not
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conformally flat and satisfies the following condition:

(1.1) ∇iCjklm = AiCjklm +BjCiklm +DkCjilm + ElCjkim + FmCjkli,

where Ai, Bi, Di, Ei, Fi are 1-forms (not simultaneously zero) called associ-
ated covectors and Cjklp = gmpC

m
jkl for the (1, 3) conformal curvature tensor

Cmjkl whose local components are given by [Po]

Cmjkl = Rmjkl +
1

n− 2
(δmj Rkl − δmk Rjl +Rmj gkl −Rmk gjl)(1.2)

− R

(n− 1)(n− 2)
(δmj gkl − gmk gjl).

In this expression the Ricci tensor is defined as Rkl = −Rmmkl [Wr] and the
scalar curvature as R = gijRij . If in (1.1), Cmjkl is replaced with Rmjkl, this
notion reduces to that of a weakly symmetric manifold (WS)n introduced by
Tamassy and Binh (see [Bi] and [TB]) and investigated by several authors
(see [DB1] and [Pr]). Some theorems about weakly conformally symmetric
manifolds were stated in [DB2], [MHS], [SSH], mostly in the Riemannian
case. Recently the present authors extended the concept of recurrent cur-
vature tensors to the associated curvature 2-forms while generalizing some
known results (see [MS2]–[MS4] and [MS7]). In particular the recurrence of
the conformal curvature 2-form was introduced [MS4]: the conformal curva-
ture 2-form Ωm

(C)l = Cmjkldx
j ∧ dxk is said to be recurrent if there exists a

non-zero scalar 1-form α for which

(1.3) DΩm
(C)l = α ∧Ωm

(C)l,

α = αidx
i being the associated 1-form and D the exterior covariant deriva-

tive. It turns out (see [MS2] or [MS4, Theorem 2.1 and (4.1)]) that (1.3) is
equivalent to

(1.4) ∇iCmjkl +∇jCmkil +∇kCmijl = αiC
m
jkl + αjC

m
kil + αkC

m
ijl.

In this paper we investigate the properties of weakly conformally sym-
metric pseudo-Riemannian manifolds; particular attention is given to the
4-dimensional Lorentzian case.

In Section 2 we first provide an alternative proof of a well known re-
sult. Then several new others are obtained: in particular it is proven that
εmC

m
jkl = 0 where εj = 2Bj + Ej and some new identities involving the co-

vector εj are stated; we also provide a decomposition of the conformal tensor
in a (WCS)n pseudo-Riemannian manifold with n ≥ 5. It is then shown that
on a (WCS)n pseudo-Riemannian manifold the conformal curvature 2-form
is recurrent. Moreover, under the condition of closedness of the covector
Xj = Aj − 2Bj it is proven that the Ricci tensor of a weakly conformally
symmetric pseudo-Riemannian manifold is Weyl compatible; this notion was
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recently introduced and investigated in [MM2]–[MM4]). Finally, it is verified
that ∇iεj is also Weyl compatible.

In Section 3 we study weakly conformally symmetric 4-dimensional Lo-
rentzian manifolds (space-times): it is proven that the covector εj is null and
unique up to scaling; moreover, under certain conditions that vector is an
eigenvector of the Ricci tensor and its integral curves are geodesics. Finally,
it is proved that such a space-time is of Petrov type N with respect to the
null vector εj .

All manifolds under consideration are assumed to be connected Haus-
dorff with a non-degenerate metric of arbitrary signature, i.e., n-dimensional
pseudo-Riemannian manifolds; in Section 3 we specialize to a metric of sig-
nature s = +2, i.e. to 4-dimensional Lorentz manifolds [FC]. Moreover it is
always assumed that ∇jgkl = 0 (the Levi Civita connection). It is also as-
sumed that the space-matter content is described by the stress-energy tensor
and related to the Ricci tensor by Einstein’s equations Rkl−(R/2)gkl = kTkl,
where k denotes the Einstein gravitational constant given by k = 8πG/c4

(see [FC], [St], [SK+]).

2. Weakly conformally symmetric pseudo-Riemannian mani-
folds: general properties. In this section we establish several new prop-
erties of weakly conformally symmetric n-dimensional pseudo-Riemannian
manifolds. The following fact is found in the geometric literature (see for
example [DB1], [DB2] and [Pr]).

