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1. Introduction. Let L,(p>1) be the function space con-
sisting of -all functions f(x) defined and measurable in (— o0, )
and such that

0

[ 1£G)dx <o

- 00

A set F of functions which are elements of L,, is called com-
pact, if every subset of F contains at least one sequence which
is convergent in mean.

KowmoGororrt) has derived necessary and sufficient condi-
tions in order that F'is compact under the restrictions that p>1
and elements of F are defined in a mesurable bounded set.
Tamarkin?) has found the necessary and sufficient conditions in
the case p>1 and the region of definition is a measurable set
which may be bounded or not. TuLajkov®) has proved that if
p=1, the Tamarc’s conditions are also necessary and sufficient
for the compactness of F. M. Risz4) has derived the necessary and

1 A. Kolmogoroff, Uber Kompaktheit der Funktionenmengen bei der’
Konvergenz im Mittel, Gottinger Nachrichten (1931) p. 60—63.
3 ], D. Tamarkin, On the compactness of the space Lp, Bull. Amer.
Math. Soc. 38 (1932) p. 79—84.
%) A. Tulajkoy, Zur Kompaktheit im Raum Lp fiir p=1, Géttinger
Nachrichten (1933) p. 167—170.
: %) M. Riesz, Sur les ensembles compacts de fonctions sommables, Acta
Szeged 6 (1933) p. 136—142.
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sufficient conditions from the well known theorem of Hausporer 5)
concerning the compactness of a set in abstract metric space.

Let f(x) be defined in (—o0,) and let

fred, |
Dy HO—5; S () dy

f) in —N<x<N
12 M= [ 0 elsewhere.

TamarkiN and Turajkov’s theorem is the following.

Theorem A. In order that a set F'CL,(p>1) be compact,
it is necessary and sufficient that there exist a constant M==M (F)
and, for given positive &, two constants 0==0 (¢, F) and Ny==N, (s, F)
depending only on F and &, F respectively but not on f(x)¢F,
such that the following conditions are satisfied :

O (1rera<my,
@ {1f@—fwlde<e, 0<hgs,
@) (1/0—" @ dx<s, N2,

for all elements of feF.

2. Let M(u) be defined in (— 0, ®) and such that

(2.1) M(u) is continuous,

(2.2) M(0)=0 and M (u) >0 for u >0,

(2.3) M@)=M(|u|) for negative u,

(2.4) there exist two positive numbers @, § such that
M (u) > 6 holds always for u> «,

@25 tm M@ __,

lal=0 |u] luj=w |u|

The function M (u) conditioned as above is called /'~ function o).

M ()

’ 1 T

%) F. Hausdorff, Grundziige der Mengenlehre, Leipzig (1930), p. 107,

%) Concerning the properties of N'-function, see: Z. W. Birnbaum
und W. Orlicz, Uber die Verallgemeinerung des Begriffes der zueinander
konjugierten Potenzen, Studia Math. 3 (1931) p. 1—67,
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Now for every N’-function M(u), we define for >0
a function N (v) such that

(2.6) N(v)- *Ma?c [uv —M (v)],
. wez()
and for v <0, N(@)==N(|v|). Thus defined function N(v) is

said the complementary function of M (u). Then the complemen-
tary function N(v) of an N’-function is a convex N'-function
and such that

27 ww<M®@w-+ N(@)".

Now we consider a convex N’-function M (u) which is
necessarily nondecreasing for u> 0. We say that a measurable
function defined in (— o0, ) is integrable with respect to M (u) if

§M['f(x)]dx< ©.

00

Let {f,(x)} be the sequence of functions such that f, (x)—
f,(x) are integrable with respect to M(u) (m, n=20,1,2...). If

=]

lim S MTf, ) —F,()]dx=0, then we say that {f,(x)} is

convergent in mean with respect to M (u). Throughout the paper
we suppose that M(u) is a convex N’- function such that

MQ2u) < LM(@) for u >0,
L being a constant independent of u.

Let £ be a function-set consisting of all functions which
are integrable with respect to M (u). The object of the present
paper is to derive the necessary and sufficient conditions that
a subset of £ should be compact8).

