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Dedicated to the memory of Professor Witold Roter

Abstract. We study the properties of weakly conformally symmetric pseudo-Rie-
mannian manifolds, with particular emphasis on the 4-dimensional Lorentzian case. We
provide a decomposition of the conformal curvature tensor in dimensions n > 5. Moreover,
some identities involving two particular covectors are stated; for example it is proven that
under certain conditions the Ricci tensor and other tensors are Weyl compatible: this
notion was recently introduced and investigated by Mantica and Molinari. Topological
properties involving the vanishing of the first Pontryagin form are then stated. Further we
study weakly conformally symmetric 4-dimensional Lorentzian manifolds (space-times);
it is proven that one of the previously defined covectors is null and unique up to scaling;
moreover it is shown that under certain conditions the same vector is an eigenvector of
the Ricci tensor and its integral curves are geodesics. Finally, it is shown that such a
space-time is of Petrov type N with respect to the same vector.

1. Introduction. Recurrent manifolds have been investigated by many
geometers (see for example [AM], [Kal, [Kh| and [Wal). In particular, Walker
studied manifolds on which the Riemann curvature tensor is recurrent [Wal,
while conformally recurrent manifolds were investigated by Adati and
Miyazawa [AM] and others (see for example [RI]-|R4]). McLenaghan and
Leroy [ML] and then McLenaghan and Thompson [MT] carried out a de-
tailed investigation of space-times with complex-recurrent conformal curva-
ture tensor. They showed that such spaces belong to types D and N of the
Petrov classification, and found the metric forms of these spaces when the
recurrence vector is real.

U. C. De and S. Bandyopadhyay [DB2] introduced the notion of weakly
conformally symmetric manifold. An n-dimensional Riemannian manifold
is said to be weakly conformally symmetric, briefly (WCS),, if it is not
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conformally flat and satisfies the following condition:
(1.1)  ViCjrim = AiCirim + BiCigim + DiCiim + EiCjkim + FnCiru,

where A;, B, D;, E;, F; are 1-forms (not simultaneously zero) called associ-
ated covectors and Cjpp = gmpCﬂl for the (1, 3) conformal curvature tensor
C7j whose local components are given by [Po]

m m 1 m m m m

R
- m@n%l — 91" 9j1)-
In this expression the Ricci tensor is defined as Ry = —R",, [Wi] and the

scalar curvature as R = g¥ R;;. If in , C;T]:Il is replaced with Rﬂ,l, this
notion reduces to that of a weakly symmetric manifold (WS),, introduced by
Tamassy and Binh (see |Bi| and [TB]) and investigated by several authors
(see |[DBI] and [Px]). Some theorems about weakly conformally symmetric
manifolds were stated in [DB2|, [MHS]|, [SSH|, mostly in the Riemannian
case. Recently the present authors extended the concept of recurrent cur-
vature tensors to the associated curvature 2-forms while generalizing some
known results (see [MS2|-[MS4] and [MS7]). In particular the recurrence of
the conformal curvature 2-form was introduced [MS4]: the conformal curva-
ture 2-form “QE?(IJ)Z = C%ldxj A dz* is said to be recurrent if there exists a
non-zero scalar 1-form « for which

a = o;dz’ being the associated 1-form and D the exterior covariant deriva-
tive. It turns out (see [MS2] or [MS4, Theorem [2.1] and (4.1)|) that (1.3) is

equivalent to

In this paper we investigate the properties of weakly conformally sym-
metric pseudo-Riemannian manifolds; particular attention is given to the
4-dimensional Lorentzian case.

In Section [2] we first provide an alternative proof of a well known re-
sult. Then several new others are obtained: in particular it is proven that
Em ]77;1 = 0 where ¢; = 2B; + E; and some new identities involving the co-
vector €; are stated; we also provide a decomposition of the conformal tensor
in a (WCS),, pseudo-Riemannian manifold with n > 5. It is then shown that
on a (WCS),, pseudo-Riemannian manifold the conformal curvature 2-form
is recurrent. Moreover, under the condition of closedness of the covector
X; = Aj — 2By it is proven that the Ricci tensor of a weakly conformally
symmetric pseudo-Riemannian manifold is Weyl compatible; this notion was
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recently introduced and investigated in [MM2]-[MM4]). Finally, it is verified
that V;e; is also Weyl compatible.