Theorem 2.1. Let M be a non-conformally flat (WCS )n pseudo-Rie-
mannian manifold. Then Bk = Dk and Ek = Fk.

Here we give an alternative proof of this theorem. Interchanging j and k
in (1.1) and then adding the resulting relation to (1.1) we infer that

(2.1) ωjCiklm + ωkCijlm = 0,

where ωk = Bk −Dk.
Now write three versions of (2.1) with indices j, l,m cyclically permuted

and sum up (some terms cancel by the first Bianchi identity); we get

(2.2) ωjClmik + ωlCmjik + ωmCjlik = 0.

Change l ↔ i, m ↔ k to infer that

(2.3) ωjCiklm + ωiCkjlm + ωkCjilm = 0.

Add this relation to (2.1), obtaining 2ωjCiklm = ωiCjklm and then 2ωiCjklm
= ωjCiklm. In this way we easily find 4ωjCiklm = 2ωiCjklm = ωjCiklm, from
which ωjCiklm = 0 and ωj = 0. Again interchanging l and m in (1.1) and
then adding the resulting relation to (1.1) we easily infer that

(2.4) ηjCiklm + ηkCijlm = 0,
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where ηk = Ek − Fk. By exactly the same arguments as before we conclude
that ηj = 0. Now transvecting (1.1) with gim and recalling Theorem 2.1 gives

(2.5) ∇mCmjkl = (Am + Em)C
m
jkl.

On the other hand, write three versions of (1.1) with i, j, k cyclically
permuted and sum up (some terms cancels by the first Bianchi identity); it
follows that

(2.6) ∇iCjklm +∇jCkilm +∇kCijlm = XiCkilm +XjCkilm +XkCijlm,

where Xj = Aj − 2Bj .

Remark 2.2 ([MS4]). From (2.6) it follows that on a weakly confor-
mally symmetric pseudo-Riemannian manifold the conformal 2-form Ωm

(C)l =

Cmjkldx
j ∧ dxk is recurrent, i.e. DΩm

(C)l = X ∧Ωm
(C)l.

Transvecting (2.6) with gim gives

(2.7) ∇mCmjkl = XmC
m
jkl.

From (2.7) and (2.5) we obtain

(2.8) εmC
m
jkl = 0,

where εj = 2Bj + Ej .
Now expanding the relation ∇i(εmCmikl) = 0 we get (∇iεm)Cjklm +

εm(∇iCjklm) = 0, and using definition (1.1) together with (2.8) and Ek = Fk
it is easily shown that

(2.9) (∇iεm)Cjklm + (εmEm)Cjkli = 0.

From (2.8) and (2.9) it is easily inferred that

(2.10) εi(∇iεm)Cjklm = 0.

We can thus state a useful theorem.

Theorem 2.3. Let M be a non-conformally flat (WCS )n pseudo-Rie-
mannian manifold. Then (2.8)–(2.10) hold true.

Consider now the second Bianchi identity for the Weyl curvature tensor.
It can be written as [MS4]

(2.11) ∇iCmjkl +∇jCmkil +∇kCmijl = Bm
ijkl,

where Bm
ijkl is a source tensor. The definition (1.2) of the conformal curvature

tensor and straightforward calculations allow us to rewrite the source term
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as

Bm
ijkl =

1

n− 2
[δmj (∇iRkl −∇kRil) + δmi (∇kRjl −∇jRkl)(2.12)

+ δmk (∇jRil −∇iRjl) + gil(∇jRmk −∇kRmj ) + gjl(∇kRmj )

+ gjl(∇kRmi −∇iRmk ) + gkl(∇iRmj −∇jRmi )]

− 1

(n− 1)(n− 2)
[δmj (∇iRgkl −∇kRgil)

+ δmi (∇kRgjl −∇jRgkl) + δmk (∇jRgil −∇iRgjl)].
Now taking the divergence of the conformal curvature tensor and recalling
that ∇mRmjkl = ∇kRjl −∇jRkl and 2∇mRjm = ∇jR, we infer that

(2.13) ∇mCmjkl =
n− 3

n− 2

[
∇kRjl −∇jRkl −

1

2(n− 1)
(∇kRgjl −∇jRgkl)

]
.