3. We will prove lemmas which are usefull in the sequel.

Lemma 1. A fanction f(x) which is integrable with respect
to M(u) is also integrable in ordinary sense in every finite interval.

") The concept of a complementary function is due to Birnbaum and
Orliez, loc. cit. .

%) The space E is complete in the sense of mean convergence above
defined. A set FC E is said to be compact if any subset of F' contains at least
a sequence of functions which is convergent in mean.
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For, let the complementary function of M(u) be N ().
Then by (2.7)
|fCO I < MTF ()] + N (D).

Thus the lemma is immediate.
Lemma 2.

MIf @) + g T < L{MTf ()] + M [g ()]}
This is easy. From lemma 2 we see immediately that if

F(x) and g(x) are integrable with respect to M (u), then f(x) + g (x)
is also.

Lemma 3.
[ 2fs 4 < § M7
For, - w
P "+‘y L3 d x4
| MIfy (] dx-S M[ Sf(y)dy]a’x< [ &0 mirenayy =

oo

2“16_3: dx_iM[f(x +y)ldy zéi—dj;dy S M[f(x + )l dx mjiM[f(x)] dx.

Lemma 410),

Jim § M1f () — (o) dx—0

Proof. We can find N independent of ¢ (< 1) such that

3.1) § M0 —Ff (D] dx <s,

—N ’
(32) S MIfy(x) — f (0] dx <,
for given E—.mFor

| MUy ) — ol de < LA { MU G+ § MTp) )
N N N

) By the Jensen inequality.
-]
1) We can also prove that }{imo { MIfx+hn—f)]dx=0.
Um0

On the compactness of the Sfunction-set. 145

and

) d w0
N 1
| MUs @ de < § dy | MIfCes g)de—
N ) =4 N
1 i ) )
55 ) W [ MU@de< ( My@ae.
) N —_—
-y N—1
- -N
Also for S . Thus (3.1), (3.2) are immediate. .
Now take a function u(x) which is uniformly continuous
in (—o,00) and such that
N1
(3.3) S Mf () — u (0)] dxe < & 13),
N1
Then clearly there exists a d;, such that
N
(3.4) S Mlu(d—u;(]de<e for 0< <.
N '
As in lemma 3, we have
N N1
(35) § My () —f1(Ndx < | Mla() — f( de<e
- N —N—1 o
Hence by lemma 2, '
N
| M1/ () —f ) e § MTf3 () — y) 1 () =) + u () —f ()] dx <

-N =
N

M{f;(x) — uy (x)] dx + L S Muy(x) — u(x)] d—;l‘ ‘+ N

-N

l ~
2{/—;2

N
L S Mlu () —f(0)) dx < Lo+ L'e+ L%e, for 0<d<4,

=N
by (3.3), (3.4) and (3.5).

1) This is possible; see: Z. W Birnbaum und W. Orlicz, Uber
Approximation im Mittel, Studia Math. 2 (1930) p. 197—206.
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Combining with (3.1) and (3.2), we have
S MIf3 () —F (D] dx<e(l+L+2L%) for 0 <3< d,.

Thus the lemma is proved.

4. We will now prove the following theorem.

Theorem. In order that a sel FCE be compact, it is neces-
sary and sufficient that there exist a constant K— K (F ) and,
for a given ¢, two constants =10 (s, F) and Ny= N, (s, F) de-
pending only on F and ¢, F respectively but not on f(x)eF, such
that'the following conditions are satisfied :

@y | Mifde<k,

(4.2) S MIf()—f, (0] de<e, for 0< h< 3,

(4.3) S'M[f(x)—— A @ldx<e, for N> N,

for all elements feF.

. Proof. - Necessity of (4.1). Suppose that (4.1) does not hold.
Then there exists a sequence {f, (®)} such that

lim S M[f, (x)j dx=00,

Lét f(x) be any function of F or E.

MU @) de= (MU, — 70 +7 00 de

o0

L MU, @D —fNde+L § Mifeoldx.

