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s+m~1)ZSm(n][dzzlfdzz,, f(n N

n=1
Rl o
At the writer's suggestion K. Subba Rao calculated m for
the primitive real characters corresponding to
k=3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41,47, 53,59,61,71,73,79,
83,89,97 2.
He showed that m =3 for k=53 and in the other cases m=2,
L Chowla proved that m is finite for the real primitive cha-
racters corresponding to
k=15, 21, 33, 35, 39, 51, 55, 57, 71, 81, 91, 95, 101, 103, 105, 107,
127,131,191,203, 421 %),

=s(s+1)..

Un) ™5™ d ity >0,

m being =3 for k=91, =7 for k=77 and =2 otherwise.
I have been unable to find a real non principal character ¥

for which m(y) does not exist, L. e. for which m (y)==co.
It m is finite, we obtain from (2)

3 Lm;i(— [1+t]1——f(1—~u]'”du_w T
1==0

Hm—1 (m

But if the extended Riemann hypothesis is true there exist real
primitive characters 7 (%) mod % for some arbitrarily large & such
that

@ L(1)<B§—f;—g—-é,

¢ being a certain absolute positive constant 4).

By (3) and (4)
m(y) =€ (log log &)

on the extended Riemann hypothesis,

(7, primitive),

2) These are all but two odd primes << 100,
%) These values were chosen at random.

%) J. E. Littlewood ,On the class-number of the corpus P (V —k) ,[Procee-

dings of the London Mathematical Society, ser. 2, vol. 27, 1927, p. 358—372],
Theorem 2.
B (Received 25 Auvgust, 1934,)
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The representation of a number as a sum

of four squares and a prime.
By
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Let

(1) Nrs ()= 1
nPt ettt p e pg =0

the number of representations of # as a sum of 7 squares and s

primes. In this paper I show that

= g e—1° (p+ 1
I Ny, 14+——
0 )~ Zlogﬂpm P—p 1 p>z( +1?72(11—1))

where p denotes a typical prime. This is the second half of Con-
jecture J of Hardy and Littlewood's ,Partitio Numerorum, III* 1),

From (I) I easily derive the formula

{) logp
. ;: +p=n

=t o (p—1) 1) 1
I]—-—— I [N E—
2 I3 p—p* 1 >z(1+ PZ(P—l))

The above results and more general ones on N, (n)[r=3,
$=1] were proved by G. K, Stanley % on the assumption of un-
proved hypotheses concerning the zeros of Dirichlet's L-functions,

) ,On the expression of a number as a sum of primes” [Acta mathemati-
ca 44 (1922), 1—70], (5.452) and (5.4521),

?) ,On the representation of a number as a sum of squares and primes,,
{Proceedings of the London Mathematical Society, ser.-2, 29 (1929). 122—144).
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Let
(2) 7 (xR, 0) = Z 1.
p=l (mod £)
<z

My principal weapon in the proof of (I} is the following the-
orem obtained by Titchmarsh °) from results due to Viggo Brun:

If x=3, 0<a<l1, k=

<< x4, then

x
@) 7 (i, ) = o(\ﬁ_—w o )
where ¢ (n) denotes Euler's totient function, and the constant implied
in O depends only on a.

For the presentation of the proofs given below I am indebted
to Dr. Walfisz, who corrected my original version, Dr. Wallisz has
also proved asymptotic formulae for N.s(7) when rz=5, s=1
without any hypotheses and without appealing to Titchmarsh's
theorem 4).

Notation. d, m, 1 are positive integers, #= 3 rx(m) is the
number of representations of 7 as a sum of 2 squares; o (m) the
sum of the divisors of m,o(x)=0 if x is not a positive integer;
Y indicates that in the summation d takes values prime to 7 Y’
indicates that (2d,n)=1 for all d in the summation; the lower
limit of summation is always 1, unless the contrary in stated;
D is a positive integer to be determined later and satisfying

-V
= l ogn’
place but are absolutely less than fixed constants; numerals in hea-
vy type are references to the equations of this paper,

; B stands for numbers which may vary from place to

We start with Jacobi’s formula

@) r4(m)=8c(m]—32cs(-f—).

Let :
) Si(m)= Z s(n—p),  S,(n)== Z (’.’iﬁ:ﬂ) ‘
Then = =

(6) Ny1(n)=8S,(n)—32S,(n)-+B (1,45).