Using (2.13) in (2.12), after long but straightforward calculations the
following form of the source term in the second Bianchi identity for the
conformal tensor is achieved (see [AM, (3.7)] and [MS4, (4.3)]):

(2.14) ∇iCmjkl +∇jCmkil +∇kCmijl

=
1

n− 3
[δmj ∇pC

p
kil + δmk ∇pC

p
ijl + δmi ∇pC

p
jkl

+ gkl∇pCmpji + gil∇pCmpkj + gjl∇pCmpik ].

In view of (2.6) and (2.7), this can be rewritten as

(2.15) XiC
m
jkl +XjC

m
kil +XkC

m
ijl

=
1

n− 3
[δmj XpC

p
kil + δmk XpC

p
ijl + δmi XpC

p
jkl

+ gklXpC
mp
ji + gilXpC

mp
kj + gjlXpC

mp
ik ].

Transvecting with εi and recalling (2.8) one easily infers that

(2.16) (εiXi)C
m
jkl =

1

n− 3
{εmXpC

p
jkl + εlXpC

mp
kj }.

On multiplying by X l, since XpX lCjklp = 0, the above expression becomes

(2.17)
n− 4

n− 3
(εiXi)XpC

pm
jk = 0.

We have thus shown that if n ≥ 5 then εiXi = 0, or XpC
pm
jk = 0, and by (2.7)

also ∇mCmjkl = 0.

Theorem 2.4. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 5. Then εiXi = 0 or ∇mCmjkl = 0.
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On the other hand, transvecting (2.16) with εl we get

(2.18) (εlε
l)XpC

mp
kj = 0.

Again we obtain εiεi = 0, or XpC
pm
jk = 0, and thus ∇mCmjkl = 0.

Theorem 2.5. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 4. Then εiεi = 0 or ∇mCmjkl = 0.

A useful result may be obtained from (2.15) written in the form

(2.19) XiCjklm +XjCkilm +XkCijlm

=
1

n− 3
[gjmX

pCkilp + gkmX
pCijlp + gimX

pCjklp

+ gklX
pCjimp + gilX

pCkjmp + gjlX
pCikmp].

From Remark 2.2 and (2.6) and (2.7) we infer that (2.19) holds on a manifold
with recurrent conformal 2-form:

Proposition 2.6. Let M be a pseudo-Riemannian manifold on which
the conformal 2-form is recurrent, i.e. DΩm

(C)l = α ∧ Ωm
(C)l. Then (2.19)

holds.

The previous relation, multiplied by XiX l, after straightforward calcu-
lations yields

(2.20)
n− 4

n− 3
{(XiXi)X

lCkjml +XjX
iX lCikml −XkX

iX lCijml} = 0.

So if n ≥ 5, under the condition XiX
i 6= 0 we may conclude that

(2.21) X lCkjml = XkSjm −XjSkm,

where Sjm =
XiXlCijml

XiXi
is a (0, 2) symmetric tensor. On multiplying (2.19)

by Xi and employing (2.21), after straightforward calculations we finally
obtain the following decomposition for the conformal tensor in dimension
n ≥ 5:

(2.22) (XiXi)Cjkml

=
(XiXi)

n− 3
{gmkSjl − gmjSkl + gjlSkm − gklSjm}

+
n− 2

n− 3
{XjXmSkl −XkXmSjl +XkXlSjm −XjXlSkm}.

Theorem 2.7. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 5. If XiX

i 6= 0, then the decomposition (2.22) holds.

Again from Remark 2.2 and (2.6) and (2.7) we infer that (2.22) holds on
a manifold with recurrent conformal 2-form:
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Proposition 2.8. Let M be an n-dimensional pseudo-Riemannian
manifold with n ≥ 5 on which the conformal 2-form is recurrent, i.e. DΩm

(C)l

= α ∧Ωm
(C)l. Then (2.22) holds.

Now we state a theorem involving the case in which the 1-form Xj hap-
pens to be closed or of concircular form.

Theorem 2.9. Let M be a (WCS )n pseudo-Riemannian manifold. If

(1) n ≥ 5 and Xj is a closed 1-form, or
(2) n = 4 and ∇iXj +XiXj = γgij for some scalar γ,

then

(2.23) RimR
m
jkl +RjmR

m
kil +RkmR

m
ijl = 0.