In Section [3| we study weakly conformally symmetric 4-dimensional Lo-
rentzian manifolds (space-times): it is proven that the covector ¢; is null and
unique up to scaling; moreover, under certain conditions that vector is an
eigenvector of the Ricci tensor and its integral curves are geodesics. Finally,
it is proved that such a space-time is of Petrov type N with respect to the
null vector ¢;.

All manifolds under consideration are assumed to be connected Haus-
dorff with a non-degenerate metric of arbitrary signature, i.e., n-dimensional
pseudo-Riemannian manifolds; in Section [3| we specialize to a metric of sig-
nature s = +2, i.e. to 4-dimensional Lorentz manifolds [FC|. Moreover it is
always assumed that Vg = 0 (the Levi Civita connection). It is also as-
sumed that the space-matter content is described by the stress-energy tensor
and related to the Ricci tensor by Einstein’s equations Ry — (R/2)gx = kT,
where k denotes the Einstein gravitational constant given by k = 87G/c*
(see [EC], [St], |SK™T]).

2. Weakly conformally symmetric pseudo-Riemannian mani-
folds: general properties. In this section we establish several new prop-
erties of weakly conformally symmetric n-dimensional pseudo-Riemannian
manifolds. The following fact is found in the geometric literature (see for
example [DB1], [DB2| and [P1]).

THEOREM 2.1. Let M be a non-conformally flat (WCS),, pseudo-Rie-
mannian manifold. Then B = Dy and Ey = Fy.

Here we give an alternative proof of this theorem. Interchanging j and k
in (|1.1)) and then adding the resulting relation to (|1.1)) we infer that
(2.1) w;jCikim + wiCijim = 0,

where Wk = Bk — Dk.
Now write three versions of (2.1) with indices j, 1, m cyclically permuted
and sum up (some terms cancel by the first Bianchi identity); we get

(2.2) Wi Cimik + WiChjik + wimCjir = 0.
Change [ <> ¢, m <> k to infer that
(2.3) W;Cikim + wWiCljim + Wk Cjim = 0.

Add this relation to , obtaining 2w;Cigim = wiCjrim and then 2w;Cjigim
= ijiklm~ In this way we easily find 4ijiklm = QwiCjklm = ij’ikZM7 from
which w;Cipym = 0 and w; = 0. Again interchanging [ and m in and
then adding the resulting relation to we easily infer that

(2.4) N Cikim + MCijim = 0,
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where n, = Ey — Fj. By exactly the same arguments as before we conclude
that n; = 0. Now transvecting (1.1) with g™ and recalling Theoremgives

(2.5) Vi Cip = (Am + En)Ciyy-

On the other hand, write three versions of (1.1} with 4,7, k cyclically
permuted and sum up (some terms cancels by the first Bianchi identity); it
follows that

(2.6)  ViCjrim + ViCritm + ViCijim = XiCriim + X;Critm + X Cijim
where Xj = Aj — 2Bj.

REMARK 2.2 (|MS4]). From (£2.6) it follows that on a weakly confor-

mally symmetric pseudo-Riemannian manifold the conformal 2-form Q("CL,) 1=

;’]ilda:j A dz* is recurrent, i.e. D“QET(LJ)Z =XA QZ’é)l.

Transvecting (2.6) with ¢g"™ gives

(2.7) Vi Clip = XmCijy-
From ([2.7) and (2.5) we obtain
(28) 6mC;7§l = O,

where €; = 2B, + Ej.
Now expanding the relation V;(e,C7;) = 0 we get (Vie™)Cjrim +
e™(ViCjkim) = 0, and using definition (1.1]) together with (2.8) and Ej, = Fj,

it is easily shown that

(2.9) (Vie"™)Cjkim + (€™ E)Cjgii = 0.
From ([2.8) and (2.9) it is easily inferred that
(2.10) €'(Vie™)Cjim = 0.

We can thus state a useful theorem.

THEOREM 2.3. Let M be a non-conformally flat (WCS),, pseudo-Rie-
mannian manifold. Then (2.8)—(2.10|) hold true.

