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Some remarks concerning the theory of deduction.
by
E. Zylifiski (Lwéw)

§ 1. Mathematical preliminaries,

Let us consider one-valeed funetions @ (z, y) of two wvariables
x and y ,on“ fshe set (a, b) ,to* thsa same set (a, b}, where .
b are .two distinet elema. e
,p-functions® as there are resnt
deted pairs ((a,a), (a,B), (b a), (3,8) by elemen
itself, it is 24=16.

Let us introduce the notation: @, (r,y) is &m our 16 @«ﬁm—
cmons whlc:h values % (a, a), m, (a, b), kg (b a} @,(& b} we found




ICM Biblioteka Wirtualna Matematyki

204 E. Zylinski:

l

The way in which this numeration of g-functions is made is
quite unessential for our purposes. L
Let us denote:

P (@ y) =4, oz, ¥=p.

We see immediately that for all possible values of  and y we
have: ' :

ol ¥) =99 (r,9), @s 9 =pdp @G= 1,2,. 16)
and @, and @, {not ¢, and ®.) is the unique ordered pair of .

~ g-functions whieh posseses this property.

Let us now consider expressions obtained of an arbitrary ¢-fun-
etion @ = @ (1, u) by eonsecutive replacing of 1 and u by arbitrary
¢-fanetions expressed in terms of 4 and u, e, g.

P1s (s (u, 1), );
we shall eall them nP-BXpressions¥,
evidently & definite ¢-funetion,
the g-fanetion p,,.

equalising g-expressions which represent the same @-functions
we obtain an enumerable infinity of fanetional equations; we get,

for example, the equation

M B ullm)=g (e, (1,2, 4
both sides of whieh represent the same funetion ®,.

Each g@-expression represents
e. g. the expression above represents
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Let us transpose the letters a and b everyewhere in the table of
p-funetions. Each of these @-fanciions is transformed by this in an
definite ¢-function, e. g. the fnwﬁn @, with vnlm a,b a6 fm-
{a, a), (a.b), (b,a), (b,b) respectively becc e function @, ’
values b,b,a,6 for (a.a), {a, b) (é a} aml (5, 5)- In particular
p-functions ¢,, ¢, @, and ¢,; are invariant (selfeorrespo:
under this transformation. The transformation of the wfun@mm ‘
being of order 2 (involutory), this transformation is a permutation

(‘1, 16) (2,8) (8, 12) (5, 14) (7,10} (9, 15),
i being written here instead of g,.
 This permutation (as a permutation of indiees) ean now be ap-
ied to every equation between g-expressions, e. g. we get from (1)
the ,conjugated® equation

Pis (Pis (1, 4);, Pis (JL w) = 914 (@1, (4, 4), 4).

eon_;ugated wfnﬂatmnal equwmms m be ‘
the same fanectional equation relativ:
the set (m,n) (instead of the set (a,d), obtax
tions: m=—@, n=>5 and ;=54 n=a Thms we have hma wprw
ciple of duality® or&mmg in pairs ') g-funetronal eqmﬂw&méper
mitting to pass -M‘m mm functional eg
tion to the m:her

Let us consider now the set D of all the g-exp e8SI0DS TOpre
senting the function @,. We have a following theor yortan!
for applications:

I If ¢ an;d & are @egxpmwxms aml&l and @ (e, &) are con-

value a, we see mm rom thi it o
o ”w@Wlﬂg Vi ;M ﬂ]‘f &! md 3‘2 ;‘;.;-: »

| {a,0), (b,a), (bb)

Thas we have in all

‘ Bm & is &lways a by ".ﬁ=%",-;;é:ﬁ;‘
for £, and &, the values
(@, @)

mm,img uni@’m}y the fanotiens P, =2, 9= =P P
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resp., thus alwa.ys the value a for ¢,, q. e. d. Beside the theorem 1
we nole the following fundamental _principle of substitution’:
II. When the @-expression O (i, ) is contained in D and
‘¢’ {2, ‘ujy. 2(4,u) are two quite arbrl;rary g-expressions, then the
p-expression 8 (¢ (4, 1), x {4, u) is also contained in -D.
In fact, the value of 6 (4, 1) is equal to a for all possible com-
nations of values of their arguments and therefore the same oceur
for the g-expression O (¥ (4 u), 1 (4, u)) for quite arbitrary w (4, W),
and y (4, g).
It is of inmterest to know which g@-funciions can be represented
p-expressions imvolving only ome given g-function 2 A and u
being admitted exclusively as final arguments.
F‘or this purpose let us consider the set PV of following ex-

%MM%%&%M%%M@

The set @ will 'be by definition the set of all - expressions ob-
ﬁamed by putting in @, (z,%) in place of z and g expressions from