The proof of this theorem requires some auxiliary lemmas (see also [MS4]).
The first one is known as Lovelock’s differential identity and may be found
for example in [LR] and [MM1].

Lemma 2.10 (Lovelock’s differential identity). Let M be an n-dimen-
sional pseudo-Riemannian manifold. Then

(2.24) ∇i∇mRmjkl +∇j∇mRmkil +∇k∇mRmijl
= −RimRmjkl −RjmRmkil −RkmRmijl.

Lovelock’s identity implies the following for the conformal curvature ten-
sor (see [MM1], [MM3] and [MS4]):

(2.25) ∇i∇mCmjkl +∇j∇mCmkil +∇k∇mCmijl

= −n− 3

n− 2
(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl).

Consider now the second Bianchi identity for the conformal curvature
tensor written for a (WCS)n manifold,

∇iCmjkl +∇jCmkil +∇kCmijl = XiC
m
jkl +XjC

m
kil +XkC

m
ijl,

and the relation ∇mCmjkl = XmC
m
jkl; the left hand side of the last displayed

equation may be written in the form

(2.26) (∇iXm)C
m
jkl + (∇jXm)C

m
kil + (∇kXm)C

m
ijl

+Xm(XiC
m
jkl +XjC

m
kil +XkC

m
ijl).

Then, taking the divergence of the relation XiC
m
jkl+XjC

m
kil+XkC

m
ijl = Bm

ijkl,
we easily see that

(2.27) (∇mXi)C
m
jkl + (∇mXj)C

m
kil + (∇mXk)C

m
ijl

+Xm(XiC
m
jkl +XjC

m
kil +XkC

m
ijl) = ∇mBm

ijkl.
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If the covector Xj is closed, we can finally write

(2.28) ∇mBm
ijkl = −

n− 3

n− 2
(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl).

We have thus proved the following result:

Lemma 2.11. Let M be a (WCS )n pseudo-Riemannian manifold. If the
covector Xj is closed, then (2.28) holds.

Now the following lemma about the source term of the second Bianchi
identity for the conformal curvature tensor can be stated [MS4]:

Lemma 2.12. The divergence of the source term in the second Bianchi
identity for the conformal curvature tensor has the form

(2.29) ∇mBm
ijkl = −

1

n− 2
(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl).

Proof. First we note that transvecting (2.25) with gil we easily get

∇l∇mC lmjk = 0.

We then recall equation (2.14):

(2.30) ∇iCmjkl +∇jCmkil +∇kCmijl

=
1

n− 3
[δmj ∇pC

p
kil + δmk ∇pC

p
ijl + δmi ∇pC

p
jkl

+ gkl∇pCmpji + gil∇pCmpkj + gjl∇pCmpik ].

Taking the covariant derivative ∇m of this equation and recalling that
∇l∇mC lmjk = 0 we obtain

(2.31) ∇mBm
ijkl =

1

n− 3
(∇i∇mCmjkl +∇j∇mCmkil +∇k∇mCmijl).

Now Lovelock’s identity (2.25) is used to complete the proof.

Proof of Theorem 2.9. From Lemmas 2.11 and 2.12, i.e. (2.28) and (2.29),
we easily infer that n−4

n−2(RimR
m
jkl +RjmR

m
kil +RkmR

m
ijl) = 0; thus for n ≥ 5

the theorem is proven.
If n = 4 and ∇iXj+XiXj = γgij then (2.26) vanishes identically thanks

to the first Bianchi identity for the Weyl tensor. Thus from (2.25) we infer
1
2(RimR

m
jkl +RjmR

m
kil +RkmR

m
ijl) = 0.

If the Ricci tensor satisfies (2.23), it is called Riemann compatible (see
[MM2]–[MM4]). Geometric and topological consequences of this condition
were extensively studied in [MM3]. If we insert in (2.23) the local form of
the Weyl tensor [Po], we obtain

(2.32) RimC
m
jkl +RjmC

m
kil +RkmC

m
ijl = 0.
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Thus the Ricci tensor is Weyl compatible. In recent works, Weyl compati-
bility has been extensively investigated in the Riemannian case [MM3] and
in the pseudo-Riemannian case [MM4]. We mention that there are results
on manifolds satisfying (2.32) published earlier than [MM3] and [MM4] and
not cited in those papers: see, e.g., [AÇDE, Lemma 3.11] and [DG, Propo-
sition 3.1(iv)]. Moreover, several examples of pseudo-symmetric structures
satisfying (2.32) can be found in [DG+], and applications to general relativ-
ity in [DH+]. In Section 3 we will give a detailed account of the consequences
of (2.32) on the structure of (WCS)n space-times. If we use Einstein’s equa-
tions in (2.32), we infer an analogous condition for the stress energy tensor:

(2.33) TimC
m
jkl + TjmC

m
kil + TkmC

m
ijl = 0.