Consider now the second Bianchi identity for the Weyl curvature tensor.
It can be written as [MS4]

(2.11) ViCiu + VG + ViCii = By,

where Bz‘%l is a source tensor. The definition 1D of the conformal curvature
tensor and straightforward calculations allow us to rewrite the source term
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as

1

-2
+ 67 (ViR — ViRj1) + gu (ViR — ViR]) + gu(ViR}")
+ (Vi R = ViR") + g (ViR" — V; R]")]

N S

(n—1)(n—2)
+ 67 (ViRgji — VjRgw) + 07" (ViRga — ViRgj)].

Now taking the divergence of the conformal curvature tensor and recalling
that VmRﬂl = ViRj — VjRy and 2V R;,, = VR, we infer that

n—3

(65"

7 (ViR — ViRa) + 6" (ViRj — Vi Ri)

05" (ViRgr — Vi Rgir)

1
Q(T_l)(kagjl — ViRgu)|.

Using (2.13) in (2.12]), after long but straightforward calculations the
following form of the source term in the second Bianchi identity for the
conformal tensor is achieved (see [AM, (3.7)] and [MS4, (4.3)]):

(214) V C 7kl + V Ck:zl + VkC”l

- n_3[5;nv Py + 01V ,CF,

+ gklvpCjip + gilvp(];}p + 91 VpCir).
In view of (2.6) and ({2.7)), this can be rewritten as
(215) X C k‘l + X Ck‘ll + Xkcljl
1
= — 3[6ij Cry+ 00X, C’Zl

+ glepCjip + gilXpC]Z;p + glepCZ:p].

+ 5;”V,,C§kl

+ 5{”Xp05kl

Transvecting with €’ and recalling (2.8 one easily infers that
g g

) 1
(2.16) (' Xi)Clp = — 3{5mXpC§)kl +eaXp 05

On multiplying by X!, since XPX leklp = 0, the above expression becomes

—4 .
o 5 (X)X, O = 0.

2.17
(217) e
We have thus shown that if n > 5 then £ X; = 0, or XpC';)IZn = 0, and by l'
also Vij"fd =0.

THEOREM 2.4. Let M be a (WCS),, pseudo-Riemannian manifold with
n>5. Thene'X; =0 or VmCﬂl =0
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On the other hand, transvecting (2.16) with ! we get
(2.18) (e X, O = 0.
Again we obtain e’c; = 0, or XpCfgL =0, and thus V,,C7}; = 0.

THEOREM 2.5. Let M be a (WCS),, pseudo-Riemannian manifold with
n>4. Then e'c; =0 or VmC’;’,‘d =0.

A useful result may be obtained from written in the form
(2.19)  X;Cjpim + XjChitm + XiCijim
= ﬁ[gijkaup + 9m XP Cijip + gim XV Cjirap
+ 9. XPClimp + 9 XP Crjmp + 951 X7 Citmp) -
From Remark and and we infer that holds on a manifold

with recurrent conformal 2-form:

PROPOSITION 2.6. Let M be a pseudo-Riemannian manifold on which
the conformal 2-form is recurrent, i.e. D(Z?é)l = aA ng)l. Then 1}
holds.

The previous relation, multiplied by X*X!, after straightforward calcu-
lations yields

n—4

(2200 — 3{(XiXi)Xlejml + X; X X Cipont — Xp X' X'Cijri} = 0.
So if n > 5, under the condition X;X* # 0 we may conclude that
(2.21) X'Crjmi = XSjm — X;Skm,

XinCij‘"Ll

where Sj, = 2 is a (0,2) symmetric tensor. On multiplying (2.19
by X and employing (2.21)), after straightforward calculations we finally
obtain the following decomposition for the conformal tensor in dimension
n > 5

(2.22)  (X'X;)Clikm
(XX;)
n—3

n—2
+ - S{XijSkl — XkaSjl + XleSjm — X]Xlskm}

{9miSjt — 9mjSki + 9j1Skm — Gr1Sjm }

THEOREM 2.7. Let M be a (WCS),, pseudo-Riemannian manifold with
n>5. If X;X'#0, then the decomposition (2.22)) holds.

