ROUPS CONNECTED WITH BOOLEAN ALGEBRAS
(PARTIAL SOLUTION OF THE PROBLEM P 92)
BY
A MOSTOWSKI (WARSAW)

The aim of this note is to solve the problem proposed in

the remark 59 of the preceding paper’) for a special kind of

Boolean rings 4, namely for the so called rings roith an ordered
basis?).

We use symbols delined in the remark 5° ot [1]. Besides this
we put

(@a<by=(a-b=4y), (a<<b)=(la®b) and (a7 b)),

for arbilrary a,bed. We denote by 0 and | the zero and the
unit of 4; by o the operation inverse to the group-theoretic
addition . 1f T is an arbitrary set, then G7 will denote the 7-{old
Cartesian power of G, i.e. the group of functions defined over
T and assuming values of G, the addition of two iuuc[mns being
defined by the formula (*) of [t} If $CT and »eGY, then 2|8
denotes the funciion » 1(,stucled to the set S.

We recall now the definition and the simplest properties of
Boolean rings with an ordered basis.

A set MC A is an ordered basis of 4 if 0,1 M, M is orde-
red by the relation <<, and 4 is the smallest ring containing M.

It is easily proved?®) that if M is an ordered basis of 4, then
every element a#0 of 4 is uniguely representable as a sum:

(1 a=a,+b +ay+by+ ...~ an b,

where a;, by, are elements of M (i==1,2,...,n), and

(2) al>‘b1v>fla>b3>...>a;;:>brt.

) Kuratowski-Mostowski, [t], p. 214, (Numbers in Dbrackets refer io
the bibliography at the end of the paper).

) Mostowski-Tarski, {2, p. 70.

} Mostowski-Tarski, [2], p. 71.
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Formula (1) is called the canonical representation of a

A simple example of a ring with an ordered basis is furni-
shed by the ring Ay of sets which are simultaneously open and
closed in a closed subset H of the Cantor’s discontinuous set C.

Indeed, every element of Ax can be obtained by means of
the Boolean operations - and - from sets of the form H-{0.a7,
where <0,a> is a closed interval the endpoint a of which lies
outside €. All sets H-(0,a> form thus an ordered basis of Ap.
Note that every finite and every denumerable Boolean ring is
isomorphic to a ring 4y, where H is a closed subset of C homeo-
morphic to Stone’s representative space of the ring ‘).

Theorem. If M is an ordered basis of 4, then the group I
is isomorphic to G, where M'=M—{0,1}.

Proof From the fact that the group-operations in I" and in
GY are identical it follows easily that the correspondence
(3) yery =y M
determines a homomorphic mapping of I' into el

Assume that #=»|{M’ is the constant {funclion z. Since

“»(1)=z by the definition of I" and since »(0)=»(0)0»(0)=2z, we

infer that »(b)=2 for each eclement b of the basis M. Observe
now that if a;>b;, then (a&—+b)—+bi=a; and (ai-+b) bi==0,
whence »(a;+bi) 0»(b)=v(a) and therefore v(ai+ b)=r(a)e»(bi).
Observe further that if the conditions (2) arc satislied, then
(ai—+by)-(a;+b)=0. Fakmg both these observations-together we
obtain the formula
v(a)=[r(a;) & r(b)]Or(as) © »(by)]O...Or(an) © #(bu)l.

which proves that if » vanishes for the clements of M, it vani-
shes identically.

Hence the kernel of the homomorphism (3) contains only the
conslant function z and (3) defines an isomorphic mapping of I'
into G™.

It remains now to prove that every weG* has Lhc form. »
for a suitable »eI" To show this we assume that ,ue(: " and we
put u(1)=pu(0)=2, and

4 Horn-Tarski, (3], p. 484
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(4) v(a)=[ufa) o pb)]0...0 plan) & n(bi)l
for every element defined by the formula (1).

It is evident that if aeM, then »(a)=pu(a), because (1) takes
then the form a=a-0. Hence p=v»M" and it remains Lo prove
that »eI. The condition »(0)=2z being obviously satisfied, we
musi only show that

pa-+a)=v@)or@ for a-a=0

Let us assume that the formulae (1) and (2) hold and so do
the two similar formulac for the element a:

(5) A=y by =ty by ... b,

(6) &y > by o 8y 2> by > >l = by,

where a; and b; are clements of M for j=1,2,...,m.

We shall show that if a-a=0, then no ; and no &; lics be-
tween a; and b Indeed, assuming that a,> & >=-bi, we have cithor
a;>b;> b or 8;>b;>b;. In the first case & b7 a,--b;, and
hence a-a& contains the element &;-+b; which. is different from 0.
In the second case a&;-+b,«7 &by and &--bi<7a;--b;, and

hence a-@ contains the element &; -~ b; which is diffecent from 0. -

We have thus proved that if a-8==0, no  can lie between a
and b,. The proof that no b; lies between a; and b, is similar.
It follows from what we have just proved thal if we arrange
the elements ay,b;,...,80,b0.,8,b,,...,80.by in decreasing order
of magnitude, we shall obtain a sequence of the form

) a>b>. . >a>bla 0, =b > > e > b >

Let us first assume that no two elements of this sequence
are identical. Hence the canonical representation of a4 is

ul—l—'bl-l—.,.—{_m—]—b;—}—ﬁi-Fl;l—}—...—l—[i;—l?bﬂr—m[~|—|-l),|.1—}—...,
and we obtain according to the formula (4)
vata)=[u@)eud]o...ofu@)eub)o
olu@)epdo...ojp@oubd)o..=
={[plagoubio...olu@)epndl}o
o{lu(@)eublo...0 [ ulin © ulbw)]}=v(a) 0u(a).
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The same result holds if there are pairs of equal elements
in the sequence (7). Suppose e.g. that by=a,. We have then

a—l—fl:aﬂ—bl—{—...—I—ai+bi~}—z‘zl—}—771—-}—...=a1—!—b,—}—..‘—|—ai-l—51—{—...,
since bi+a,=0. Hence the canonical representation of a-+a is
a+ﬁ=a1+b1+...+ai+51+...,
and we obtain from the formula (4)
(8) v(a—-a)=[ula) © ub]o...o[ula) e ulb)o...
On the other hand
w(a)=[ula) @ ub)jo...olula) e uxdio...,
y(@=[ua) e ublo..olu@)eubo..

If we add the formulae for »(a) and »(a), u(4,) and u(b) w.fill
cancel, and we obtain thesame value as on the right hand- silde.
of (8). Hence w(a--a)=1»(a)o»(@ in all cases and the proof of
the theorem is complete.
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