From the above discussion we may derive the following:

Theorem 2.13. Let M be a (WCS )n pseudo-Riemannian manifold. If

(1) n ≥ 5 and Xj is a closed 1-form, or
(2) n = 4 and ∇iXj +XiXj = γgij for some scalar γ,

then the Ricci tensor and the stress energy tensor are Weyl compatible.

From Theorems 2.4 and 2.5 and (2.25) we can deduce the following corol-
laries.

Corollary 2.14. Let M be a (WCS )n pseudo-Riemannian manifold
with n ≥ 5. If εiXi 6= 0, then ∇mCmjkl = 0 and RimC

m
jkl + RjmC

m
kil

+RkmC
m
ijl = 0.

Corollary 2.15. Let M be a (WCS )n pseudo-Riemannian manifold
with n ≥ 4. If εiεi 6= 0, then ∇mCmjkl = 0 and RimC

m
jkl + RjmC

m
kil

+RkmC
m
ijl = 0.

Now sum (2.9) cyclically over i, j, k, recalling the first Bianchi identity
for the Weyl tensor, to obtain

(2.34) (∇iεm)Cmjkl + (∇jεm)Cmkil + (∇kεm)Cmijl = 0.

Theorem 2.16. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 4. Then the tensor ∇iεm is Weyl compatible.

We remark here that the tensor ∇iεm is not necessarily symmetric un-
less εj is closed. From (2.32) and (2.33), transvecting with εi and using (2.8),
it is easily inferred that

(2.35) εiRimC
m
jkl = 0, εiTimC

m
jkl = 0.

Theorem 2.17. Let M be a (WCS )n pseudo-Riemannian manifold. If

(1) n ≥ 5 and Xj is a closed 1-form, or
(2) n = 4 and ∇iXj +XiXj = γgij for some salar γ,

then (2.35) holds true.
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Finally, we present two other interesting results. First, summing (2.16)
cyclically over j, k, l, it is easily inferred that

(2.36) εlXpC
mp
kj + εjXpC

mp
lk + εkXpC

mp
jl = 0.

It turns out that the tensor εiXj is Weyl compatible.

Theorem 2.18. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 4. Then the tensor εiXj is Weyl compatible.

Secondly, multiply (2.19) by Xm to obtain, after some cancellations,

(2.37)
n− 4

n− 3
[XiX

mCkjml +XiX
mCkilm +XkX

mCijlm] = 0.

It turns out that the tensor XiXj is Weyl compatible whenever n ≥ 5.

Theorem 2.19. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 5. Then XiXj is Weyl compatible.

Again from Remark 2.2 and (2.6) and (2.7) we infer that (2.37) holds on
a manifold with recurrent conformal 2-form:

Proposition 2.20. Let M be an n-dimensional pseudo-Riemannian
manifold with n ≥ 5 on which the conformal 2-form is recurrent, i.e. DΩm

(C)l

= α ∧Ωm
(C)l. Then the tensor XiXj is Weyl compatible.

Moreover, another Weyl compatible tensor may be found. Multiplying
(2.22) by Sli on, noting that XiSli = 0 we easily find

(2.38) (XpX
p)SliCjkml

=
XpX

p

n− 3
[gmkS

l
iSjl − gmjSliSkl + SijSkm − SkiSjm]

+
n− 2

n− 3
[XjXmS

l
iSkl −XkXmS

l
iSjl].

Sum this cyclically over i, j, k to obtain

(2.39) (XpX
p)[SliCjkml + SljCkiml + SlkCijml] = 0.

We thus state the following.

Theorem 2.21. Let M be a (WCS )n pseudo-Riemannian manifold with
n ≥ 5. Then the tensor Sij is Weyl compatible provided that XpX

p 6= 0.