Again from Remark 2.2l and (2.6 and (2.7]) we infer that (2.22)) holds on

a manifold with recurrent conformal 2-form:
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PropoOSITION 2.8. Let M be an n-dimensional pseudo-Riemannian
manifold with n > 5 on whzch the conformal 2-form is recurrent, i.e. DQ(C)Z

=aA ng)l' Then holds.

Now we state a theorem involving the case in which the 1-form X; hap-
pens to be closed or of concircular form.

THEOREM 2.9. Let M be a (WCS),, pseudo-Riemannian manifold. If

(1) n>5 and X;j is a closed 1-form, or
(2) n=4 and V;X; + X;X; = vgi; for some scalar v,

then

(2.23) Rim Rjjy + Rim Ry + Rem R = 0.

The proof of this theorem requires some auxiliary lemmas (see also [MS4]).
The first one is known as Lovelock’s differential identity and may be found
for example in [LR] and [MMI].

LEMMA 2.10 (Lovelock’s differential identity). Let M be an n-dimen-
sional pseudo-Riemannian manifold. Then
(224) V V R ikl + V V Rk‘zl + Vkv Rz_]l

Lovelock’s identity implies the following for the conformal curvature ten-
sor (see [MMI], [MM3| and [MS4]):
(2.25) ViV Jr-ﬁl + VijC,?}l + Vkangl

n—3 m m m
=9 (Rim Rjjy + Rjm Ry + Rem RiJp)-

Consider now the second Bianchi identity for the conformal curvature
tensor written for a (WCS),, manifold,

Vckl-f—v Ckll+v1€ zT;Ll_XCk;l—i_X Ck‘ll+XkCz]l’

and the relation V,,C" = Xm cn kD the left hand side of the last displayed
equation may be ertten in the form

(2.26)  (ViXm)Clhy + (ViXm)Cily + (Ve X)) CF,

‘I’X (X C k:l +X Ckzl +Xk0”l)

Then, taking the divergence of the relation X;C7, +X,;C + X C7 = BTy,
we easily see that

(2.27) (Vi Xi)Clpy + (V X-)C,’C’Zl + (Vi X)) Ol

X (XiClyy + X;C + XiCjf) = Vi B
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If the covector Xj is closed, we can finally write

n - 3 m m m
(228) VB = =5 (R Rjiy + Rim Ry + Rim Rij)-

We have thus proved the following result:

LEMMA 2.11. Let M be a (WCS),, pseudo-Riemannian manifold. If the
covector X is closed, then (2.28)) holds.

Now the following lemma about the source term of the second Bianchi
identity for the conformal curvature tensor can be stated [MS4]:

LEMMA 2.12. The divergence of the source term in the second Bianchi
identity for the conformal curvature tensor has the form

1 m m m
(229 VB = —— (Rim Ry + Rjm Bl + B Rij1)-

Proof. First we note that transvecting with g% we easily get
ViV Clit = 0.
We then recall equation ([2.14)):
(2.30)  ViCi + VO + VkCZﬂ
=3 —— 07"V Cry+ 00V CZI
+ 9 VpCi" + 9aVpCl + g VpCi'l.

Taking the covariant derivative V,, of this equation and recalling that
VleleT,? = 0 we obtain

1
(231) V Bl]kl n— (V V C gkl + V V Ck,"l,l + Vk;v CZ]I)

Now Lovelock’s identity (2.25)) is used to complete the proof. =

Proof of Theorem From Lemmas[2.11{and [2.12] i.e. (2.28)) and ([2.29)),
we easily infer that 2=5 (Rsz n+ Rim Ry + kaRfJZ) = 0; thus forn > 5
the theorem is proven
Ifn=4and V; X, + X;X; = vg;; then vanishes identically thanks
to the first Bianchi identity for the Weyl tensor. Thus from we infer
(Rsz T Rim Ry + kaRUl) =0. =

If the Ricci tensor satisfies , it is called Riemann compatible (see
IMM2]-[MM4]). Geometric and topological consequences of this condition
were extensively studied in [MMS3]. If we insert in the local form of
the Weyl tensor [Po|, we obtain