9 A divisor problem” [Rendiconti del Circolo Matematico di Palermo.
LIX (1930), 414—429)], Theorem 2.

%) See the following paper ,Zur additiven Zablentheorie®,
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Proof of (I).
1 1
(7) S ()= (n—p) - = - n— 5).
! 1;11 dig—:ﬂ d d<Zn—1 d p;z ( B
p=n{mod d)
(n—p)= du=
P > Joef 2
==n {mod d} p—n (mod d) p—n (mod d)
n
®) =[rwdman (@
’ 2
1 n
©) Sm= 3 I [rwands @)
< n~—1 2
I frwandu=p Y lf(% ) @)
Vr<d<<n—1 2 Va<d<n—1 2
n2 n e
110) =B Y L+BY L=Bn
a>yn a<n
" 3
(11) S =Y L (a@dndatBnz (9,10,
s d.
Zd w(wdn)de — df (d,m)dutB Y fdu )
d=syn d=y'n a<y'n
3
{12) »—Z’df (z:d,n)du 4 Bn?
d=syn
r 1 7 3
(13) S () = ). —)r@dnde+ BT (11,12,
d=yn 2
1 (49

1 4 _ 1\ 4 1\ _psl@
4 @(d]_‘;la(l p) _BE(' ﬂz) gd(1+p>_3

1
{15) Z do (d) =B B
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Z' — r(zz dndn=

D<<d=yn

(f |—f) (g d,n)du

=8y df( +1)du—|—BZ[w(d fl g (23

d<n

D<<d< 'y/ n

Bn? _ Bn*
(16) =Bn +logn2dq9(d] =Bn +Dlogn Dlogn (15).
(17 Sm=+ f w (s d, n)du -2 (13,16)
1 —déDdz A Dlogn , 16).

For d=D,(d,n)=1, 1=2 we can find a suitable D, depen-

ding only on D such that D, =1 and

(18) = (u; d, n) =

[+

] (d) log u log u

n

n
1 1
d}g:‘;—d—zfﬁ (u;d,n) du :;;Wdzp @ !fo%?z du

r 1 - 72
+BD,Y. W!@;du (18)

asD

Bnr?\ | BD n?
(; do{d) + D) (2 log n+log n) + log; w (15)

N Bn* | BDn*
(19) ZlognZ de(d) +Dlogn+ login

d=1

2]

4 Bn* | BD n?

(20) Sy () = ) JrDlogn + log*

n?
2log né=

Let ¢>>0 be preassigned, and D be the least positive integer

such that
(21)

o=
A

(17, 19),
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1, the least positive integer such that 7, = e2,—— Vit =D, D, ==
logny, = 'logn,™
Then D<1Vgn (n=n,) and
S, ()= Z + B (h=ny) (20)
: 2logn dcp d) ' logn =0 !
(22) Silm) = ZIOgnZ To@ T° (logn)
n_._
Sm= s ( ) Z 4 )
p<n = dl"_p
4i(n—p) 4(n }7)

n

SEEEE

2 Z (r—p)=

‘1<"T p—rzp(mod 4d)

S‘ ;f (z;4d,n)du = B M 1»-f(£—i—]—1>du

Vr"<d<n——1 2 V-”<‘d_<-ln—l
24) _BZ +BZ”_an
d>1/“ a<n
1 1 ; 3
(25) Sy (1) =— —|n(u;4d,n)du-t+Bn®> (23,24),
4 <]/er2
——fn(u 4d,n)du = "%’n (u;44, n)du+BZ fdu
d<1/n dsyn a=yn
26) —-Z"df (4544, m) du+ B 7 .
a=yn
@) SH=r f (:4d,n) dut+ BT (25,26),
4 d
asy'n
(28) > jz x(w4dn)da
D<dsyn

Z Z mwad,mdu (@8).

(2)

)
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-3 Y *fm  d, lz)du—D—l—agn (2.16).
D<d\1/u

n

Bn?
dfq:(u,zld,n]du-kblfoﬁ [27, 28).

(29 S =7 >

dSD

For d=D, (2d,n)=1, #=2 we can find a suitable D, de-
pending only on D, such that D, =1 and

ad P
(30) = (1 4d, 1) “WW(I +1'5?g—ﬁ) :
1 n 1 n
" " n
|z dd,ndu= ——— —du
d=D dZ ( ] d; d({)(‘ld) logu

1 - u
+BD2;){1@ @ d)flog2 e (80)

o0
AR B\/ n* Bn? B D,n?
“(; dcpud')+D)(zlogn+10g2n)+"16§‘27f (15)

i" Bn? BD,n

1) do(44d) +Dlogn+ log3

2]ognd_,
B D, n?
32 Ss _S_" + L
[ ) _(ﬂ) 810gﬂd=1 ,‘? 4d] DlOgﬂ + 1gzn (29,31).

