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An example of a.simple arc in space whose projection
in every plane has interior points.

By

Karol Borsuk (Warszawa).

In the theory of knots one investigates simple closed curves @
in Buclidean 3-dimensional space C; which are polygonal — that
8, which are composed of a finite number of line segments. The
projection of such a curve on a plane is again polygonal. The calcu-
lation of various invariants, by means of which important progress
has been made in the basic clagsification problem, depends on the
fact thatthe segments of the projection are distinguishable from one
another. Thus, for example, to calculate the most important of these
invariants — the fundamental group of C;—2—one may write down
2 generating symbol for each segment of a given projection and
then, following certain simple rules, write down 2 set of generating
relations which are read off at the vertices of the projection. It
is possible to extend these procedures to certain types of simple
closed curves 2 which are not polygonal provided that £ has some
projection which is ,,polygonal in character”.

However these methods necessarily fail if every projection
(central or parallel) of Q into any plane is 2-dimensional. The que-
stion if sueh a curve Q exists was posed by R. H. Fox, who gave
me also some stimulating advice in preparing this paper. The po-
sitive answer on this question follows from following more general

Theorem. Given any n-dimensional simplew Ao, lying
n-dimensional Buclidean space Cn, there ewists a simple arc By such
that every straight line in C, which intersects A, also-imtersects By
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We first prove the following

Lemma. Let A be an n-dimensional simplex Tying in Euclidean
n-dimensional space C, and A* be an n-dimensional simplex lying
in the interior of A. For each a>0 there ewisis a finite system
Ay, A1, Ay A3, ..., Ay A7, of n-dimensional simplezes with the properties:

10 Ay Ao,y A ave disjoint,

2° The diameter of 4; is <a for each £=1,2,...,m,

3% A; Uies in the interior of A and A} in the interior of 4;, for
each i==1,2,...,m.

4% Any straight line in O, which intersects A’ intersects af least
one of the simplexes A

Proof of the lemma: Let 3 be a positive number so small
that every point of C, whose distance from A’ is <p lies in A. It
is easy to see that there is a simplicial decompogition X of A , into
simplexes of diameter <W—17—T - B; such that the set E of vertices
of X lying in the interior of A satisfies the following econditions.

(1) Any n points of E are linearly independent,

(2) If B,B,,..,B, are n disjoint subsets of F, and each
of these systems is composed of # points, then the
(n—1)-dimengional hyperplanes Hy,H,, ..., H,, determined
respectively by E,E,...,E, have exactly one point in
commeon.

Let us denote by

(3) 43,43, ..., 45

the n-dimensional simplexes of X which lie in the interior of 4. It
follows from (1) that every straight line I which intersects each
of n disjoint simplexes 4%,, 4%, ..., A% of the system (2) along a segment
of I containg an interior point of at least one of these simplexes.
For otherwise there would exist in each simplex A% (i=1,2,...,n)
a gystem #; of n vertices such that the (n—1)-dimensional hyper-
plane H; determined by E; contains L, which confradicts condi-
tion (2). '

Let p be a point belonging to fthe boundary 4 of A and P’
% point belonging to the boundary A’ of A%, and let us denote by
L(p,p’) the straight line which contains p and p’. Since the dia-

1 .
meter of the simplexes of X are <3I1 f and since the meagure
1
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of ANL is =2 it follows easily that there exists in the system (2)
at leagt » disjoint simplexes which interseet L in a segment. Byt
this implies, as we have already proved, that L containg an interior
point of at least one of these simplexes. Of courge every straight
line in O, which intersects 4’ has points in common with both 4
and A’. Thus every straight line in ¢, which intersects A’ mugt
contain a point which is the center of a gphere of positive diameter
contained in some simplex of the system (3).

Let us denote by A the set of lines L in €, which intersect 47,
For each I e A denote by (L) the diameter of the largest possible
sphere with center lying on L and contained in any simplex of the
gystem (3), and denote by @(L) such a sphere of diameter o(L).

The pair of points p ed and p’'ed’ may be considered as
a point (p,p’) of the Cartesian product 4x 4°. Since o(p,p’)>p
the line L(p,p’), which may be congidered as a point in the space
of all lines in C,, depends continuously on (p,p’). Since 4 x4 is
eompaet it follows that 4, which is 2 continuous image of 4 x 47,
is also compact. Moreover it iy clear that o(L) is always positive
and depends continuously on I e/ so that there must exist a po-
sitive number y such that o(L)>y for every L e A.

Evidently for every i=1,2,...,m there exist two simplexes 4,
and A; such that 4; lies in the interior of AF and A;lies in the interior
of A; and the distance of any point in Af from 4;is <y. It is clear
that Ay, 41, 49,45 ...;4m, A1 satisfy conditions 1°, 20 and 3°. If now L
is any straight line which intersects 4’ then there is an index 4 such
that Ay containg the sphere @Q(L). The center ¢(L) of Q(L) is on L
and since the radius o(L) of Q(L) is =y it follows that ¢(L)e 4.
Thus ¢(L) e L- A; 0. that condition 4° is also satisfied. This completes
the proof of the lemma.