(2.32) RimClhy + RjmCry + RemCj

=0.
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Thus the Ricci tensor is Weyl compatible. In recent works, Weyl compati-
bility has been extensively investigated in the Riemannian case [MM3| and
in the pseudo-Riemannian case [MM4]. We mention that there are results
on manifolds satisfying published earlier than [MM3| and [MM4] and
not cited in those papers: see, e.g., [ACDE] Lemma and [DG| Propo-
sition 3.1(iv)]. Moreover, several examples of pseudo-symmetric structures
satisfying can be found in [DGT|, and applications to general relativ-
ity in [DH™]. In Section we will give a detailed account of the consequences
of on the structure of (WCS),, space-times. If we use Einstein’s equa-
tions in , we infer an analogous condition for the stress energy tensor:

(2.33) TimCip + TjmCli + Tk Cly = 0.
From the above discussion we may derive the following;:
THEOREM 2.13. Let M be a (WCS),, pseudo-Riemannian manifold. If
(1) n>5 and X; is a closed 1-form, or
(2) n=4 and V;X; + X;X; = vgi; for some scalar v,
then the Ricci tensor and the stress energy tensor are Weyl compatible.

From Theorems [2.4|and [2.5{and ([2.25)) we can deduce the following corol-

laries.

COROLLARY 2.14. Let M be a (WCS), pseudo-Riemannian manifold
with n > 5. If e'X; # 0, then V Ck:l = 0 and Rim ]77,21 + RjmCr
+ kaC:jnl

COROLLARY 2.15. Let M be a (WCS), pseudo-Riemannian manifold
with n > 4. If e'e; # 0, then VmC’ﬁl = 0 and RimCﬂl + RjmCr
+ kaCZ@ =

Now sum ([2.9)) cyclically over i, j, k, recalling the first Bianchi identity
for the Weyl tensor, to obtain
(2.34) (Viem)C T (Viem)Cpi + (Vkem)CZ‘-l =0.

THEOREM 2.16. Let M be a (WCS),, pseudo-Riemannian manifold with
n > 4. Then the tensor Ve, is Weyl compatible.

We remark here that the tensor V;e,, is not necessarily symmetric un-

less €5 is closed. From 1) and 1 , transvecting with ¢’ and using 1}

it is easily inferred that
(2.35) e'RimCiiy =0, & TimCliy = 0.
THEOREM 2.17. Let M be a (WCS),, pseudo-Riemannian manifold. If

(1) n>5 and Xj is a closed 1-form, or
(2) n=4 and V;X; + X;X; = ~vg;; for some salar v,

then (2.35)) holds true.
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Finally, we present two other interesting results. First, summing (2.16|)
cyclically over j, k, 1, it is easily inferred that
(2.36) aXpOp + €, Xp0n" + e X, 05 = 0.

It turns out that the tensor £;X; is Weyl compatible.

THEOREM 2.18. Let M be a (WCS),, pseudo-Riemannian manifold with
n > 4. Then the tensor £, X; 1s Weyl compatible.

Secondly, multiply (2.19) by X™ to obtain, after some cancellations,
n—4
n—3
It turns out that the tensor X;X; is Weyl compatible whenever n > 5.

(2.37) [(Xi X" Crjmi + Xi X" Critm + Xk X" Cijim] = 0.

THEOREM 2.19. Let M be a (WCS),, pseudo-Riemannian manifold with
n > 5. Then X;X; is Weyl compatible.

Again from Remark and (2.6 and (2.7)) we infer that (2.37)) holds on

a manifold with recurrent conformal 2-form:

ProroSITION 2.20. Let M be an n-dimensional pseudo-Riemannian
manifold with n > 5 on which the conformal 2-form is recurrent, i.e. DQ{%)I

=aAl “QEE‘)Z' Then the tensor X;X; is Weyl compatible.

Moreover, another Weyl compatible tensor may be found. Multiplying
(2.22) by S! on, noting that X*S! = 0 we easily find

(2.38) (X, XP)S!Cjrmi

X, X?P
n—2
+ _3 [X]Xmsiskl - XkaS,ijl]

Sum this cyclically over 4, j, k to obtain
(2.39) (XpXP)[S1Cjpmt + S5 Chimt + S},Cijm] = 0.
We thus state the following.

THEOREM 2.21. Let M be a (WCS),, pseudo-Riemannian manifold with
n > 5. Then the tensor S;; is Weyl compatible provided that X, XP # 0.