Finally, we investigate some consequences of particular curvature condi-
tions imposed on a (WCS)n pseudo-Riemannian manifold. Consider a weakly
conformally symmetric manifold whose covectors B and E are subject to the
conditions (see also Section 3 below and [DD], [DH], [DG]):

(2.40)
EiCjklm + EjCkilm + EkCijlm = 0,

BiCjklm +BjCkilm +BkCijlm = 0.
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Then from (1.1) with Bk = Dk and Ek = Fk we infer ElCjkim + EmCjkli =
ElCimjk+EmClijk = EiCjklm and BjCiklm+BkCjilm = BiCjklm; thus (1.1)
becomes

(2.41) ∇iCjklm = (Ai +Bi + Ei)Cjklm,

and the manifold turns out to be conformally recurrent.

Theorem 2.22. Let M be a (WCS )n pseudo-Riemannian manifold. If
condition (2.38) holds, then the manifold is conformally recurrent.

Remark 2.23. Transvecting (2.40) by gim we get EmCjklm = 0 and
BmCjklm = 0 from which it is easily inferred that EiEi = BiB

i = EiB
i = 0

whenever the manifold is not conformally flat. In n-dimensional Lorentzian
geometry it is well known that two null vectors are orthogonal if and only if
they are collinear [SRT, Proposition 4]. Thus a (WCS)n Lorentzian manifold
with covectors B and E satisfying (2.40) is conformally recurrent of type
(2.41) with Bk = λEk for some scalar λ.

3. Weakly conformally symmetric Lorentzian manifolds. In this
section, we investigate in more detail the properties of (WCS)4 Lorentzian
manifolds (space-times). We begin with some auxiliary lemmas recently re-
viewed in [MM5]:

Lemma 3.1 (see [LR, p. 128] and [MM5]). Let M be a 4-dimensional
pseudo-Riemannian manifold. Then the following identity involving the con-
formal curvature tensor holds:

(3.1) δirC
jk
st + δitC

jk
rs + δisC

jk
tr + δkrC

ij
st + δkt C

ij
rs + δksC

ij
tr

+ δjrC
ki
st + δjtC

ki
rs + δjsC

ki
tr = 0.

Lemma 3.2 (see [FC, p. 46] and [MM5]). Let M be a 4-dimensional
pseudo-Riemannian manifold. Let X be a null vector and Y a vector or-
thogonal to X, i.e. XiYi = 0. Then Y is space-like or null, and proportional
to X, i.e. Yj = λXj for some λ ∈ R.

Now consider a non-conformally flat 4-dimensional Lorentzian manifold
and two vector fields Xj and Yj satisfying XmCjklm = 0 and Y mCjklm = 0.
Transvecting (3.1) with XjY

s we infer (XjY
j)Ckitr = 0; in the same way we

have (XjX
j)Ckjtr = 0 and (YjY

j)Ckitr = 0 [LR, p. 128]. Thus Xj and Yj are
orthogonal null vectors. Combining these results with Lemma 3.2 we obtain:

Theorem 3.3. Let M be a 4-dimensional non-conformally flat manifold
with XmCjklm = 0 and Y mCjklm = 0. Then XjX

j = 0, YjY j = 0 and
Yj = λXj for some λ ∈ R.

The fact that if Xi and Yi are orthogonal null vectors then Yj = λXj is
pointed out also in Hall [Ha, p. 148].
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Now if we consider a non-conformally flat (WCS)4 Lorentzian manifold,
then εmCmjkl = 0, and thus we have:

Corollary 3.4. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold. Then the covector εj is null and unique up to scaling.

Now recall the Bel–Debever version of the Petrov [Pe] classification of
the Weyl tensor on 4-dimensional Lorentzian manifolds (see [Be], [D], [Ha]
and [Sa]); it is based on null vectors k satisfying increasingly restricted con-
ditions as follows:

(3.2)

(a) type I k[bCa]rs[qkn]k
rks = 0,

(b) type II, D k[bCa]rsqk
rks = 0,

(c) type III k[bCa]rsqk
r = 0,

(d) type N Carsqk
r = 0,

(e) type O Carsq = 0.

When k satisfies condition (b), the Weyl tensor is called algebraically special
(see [Ha], [Sa], [St] and [SK+]). Choosing ki = εi in the null tetrad formalism
we may assert:

Corollary 3.5. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold. Then the Weyl tensor is of Petrov type N with respect to the null
vector εj.