Proof of the theorem: It is known that, given any compact
0-dimensional subset 4 of Buclidean n-dimensional space Oy, there
is a simple arc BC(C, such that ACB. Therefore it will be sufficient
to prove only that there exists a compact 0-dimensional subset A4,
of C, which is intersected by every straight line I of 0, which
intersects 4,.

The set 4, will be the common part of a monotone decreasing

sequence of polytopes {4,} which will be defined by recurrence
as follows:
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A, is a’simplex 4, containing 4, in its interior, of diameter <a,
where « is twice the diameter of A,. Evidently A4, satisfies for k=1
the following condition

(Vi) Ap is the union of digjoint n-dimensional simplexes

AP AP, ..., 4D, each of diameter g%. Tn the interior of

each 4% there may be found a simplex A% in such a way that
any straight line L in C, which intersects 4, intersects at least
one of the simplexes A(‘k)',dgk)’,...,dﬁf‘;'.
Suppose that a polytope A, satisfying the condition (V) has
been constructed. Let us denote by AP the set of all straight lines
in ¢, which intersect 4% By (Vi) we see that

,(3) A= Lv) A,(,k)’

where A° denotes the set of all straight linesin Cp whic.h ilhljoerse ct 4,
Applying the lemma to the pair of simplexes AP, AP we find
.a finite system of n-dimensional simplexes
88,030,283, 28, D 0 A%

1y
which satisfy the following conditions:
19 Ai’ﬂ,dﬁ’f&,...,AE,‘f}nm are disjoint,

. a .
9% The diameter of AW is < ) for each ©=1,2,..., My,

30 A% Ties in the interior of AP and 45‘2’ in the interior of A‘ﬂ
for each 4=1,2,..., My
. 49 Each strafght.line L e AP intersects at least one of the
gimplexes Af,’f%’.
If we set
L=y 4

we obtain a polytope which satisties the condition (V). From 3%
it follows that Ay 1CA, and from 19 and 2% we conclude that

Ag=N4s

is a 0-dimensional cbmpa-etum. By 4% and (3) we see that each
straight line I e A° intexrsects the compact set 4 and consequen_tly

algo the set A, This completes the proof of the theorem.
18%
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Remark. Let us suppose that the diameber of 4 is <1 ang
that » >2. Evidently it is always possible to define the arc B, and
the set Af=4, satisfying our theorem in such a manner that:

(19 B,C4 and the end points of B, are two arbitrarily given

points a, b lying on the boundary 4 of 4,

(2% By,— Ao-—( a)— (b)_.UPv, where PY, P, ... are disjoint open

segments with the dla,meters <1.

Let us now define a sequence of ares By, By,... by recurrence
as follows:

Suppose that an arc simple B, and a 0-dimensional compact
sett A*CB, have been defined satisfying the following conditions:

(1% ByC4 and a,b are the end points of Bh,

(Qk) .Bk—-.Ak—( )—( ) UP where P],Pz, .y are dlBJOmt

open segments with the diameters <-—— % +1

‘We define now an are simple By and a compact 0-dimensional.

set A} 1CBey as follows: Let us denote by I, & natural number

sach that for i >1 the diameter of Pfis < -——. Itis easy to observe

k-{—z
that for each i=1,2,...,l; it exist two n-dimensional simplexes a5
and A¥ such that

a) The center ¢f of the segment P belongs to the interior-

of A and A lies in the interior of a5,

b) The diameter of A% i <2k,

¢) The diameter of A¥ ig legs than the quarter of the distance
of the center ¢} from the set B,—P}.

It follows from a) and ¢) that A¥N P ig an segment with
endpoints ¢f,b¥ lying on the boundary of Af. If we applyom"
theorem and (1“) we infer that it exists an arc BiCAI with the
endpoints af,bf and a compact 0-dimensional set A¥cBt such
that every straight line in O, which intersects A% also intersects A%
If we put

I
Afy= (}zJiA?) U4,

o y:2 e k
Bipi=(YBi)U (Be—U 1),

we obtain a compact 0-dimengional set A}.; and an arc Byt sabis-
fying the conditions (1%H!) and (2%H).
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Let ¢, denotes a homeomorphic transformation of the inter-
val €0,1> onto B; such that each open interval g (P¥) is trans-
formed by ¢, linearly onto open segment PE. 1t follows easily from
our congtruction and from b) that & homeomorphic transforma-
tion @, of {0,1> into By can be obtained from ¢, by & modrﬂ-
cation of @, in the digjoint intervals

g7i(B,N4Y, i<,

in such a way that

1
g[qck(aﬁ),qah_}_l(w)]gﬁ fOl‘ Og.’ﬂg\l.
It follows that the sequence {p,} is in the interval <0,1) unifor-
‘mely convergent to a continuous transformation ¢. Moreover it
is eagy to show, applying the condition ¢), that ¢ is a 1—1 transfor-
mation. Hence ¢ maps the interval {0,1> onto an arc simple

B=¢(<0,13).

Tt follows from our construction that every arc simple B'CB
containg some of the sets AY. Consequently every straight line
in €, which intersects the simplex A7° also intersects B’. Thus
we obtain the following

Theorem. There exists in the n-dimensional Euclidean space C,
.a simple are B such that for every arc simple B'CB ii exists a n-di-
mensional simplex A’ such that every straight line in C, which inter-
sects A’ also imtersects B
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