Finally, we investigate some consequences of particular curvature condi-
tions imposed on a (WCS),, pseudo-Riemannian manifold. Consider a weakly
conformally symmetric manifold whose covectors B and E are subject to the
conditions (see also Section [3| below and [DD], [DH], [DG]):

EiCjkzZm + EjC}.ﬁ;lm + EkCijlm =0,

(2.40)
Bicjklm + BjCkilm + BkCz‘jlm =0.
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Then from " with By, = Dy and E, = F}, we infer Elekz’m + Emcjklz’ =
EiCimjk + EmCiiji. = EiCjgim and BjCigim + BrCjiim = B;iCjgim; thus (1.1))

becomes
(2.41) ViCikim = (A; + B; + Ei)cjklmy
and the manifold turns out to be conformally recurrent.

THEOREM 2.22. Let M be a (WCS),, pseudo-Riemannian manifold. If
condition (2.38)) holds, then the manifold is conformally recurrent.

REMARK 2.23. Transvecting by ¢"™ we get E"Cjkim = 0 and
B"Cpim = 0 from which it is easily inferred that E;E* = B;B' = E;B* =0
whenever the manifold is not conformally flat. In n-dimensional Lorentzian
geometry it is well known that two null vectors are orthogonal if and only if
they are collinear [SRT!, Proposition 4|. Thus a (WCS),, Lorentzian manifold
with covectors B and E satisfying is conformally recurrent of type
with By = AE} for some scalar .

3. Weakly conformally symmetric Lorentzian manifolds. In this
section, we investigate in more detail the properties of (WCS), Lorentzian
manifolds (space-times). We begin with some auxiliary lemmas recently re-
viewed in [MMB5]:

LEMMA 3.1 (see [LR) p. 128] and [MMS5|). Let M be a 4-dimensional
pseudo-Riemannian manifold. Then the following identity involving the con-
formal curvature tensor holds:

(31)  8iCI + 5;CIF + 61CIF + 65 CY + £ Cll + o5 C
+8ICH 4+ §ICF 4 510K = 0.
LEMMA 3.2 (see |[FC|, p. 46] and [MMS5|). Let M be a 4-dimensional
pseudo-Riemannian manifold. Let X be a null vector and Y a vector or-

thogonal to X, i.e. X'Y; = 0. Then'Y is space-like or null, and proportional
to X, i.e. Y; = AX; for some A € R.

Now consider a non-conformally flat 4-dimensional Lorentzian manifold
and two vector fields X; and Yj satisfying X™Cjpp, = 0 and Y™ Cjipm = 0.
Transvecting (3.1) with X;Y* we infer (X;Y7)CF = 0; in the same way we
have (Xij)Ctrj =0 and (Y;Y7)CF = 0 [LR} p. 128]. Thus X, and Y; are
orthogonal null vectors. Combining these results with Lemma [3.2] we obtain:

THEOREM 3.3. Let M be a 4-dimensional non-conformally flat manifold
with X" Clipim = 0 and Y™ Cjpyn = 0. Then Xij =0, Yij = 0 and
Y; = AX; for some X € R.

The fact that if X; and Y; are orthogonal null vectors then Y; = AX; is
pointed out also in Hall [Ha, p. 148].
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Now if we consider a non-conformally flat (WCS)4 Lorentzian manifold,
then e, %l = 0, and thus we have:

COROLLARY 3.4. Let M be a non-conformally flat (WCS)s Lorentzian
manifold. Then the covector €; is null and unique up to scaling.

Now recall the Bel-Debever version of the Petrov [Pe| classification of
the Weyl tensor on 4-dimensional Lorentzian manifolds (see [Bel, [D], [Ha]
and [Sal); it is based on null vectors k satisfying increasingly restricted con-
ditions as follows:

(a) typel ki Cajrsjghn k"k* = 0,

(b) type Il D kpCoppagh’h* =0,
(3.2) (c) type III kpCajrsgk” = 0,

(d) type N Carsgk™ =0,

(e) type O Carsqg = 0.