— -

Hence

[ M@ —fenae> L[ mis, o1 { M) dx oo as noseo,

T R B N o
Thus F' is not compact... ' -

0}l
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Necessily of (4.2). 1 (4.2) does not hold, then there exist
a positive number &, a number sequence {3} such that 6 -0
as n~o and a sequence of functions {f,(®)} such that

§ ML=, (1 dx >,

“ 'I,' ‘yn

where £ ; (x) means [/, (0] = ;—Exﬁ{y £, (%) dx. |
From lemma 2 and 3 we have
<\ MU ) £ (1 dx < L | MU ) —F () de+
L'\ MU~y (N +2 | MIfy, (9 —F, 5 (A e

@2 § MU, —fCde+L7 | MU —F,, (9 d,

where f(x) is any function of F or E.

From lemma 4

-]

L|L < lim { M/, (9 — 700 dx..

-—0

Thus F' is not compact.

Necessity of (4.3). If (4.3) is not satisfied, then there exist
a positive number ¢, a number sequence {V} such that N -
as n—+o and a sequence of functions {f,(x)} such that

w0

| MU ) — £ () de > .

Let f(x) be any function of F or E. Then

&< 3 MIf, () — N ()] dx < L 5 ML, () — F ()] dx+
L 5 MF (x) — f% ()] dx + L* g‘ MU () —f @] de <

10*
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L MU, @~ Gl de+ L { MIFG) — (] de+

L* { MU — £, de.

Since f(x) is integrable with respect to M(u), we have

Jim j; M) —f" ()] de— lim ( NS M@+ :Sw"M /(] dx )=

Thus
<AL lim [ MIF()—F, (0] dx.

Hence F is not compact.
Next we will prove the suffmIency

Let F be the set of f,, (x), where f(x) is of F, N and A
x-h

are fixed and f/,z (x) denotes — S Y0 dx. Let 0 <A< J and
N> N,.

For a given positive 7, take an integer n such that

n
= ;0 t ’ 7
" A NG hen for any x’ and x’’ such that

iX"'"‘x,’I<d,
we have  (/=(x’—J, x" =)+ (x* +9, x4 9))

RE)—feny =L fN(y)dy__. oyl (y)
’ 2h§ S

1 " R0
hISN@)dy +2AISM[T" ldy <

Ny, ., o, 1 7

: |« —x '+mSM[fN(y)]dy<
NEY 1
T 4t SMV(y)]dy 2+%nn_

—
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Thus {Fiv} is a equi-continuous set.
x-—| h 1 x-{:h x~+h . -
d;
A=z | Oy < (| Ny + | M @l dy) <

x—— I x—h x—h

K
— <N+ —
N+ 5 XM[f(y)]dz; M+
Thus /1" (x) is uniformly bounded.
Consider any sequence {f,()} in F. Let the corresponding
sequence of F be {f", (x)}. Then since {fnh(x)} is equi- conti-
nuous and umf'ormly bounded, by the well known ArzeLA’s theo-

rem, it contains a subsequence {fn 5 ()} such that
(4'4) lfnk].(x)"—fnl],(x)l(\s’ for &, Z>P07
where p, does not dep_end on x. ;
Let {f,, (x)} be the corresponding sequence to {f, , ()}, {f, ()}

being a subsequence of {f, (x)}.
From (4.4), we have

S [f,.k;,(x) —FE G dx < M@ 2N, for my, > py-
~N
Now

°§M[f"k(x) f,, ()] dx= §l+§+ S—~11+12+13, say.
: NN

—_—
—

Then -
bt = ({ + [ IMU, =1, (N dx =
N

- 00

§ MIf,, () —for (D + o, ) — o ()] dx <
L § M[f,,k(x) f" (x)]dx-l—LS M[f (x) f ()]dx<2Le,

fror; the assumption (4.3).

N
)= §V MUf, () —f,, () de == | MUf () —fo () de <

.
-V
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N
SM[fnk () =74 dx +1° § ML) —£~, ()] dx +
- N -~ N

r S Mfs = £, () dx <
~N

L S MY, () o + L S MIf,, () —F, () dx + M (0) 2N,

From the assumption (4.2), we have

LS Let e + M(s) 2
for %, l> Po-

Thus

fim SM[fnk(x) —/,, @ dx <BLe+L*e + M(e) 2N,

k l=w

Smce ¢ is arbitrary, {f (x)} converges in mean with respect
to M (u). Thus the theorem is proved.

(Recu par la Rédaction le 23. 5. 1935)!





