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A new proof of Lusin’s theorem.
By
Leon W. Cohen. (New York).

Lusin’s theorem?) states, roughly, that a measurable function -

is continuous on a subset of its domain of definition which
approximates in measure as near as one wishes to that of the
domain. “The proof will rest on the following criterion for con-
tinuity 2):

A necessary and sufficient condition that f(x) defined on
a set A be continuous is that, for every ¢ of a set every-
where-dense in the real numbers, the sets where f(x)=c¢ and
f(x) =c be closed relative to A,

A set M is closed relative to N if M= NF where F is
a closed set.

Lusin’s Theorem: If f(x) is a measurable function de-
fined on the interval I: 0 x <1, then for every ¢=>0 there
isaset A(I such that f(x) is continuous on A and m (I—A) <e.

Proof: Let ¢ be any positive number.

Let ¢;, cpeee Cypeee be the set of rational numbers. Since

f(x) is measurable, the two sequences of sets
M=E[f>c), M;=E[f<c]}), (=1,2,..)

are measurable. These sets have, therefore, the following de-
compositions:

M=F+R, Mi=F,+R,

1) N. Lusin, Comptes Rendus 154 (1912), p-1688; W. Sierpiniski,
Fund. Math. t. I (1922), p. 320.
2) ‘H. Hahn, Theorie d, reelen Funktionen, Berlin (1921), p. 129.

is the number chosen above.
Consider the following sets:

Q=R +R,+... + R, +...,
Q=~R,+R,+...+R +...,
B=Q+Q
A=I—B.

The substraction is valid since B is a subset of I. Com-

puting the measures of these sets, we obtain

m(Q)s?m(k)<§‘2,,+l 5

n=1 n=1

m@ =D m @) <D D=

n=1 n=1

mB) = MQ+m(Q)<s
m (I;—A) < e,

, I.say that f(x) is continuous on A. Let M,, M be the
subsets of 4 where f<¢, and f <, respectively. Then

M,== AM,= AF, + AR, = AF,
M, = AM, = AF, -} AR, = AF,

since R, and R; are in the complement of A. M, and M,, being
the products of A and the closed sets F, and F; respectively,
are closed relative to A. Since this is the case for every ra-
* tional .number ¢, the conditions of the above stated criterion

are fulfilled and f(x) is continuous on A.
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