When £k satisfies condition (b), the Weyl tensor is called algebraically special
(see [Hal, [Sal, [St] and |[SKT]). Choosing k; = €; in the null tetrad formalism
we may assert:

COROLLARY 3.5. Let M be a non-conformally flat (WCS)y, Lorentzian
manifold. Then the Weyl tensor is of Petrov type N with respect to the null
vector €;.

As a first application of Theorem we may consider equations
and , ie. €"Cipm = 0 and €iRimC]7’,};l = 0; for n = 4 the last is true
under the condition V;X; + X;X; = vg;; and defines a vector Y,,, = €' Rim
such that Y Cj,, = 0. Thus €' Rip, = A&y, and € is an eigenvector of the
Ricci tensor. Recalling Einstein’s equations we infer Ko7}, = ()\ — %R) Oms
so that the following theorem holds.

THEOREM 3.6. Let M be a non-conformally flat (WCS)y Lorentzian
manifold with V;X; + X;X; = ~gij. Then the covector €; is an eigenvec-
tor of the Ricci tensor and the stress-enerqgy tensor.

Secondly, consider equations (2.8) and (2.10), i.e. €™Cjgn, = 0 and
€' (Vie™)Cjgim = 0; by the same arguments we have £'(V;e,,) = A&y, and
thus the integral curves of the covector ¢; are geodesics [EC| p. 41].

THEOREM 3.7. Let M be a non-conformally flat (WCS)y Lorentzian

manifold. Then the integral curves of the fundamental covector €; are geo-
desics.

Thirdly, consider equation (2.9) with the condition £'E; = 0, that is,

(Viem)Cﬂl = 0. Equation 1) is then multiplied by V,e; to produce

(3.3) (Vpgr)cfti + (sz-:t)C'ff; + (Vpes)C'ﬁi =
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If V;e; = Vg, then contraction of s and p immediately gives
(3.4) (Ve )CF = 0.
We have thus proved:
THEOREM 3.8. Let M be a non-conformally flat (WCS)s Lorentzian

manifold. If €'E; = 0, and gj is a closed 1-form, then the divergence of
gj vanishes, i.e. Ve; = 0.

Finally from " Cj, = 0 and e'Rim = Aem a direct calculations yields
(see also Hall’s theorem in [MM4] and [SKT]) &7 Rjpm = (A — R/6)exel,
from which we obtain e, Ry);,e"e’ = 0 and so the Riemann tensor is alge-
braically special.

THEOREM 3.9. Let M be a non-conformally flat (WCS)4 Lorentzian
manifold with V; Xj + X; X; = vgij. Then ejpRyjjime™e? = 0.

Now, on multiplying 1} by €/ and recalling that ™ ikim = 0 for a
4-dimensional metric of any signature we get
(3.5) £,CF 4 g,CF 4 e OFF =

THEOREM 3.10. Let M be a non-c'onforma'lly flat (WCS)4 pseudo-Rie-
mannian manifold. Then &,C¥ + &,C¥l + e,CF = 0.

Detailed studies have been devoted to n-dimensional pseudo-Riemannian
manifolds satisfying the following condition (see for example [DD], [DH],
[DG] and [MMS5]):

(3.6) AiCjrim + A Clitm + ArCijim = 0,
A;j being a covector. Here we prove (see [DD]):

LEMMA 3.11. Let M be an n-dimensional non-conformally flat pseudo-

Riemannian manifold. If A;Cjpim + AjCriim + ArCijim = 0, then:

(1) AA; = 0.

(2) CjrimCIF™ = 0.

(3) C'lmj pgk =0.

(4) Gklm = A Ap T — AjAlek — Ak‘AmT]l + A}CAlij, where Ty is a
symmetric (0 2) tensor.

Proof. Contracting with A? one obtains (AiAl)Cjklm = 0, from which we
infer (1); on the other hand, contracting with C? klm ohe obtains A; C] K1, CT ™
= 0, from which we deduce (2). Finally, contracting with Cpq and using
AmC’j’-Zl =0 we get AiCjklmC]]fq =0, from'whlch (3) follows immediately.