As a first application of Theorem 3.7 we may consider equations (2.8)
and (2.35), i.e. εmCjklm = 0 and εiRimCmjkl = 0; for n = 4 the last is true
under the condition ∇iXj +XiXj = γgij and defines a vector Ym = εiRim
such that Y mCjilm = 0. Thus εiRim = λεm and εj is an eigenvector of the
Ricci tensor. Recalling Einstein’s equations we infer KσiTim =

(
λ− 1

2R
)
σm,

so that the following theorem holds.

Theorem 3.6. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold with ∇iXj + XiXj = γgij. Then the covector εj is an eigenvec-
tor of the Ricci tensor and the stress-energy tensor.

Secondly, consider equations (2.8) and (2.10), i.e. εmCjklm = 0 and
εi(∇iεm)Cjklm = 0; by the same arguments we have εi(∇iεm) = λεm and
thus the integral curves of the covector εj are geodesics [FC, p. 41].

Theorem 3.7. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold. Then the integral curves of the fundamental covector εj are geo-
desics.

Thirdly, consider equation (2.9) with the condition εiEi = 0, that is,
(∇iεm)Cmjkl = 0. Equation (3.1) is then multiplied by ∇pεj to produce

(3.3) (∇pεr)Ckist + (∇pεt)Ckirs + (∇pεs)Ckitr = 0.
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If ∇iεj = ∇jεi then contraction of s and p immediately gives

(3.4) (∇sεs)Ckitr = 0.

We have thus proved:

Theorem 3.8. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold. If εiEi = 0, and εj is a closed 1-form, then the divergence of
εj vanishes, i.e. ∇jεj = 0.

Finally from εmCjklm = 0 and εiRim = λεm a direct calculations yields
(see also Hall’s theorem in [MM4] and [SK+]) εmεjRjklm = (λ − R/6)εkεl,
from which we obtain ε[pRk]jmεmεj = 0 and so the Riemann tensor is alge-
braically special.

Theorem 3.9. Let M be a non-conformally flat (WCS )4 Lorentzian
manifold with ∇iXj +XiXj = γgij. Then ε[pRk]jlmεmεj = 0.

Now, on multiplying (3.1) by εj and recalling that εmCjklm = 0 for a
4-dimensional metric of any signature we get

(3.5) εrC
ki
st + εtC

ki
rs + εsC

ki
tr = 0.

Theorem 3.10. Let M be a non-conformally flat (WCS )4 pseudo-Rie-
mannian manifold. Then εrCkist + εtC

ki
rs + εsC

ki
tr = 0.

Detailed studies have been devoted to n-dimensional pseudo-Riemannian
manifolds satisfying the following condition (see for example [DD], [DH],
[DG] and [MM5]):

(3.6) AiCjklm +AjCkilm +AkCijlm = 0,

Aj being a covector. Here we prove (see [DD]):

Lemma 3.11. Let M be an n-dimensional non-conformally flat pseudo-
Riemannian manifold. If AiCjklm +AjCkilm +AkCijlm = 0, then:

(1) AiAi = 0.
(2) CjklmCjklm = 0.
(3) CklmjC

j
pqk = 0.

(4) Cjklm = AjAmTkl − AjAlTmk − AkAmTjl + AkAlTjm, where Tkl is a
symmetric (0, 2) tensor.

Proof. Contracting with Ai one obtains (AiAl)Cjklm = 0, from which we
infer (1); on the other hand, contracting withCjklm one obtainsAiCjklmCjklm

= 0, from which we deduce (2). Finally, contracting with Ckjpq and using
AmC

m
jkl = 0 we get AiCjklmC

kj
pq = 0, from which (3) follows immediately.

Now let θi be a unit vector such that θiAi = 1; then contracting AiCjklm
+AjCkilm +AkCijlm = 0 with θi we infer that

(3.7) Cjklm = Aj(θ
iCiklm)−Ak(θiCijlm).
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Contracting again with θm yields

θmCmlkj = AjTkl −AkTjl,
where Tkl = θiθmCiklm is a symmetric (0, 2) tensor. Inserting this back
in (3.7) we get (4).

The third relation in Lemma 3.11 was recently obtained in [MM5]; it is
of importance in the study of Pontryagin forms on a pseudo-Riemannian
manifold satisfying (3.6).