Let 7, be the least positive integer =, such that —~Q~§ e
Then log s

n? v Ben?
Silm) = 8logn ; dyp(44d) + logn (n=n) (21,32),
n? oon 1 ne
6 80502 T o)

G Nas (n) = log n (Z do(d

Z"M:‘l d))

722
+o0 (W) (6,22, 33),
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First case, #==0 (mod 2).
zlﬁ?ltﬁ):ﬂn(”rpmp)* FeT T )
=p£{,(1 +p2(11%)+p4(11%)+.,.)
B 1
R

r—1P@+1 P —p 41
p’-—p2+1 >z p— 12 (p+1)

—1I pP—p 1
ptn @ —1P(p+1) p;n

g le—u° (r+1)
pI'l p*—pi+1
P>2

p —p +1 I 1
p>217 =1 p>2q 1

G

7°

e
G =g 1l T o) e
p>2
S 1 _
o Y draa ="

(1) follows from (34), (35) and (36).

Second case, #=1 (mod 2).

OO, 1
In this case the value of 4;1 e@ is equal to the expression
S, (1) in (35) above multiplied by

5

1 1 1 1
(37 1+m+m+---=1+—2—+?+--.='§-

The value of

[=e) =)
” 1 ’ 1
; do(44d) —; do(44d)

is equal to the expression S, () multiplied by
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4,1 1 it 1,2
8 s e T T2 T T E T T
4n®°[5 2 n*
Nix (n]_m[3 S —2, (n]] 4o (@) (34,35, 37, 38)

4n® n?
" logn Sa(m) -0 (logn) ’
{I) follows on substituting for S, (%) the expression (35).
Proof of (II}. We have
(39) Si(n) = 1
' n,’-{—..-{;—}—p:n
ﬂ<E—g—;
. __ Bn
=5 3, 1M b=y, 07 Mex o) 0
<< m
__Bn |
(40) —m.nlogmgn_o<@),
{41) Si(n) = logp
? nf+.-—i;+p=n
<< ﬁ;
(42) = BlognS, (n)==0(n? (39, 40).
logp = logp -+ lo
i+ niHp=n nif rip=n n‘=+,.—|;f—{~j;=n er
PSTogn PE
=S5 () + (1 +o () logn ; 1 (@1
A0 p=n
Pz ‘i’a;’f—’i

=0 (m}) 4~ (1 -+ 0 (1)) log 7 [Nys (1) -- S, (1]
=Ny1(n)logrn—+o(n?) (I, 40).

(42, 1,39)

() follows on substituting for Ny (n) the expression (I},

(Received 24 September, 1934.)

——
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Zur additiven Zahlentheorie.

Von

Arnold Walfisz (Radosé). *)

Erster Teil

In ihrer III Abhandlung zur Partitio Numerorum !J beschéftigen
sich Hardy und Littlewood auch mit den Darstellungen einer natiirli-
chen Zahl als Summe einer Primzahl und zwei bzw. vier Quadraten
ganzer Zahlen. Es sei insbesondere N({n} die Anzahl der Darstellungen
von 1 in der Form #=m:2+m? -+ my*+ mz2-+p 2). Die Verfasser ver-
muten, dass bei wachsendem z

pP—rpi+1

= 1 (p—1P(p+1)
W NO~Gam L (1+p2(p_,1])ppl[1ﬂ 7

und meinen, dass man hierfiir einen strengen Beweis finden miisste.

Es sei jetzt allgemeiner Ny(n) die Anzahl der Darstellungen von 7
als Summe von 7 Quadraten und s Primzahlen, d. h. die Anzahl der
Losungen von n=m?>+ ... +m2+p+ ... -+ ps in ganzen m und

*) Die vorliegende Arbeit erscheint zugleich im Lichtenstein-Gedenkband der
Prace Matematyczno-Fizyczne,

1) ,On the expression of a number as a sum of primes” [Acta Mathematica 44
(1922), S. 1—10].

%) my, my, my, my, pund m my my' m.p' gelten dann und nur dann als die-
selbe Lésung, wenn m, =m,",.., my=m,’, p=p ist. Also z. B. N (3) =9, N(10) ==168.
Ebenso ist die weiter unten eingefiihrte Funktion Nr,s (1), mitsamt den analogen Funktio-
nen des zweiten und dritten Teils, zu verstehen,

1
3) a. a. 0., (5.452) und (5.4521), Der Faktor m ist versehentlich weggelassen.

Im ersten Produkt durchliuft p alle ungeraden Primzahlen, im zweiten die ungeraden
Primteiler von 7. Ebenso sind (2.1) — (2.4) zu verstehen,
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