Now let 6 be a unit vector suph that 8°A; = 1; then contracting A;Cjxim,
+ A;Critm + ArCijim = 0 with 6" we infer that

(3.7) Ciktm = Aj (0" Citim) — A (0"Cijim).
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Contracting again with 6™ yields
0" Cruary = AjT — ATy,

where Ty, = 0'0™Cipp is a symmetric (0,2) tensor. Inserting this back
in (3.7) we get (4). =

The third relation in Lemma was recently obtained in [MMS5]; it is
of importance in the study of Pontryagin forms on a pseudo-Riemannian
manifold satisfying (3.6)).

Consider the following 4k-forms wy, evaluated on an orthonormal basis
of tangent vectors built with the Riemann tensor (see |[DR], [DS], [MM3],
[MMS5] and [NJ):

(3.8) wi (X1, Xa) = R Rigy (X1 A X3)(X5 A XY),

WQ(Xla cee 7X8) = joa Icclegmnc qu(Xi N X%) U (Xg A Xg)
The generating forms Py of the Pontryagin forms (see [MM3], [MM5], [N]
and also [Po, pp. 317-318| result from total antisymmetrization of wy:

Pk:(le v 7X4k) = Z(_l)sgnﬂ—wk(Xﬂ'(l)a s >X7r(4k))
s
where 7 runs through all permutations of (1,...,4k) and sgn7 = +1 is the
sign of 7.

In [DR] the authors considered compact manifolds admitting indefinite
metrics with ViC']T-’fd = 0; they showed that in that case all the Pontryagin
forms vanish. Topological consequences of condition on an n-dimensional
pseudo-Riemannian manifold were studied recently in [MM5]; we reproduce
them here for completeness. First, from Lemma we have CfijZ gt = 0-
Now as shown by Avez [A] (see also [DR]), in the definition of the forms wy,
one may replace the Riemann curvature tensor with the conformal curvature
tensor, i.e. for example

(3.9) wi(X1, ..., X4) = CClp(Xi A X))(xE A XD,

In the case of a pseudo-Riemannian (CQR),, manifold which fulfils (3.6]) one
thus has wy = 0. The following theorem was recently proven in [MMJ5].

THEOREM 3.12 ([MMS5]). Let M be an n-dimensional pseudo-Rieman-
nian manifold. If A;Cjgim~+A;jCritm+ArCijim = 0, then the first Pontryagin
form vanishes, i.e. P = 0.

In view of Theorem equation (3.5) and Lemma we infer:

COROLLARY 3.13. Let M be a non-conformally flat (WCS)y pseudo-
Riemannian manifold. Then

Citim = €jemTi — &1Lk — evemTii + eneiTim

where Ty is a symmetric tensor.
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Moreover from Theorem we can also deduce:

COROLLARY 3.14. Let M be a non-conformally flat (WCS)4 pseudo-
Riemannian manifold. Then the first Pontryagin form vanishes, i.e. P; = 0.

Let us now consider a compact orientable 4-dimensional pseudo-Rieman-
nian manifold. The vanishing of the first Pontryagin form has a profound
topological consequence. In fact according to Hirzebruch’s Signature Theo-
rem (see [Hi| and [Pol pp. 229-230],

(3.10) 3r(M) = | P

M
Here 7(M) is the Hirzebruch signature, a topological invariant linked to the
Euler index X by the relation 7 = X (mod 2) (see [N} p. 465]). We conclude
that:

THEOREM 3.15. Let M be a compact orientable (WCS)ys pseudo-Rie-
mannian manifold. Then the Hirzebruch signature is zero.

Let us now consider (WCS),, Lorentzian manifolds. The Bel-Debever
classification was recently extended to the n-dimensional case and is pre-
sented for example in [C], [CMPP] and [O]. Here we refer to the classification
given in [Ol Table 1]. Equation (2.37)) gives

XiXijklm + XijCkilm + XkaCl'ﬂm =0

whenever n > 5; if X, X? = 0 this matches type IIq space-time of [Ol Ta-
ble 1|. We have thus proven the following results.

THEOREM 3.16. Let M be a (WCS),, Lorentzian manifold with n > 5.
If X,XP =0, then the Weyl tensor is of type Il with respect to X;.

THEOREM 3.17. Let M be an n-dimensional Lorentzian manifold with
n > 5 on which the conformal curvature 2-form is recurrent, i.e. DQ{’&)Z =
a A ng)l' If X,XP =0, then the Weyl tensor is of type Il; with respect
to Xz
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