Consider the following 4k-forms ωk evaluated on an orthonormal basis
of tangent vectors built with the Riemann tensor (see [DR], [DS], [MM3],
[MM5] and [N]):

(3.8)
ω1(X1, . . . , X4) = RbijaR

a
klb(X

i
1 ∧X

j
2)(X

k
3 ∧X l

4),

ω2(X1, . . . , X8) = RbijaR
c
klbR

d
mncR

a
pqd(X

i
1 ∧X

j
2) · · · (X

p
7 ∧X

q
8).

The generating forms Pk of the Pontryagin forms (see [MM3], [MM5], [N]
and also [Po, pp. 317–318] result from total antisymmetrization of ωk:

Pk(X1, . . . , X4k) =
∑
π

(−1)sgnπωk(Xπ(1), . . . , Xπ(4k))

where π runs through all permutations of (1, . . . , 4k) and sgnπ = ±1 is the
sign of π.

In [DR] the authors considered compact manifolds admitting indefinite
metrics with ∇iCmjkl = 0; they showed that in that case all the Pontryagin
forms vanish. Topological consequences of condition (3.6) on an n-dimensional
pseudo-Riemannian manifold were studied recently in [MM5]; we reproduce
them here for completeness. First, from Lemma 3.11, we have CklmjC

j
pqk = 0.

Now as shown by Avez [A] (see also [DR]), in the definition of the forms ωk
one may replace the Riemann curvature tensor with the conformal curvature
tensor, i.e. for example

(3.9) ω1(X1, . . . , X4) = CbijaC
a
klb(X

i
1 ∧X

j
2)(X

k
3 ∧X l

4).

In the case of a pseudo-Riemannian (CQR)n manifold which fulfils (3.6) one
thus has ω1 = 0. The following theorem was recently proven in [MM5].

Theorem 3.12 ([MM5]). Let M be an n-dimensional pseudo-Rieman-
nian manifold. If AiCjklm+AjCkilm+AkCijlm = 0, then the first Pontryagin
form vanishes, i.e. P1 = 0.

In view of Theorem 3.10, equation (3.5) and Lemma 3.11 we infer:

Corollary 3.13. Let M be a non-conformally flat (WCS )4 pseudo-
Riemannian manifold. Then

Cjklm = εjεmTkl − εjεlTmk − εkεmTjl + εkεlTjm

where Tkl is a symmetric tensor.
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Moreover from Theorem 3.12 we can also deduce:

Corollary 3.14. Let M be a non-conformally flat (WCS )4 pseudo-
Riemannian manifold. Then the first Pontryagin form vanishes, i.e. P1 = 0.

Let us now consider a compact orientable 4-dimensional pseudo-Rieman-
nian manifold. The vanishing of the first Pontryagin form has a profound
topological consequence. In fact according to Hirzebruch’s Signature Theo-
rem (see [Hi] and [Po, pp. 229–230],

(3.10) 3τ(M) =
�

M

P1.

Here τ(M) is the Hirzebruch signature, a topological invariant linked to the
Euler index X by the relation τ = X (mod 2) (see [N, p. 465]). We conclude
that:

Theorem 3.15. Let M be a compact orientable (WCS )4 pseudo-Rie-
mannian manifold. Then the Hirzebruch signature is zero.

Let us now consider (WCS)n Lorentzian manifolds. The Bel–Debever
classification was recently extended to the n-dimensional case and is pre-
sented for example in [C], [CMPP] and [O]. Here we refer to the classification
given in [O, Table 1]. Equation (2.37) gives

XiX
mCjklm +XjX

mCkilm +XkX
mCijlm = 0

whenever n ≥ 5; if XpX
p = 0 this matches type IId space-time of [O, Ta-

ble 1]. We have thus proven the following results.

Theorem 3.16. Let M be a (WCS )n Lorentzian manifold with n ≥ 5.
If XpX

p = 0, then the Weyl tensor is of type IId with respect to Xi.

Theorem 3.17. Let M be an n-dimensional Lorentzian manifold with
n ≥ 5 on which the conformal curvature 2-form is recurrent, i.e. DΩm

(C)l =

α ∧ Ωm
(C)l. If XpX

p = 0, then the Weyl tensor is of type IId with respect
to Xi.
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