Wf"’ 4 or p, but necessarily one expressmn at least, from. @{»-V

m the place of x or 4.
Let us sow denote by F{ the aggregate of all ¢-tunctions which
re represented through expressions of @ Evidently the set to be
nputed is equal to EF""9..._E, where 3 denotes the ordinary

summation of agg ;tese without repetition of equal elements. It is
that in the case when Fm does not contain other g-fun-

s contained already in 3 %, we have F,— 3 Fi:

e i k==1

"m follows mm»emawly from the fact, that the p-function repre-

nted through the expression ¢, (e, , 2,) depends uniquely of ¢p-fup-
ions represented thmugh & and £, the form of those expressions
being ﬂﬁf no influence,
seur pot later than for k= 16, the number of
@ tunctions peing fmite and equal to 16, Thus emhF can be eom-
puted m a ﬁ-m; nnher of operational steps.
These mi;m‘ms were executed by the mdlcated method in

J‘:'{rv'aa; ,ﬁw;

. Seminary of the Umvarsuy of Lwéw. The chief
sults are as follows.

For 2 w—fnm&hws (p, and @) F, (Fx and F,g) consist of one
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only g-funetion (g, and ¢, resp poti #ely@; for 2 (@, and ) — of 2;
for 2 (g, and @) — of 3; for 4 (9., @1, 1y a0d @) —of 4; ford

By the computation of all the F, except F, and F); aggregates
P and P are quite sufficient. In the ease of F, and F'm, the
needed expressions for @, @i, Pras Pra- Prs» Prs 804 @1, P, Psy Pr,

Pgs P1a reszpeetavely are found only in @7 and OF
A g-expression bnelangmg to a @9, will be called ,of order m“.
There can be -a.ny expressions of the lowest order k {in a @)
reprhlg the same g@-fanction contained in F., e.g. ¢ 2nd @
% and @%@ resp. 84 different expressions of lowest order

=3 fo each of th “

ean not b m:samd hevve beean
Remark. The whole theory ' RIis

z and y ,on“ (a, l@) ”m“ fa b} ean b& aébmmgly generalized i
heory les ). ‘»& hawe

generally, o Jiff
2" f-eo @5 O m&tﬁ#ﬂd Of two ). md ﬂ*! theorem apd II are ¥
after obvions almu 8, theoren II bemg true fmr

d @f computation is

All results as m m
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sitions 2 and g, each of the 16 g-funetions of § 1 corresponds with
one of the 16 possible truth-functions of 4 and g, namely ¢,,
and qa” to megations of 4 and u resp., tp, — to their disjunction
a4 or ¥, %——- to ocongunction .4 and u“, @; — to implication

" 1mp\jfjeu B @, — to Jmnt'falsehood 1} ,not-4 and not-g“ and

s0 on. Rmdl and Whitehead in their Principia Mathematica

reduce truth functions (primitive ideas) they there employ to two
of them: negation and disjunction. It means in the language of
¢-fanetions that the g@-expressions oceuring in Principia involve
uniquely the g-funetions ¢,, ¢;; and ¢@,. H M. Sheffer in the
paper mentioned above has shown that all primitive ideas of Prin-

cipia ean be expressed (in our ordinary meaning) through joint-

fals&h | p15 alone; the same was noted then as true for bhe
incompatibility ().

The theory of § 1 and relative caleulatory results supply us
with & farther intelligence in this matter.

1° Through joint-falsehood and inecompatibility can be expressed
{In our ordinary meaning) each of the 16 possible truth-functions of
two propositions.

2°, There are no Mker truth- functmns (of two propositions) pos-
- this property. .

Russell and Whitehead in Principia Matkemat*zca deduce the
theorems of their theory of deduction from 5 fundamental g@-ex-
pressions of @, involving only g-functions of two propositions and
ining at most 3 different fundamental g-functions (formal prin-
mpms of deduction) by applying to them essentially the theorems I
IT of § 1. M. Nicod ®) proceeds in a similar way with but
one formal prineiple (involving b different fundamental g-functions)

;.-‘ ‘ 3.2

ORaLn

and employing instead of theorem I an other one. which ean be

xpressed as follows: ,the w-ex:pressmn & represents g, if & and
¥s (&1, Py (£, &), represent o, ©.

It is very probable although not proved as far as I know that
ere are W-mpm&ntaimns of @, mot to be obtained in Russell's or
od’s syste . seems ablso to be of interest to mvestlgate

rejeciion in the mrmmology of H M. 8heffer: A seiof five independent
stulates for Boolean Alg&hm with appheutmn to l,ogmal constants, Trans. Am.
ath. Boe. Vol. 14 {1913) p. 487

*} Proc. Camb, Phil. Soe. wol. XIX. 1, January 1917
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whether all g-functions of finite number of variables cen be redu-
ced to our 16 @-functions of two variables, and in consegquenee to

_ incompatibility or joint-falsehood. The last ga%ﬁmﬁ is @%m&aﬁy |
\' equivalent with the problem of sufficiency sonte 2

I&nguage to pexpress® {mot to ,ﬂ,dmm“} awary true relation b%-

ween arbitrary propositions.

Lwéw, Mai 1924-






