On a theorem of Mazur and Orlicz

by
R. SIKORSKI (Warszawa).

Mazvur and OrLicz proved the following theorem?):

(M-0) Let X be a linear space, let o(x) be a functional defined
on X such that

1 _ o@+y) <o@)+oly),
(2) w(tr)=tw(x) for >0,

let x(t) be a mapping of an abstract set T imto X, and let c¢(t) be
a finite real function on T. In order that there exist an additive and
homogeneous functional &(x) defined on X, such that

(3) {r)<w(@) for weX,
(4) e(r)<E(2(v)  for TeT,

it 8 necessary and sufficient that

B

n

(5) ltkc(‘fk)<ﬂ’( > ()

k k=1

il

for every finite sequence t,,...,t,eT and for arbitrary non-negative
real numbers ty,...,1,.
) In this paper I shall show that Theorem (M-O) follows in a very
simple way from the following well known theorem of Banach:

) (B.) Let w(x) be a functional defined on a linear space X and
satisfying conditions (1) and (2). Then there is an additive and ho-
mogeneous functional £(x) defined on X, such that &(x)<<w(x) for veX.

) We shall first formulate Theorem (B) in another more conve-
nient form (see Theorem (B‘) below).

1) 8. Mazur et W. Orlicz, Sur les es ftri inéai ;
» paces métriques lin
volume, p. 137-179. See p. 174, Theorem 2. 41. ! inares (11), this
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Let X be a linear space and let ¥ denote the set of all real
numbers. The linear space Z=X x ¥ is the set of all pairs z=(z,y),
where xeX and ye Y.

A set SCZ is said to be a positive cone if

(«) 8 is a come, i. e. £z +tzeS whenever z,%eS, t;,5,20;3

(B) (0,y)e8 for y=0;

(y) for every xeX there is a y such that (z,y)eS.

A positive cone SCZ is said to be proper if S+£Z.

(i} The following conditions are equivalent for each positive
cone SCZ:

(a) S s proper;

(b) if (0,y)e8, then y=0;

() the mumber w(v)=inf [y|(x,y)eS] is finite for every xe X.

This equivalence holds in the case where X is at most two-
dimensional. This equivalence holds also in the general case sinece
each. of the above conditions (a),(’b),(e) is satisfied if and only if,
for every at most two-dimensional linear subspace X 'CX, it is
satistied by the positive cone §'=S-(X'x ¥)in the space Z'=X'x¥.

(i) If the positive cone SCZ is proper, then the functional w(x)
defined Dby (c) satisfies conditions (1) and (2). Conversely, if w(x)
is a functional satisfying (1) and (2), then the set

S=[(z,y)]|o(x)<y1CZ
is @ proper positive cone.

The first part of (i) is trme if X iz at most two-dimensional.
T4 is also true in the general case since o satisfies (1) and (2) in X
if and only if o satisfies these conditions in every at most two-
dimensional linear subspace X’'C.X.

The second part of (ii) is obvious.

(B) If 8CZ is a proper positive cone, then there is an addi-
tive and homogeneous functional &(z) in X such that &)<y when-
ever (x,y)el.

T4 is sufficient to apply Theorem (B) to the functional w(x)

defined by (e).
Clearly the condition that § is proper is also necessary for

the existence of &.
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Proof of (M-O). Only the sufficiency should be proved.

Suppose that w(z), #(r), ¢(r) satisfy conditions (1), (2) and (5).

Let S be the set of all pairs

(w—kZ e (), y)e Xx ¥Y=2Z,
k=1
where

n
?/>w($)—-—k§tko(tk),

Tyy-eo, €T, and &,...,4, are non-negative real numbers. It follows
from (1) and (2) that 8 is a positive cone viz. the least cone contain-
ing all elements (#,0() and (—a(z), —c(z)). It follows from
(5) that (0,y)eS implies y>0. Thus § is proper.

By (B’) there is an additive and homogeneous functional &(x)
defined on X, such that &(z)<y for e=(2,7) ¢ S. Putting 2= (z, 0(2))
or z=(~—(7), —e(r)} we obtain the inequalities (3) and (4) respec-
tively, q. e. d.

The above proof explains the geometrical sense of (5). The
condition (5) is an analytic formulation of the assertion that the
positive cone S defined above is proper.
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Sur une formule de Efros
par
L. WEODARSKI (R6dz).

Introduction. A. M. EFrosl) a établi la formule
(1 I {v(s) FLg(s)]) —'—ff(T)L—i{T(S)C’"’m)}dT,
ol I est la transformée de La;;ﬂaee de f,
) Fioy=[ )
b

et I-! désigne généralement la transformation inverse & celle de
Laplace. L’auteur n’a pas préeisé les conditions pour f, ¢ et v, dans
lesquelles la formule (1) est valable. Or, ces fonctions ne peuvent
pas é&tre arbitraives.

Si, par exemple, ¢(s)=s et v(s)=1, Pexpression L—l{v(s)
clest-d-dire I—t{e™}, est dépourvue de sens. En effet, supposons
que cette expression soit égale 3 une fonction p(t). Alors

e—rq(s)} ,

(3) fm () dt= e,
d’oli, en dérivant par rap;ort & s,
(4) — fme_‘“t(p(t) dt=—7e ™.
T vient de (3) et (4) ’
fe’s'(t—r) @(t) dt =0,
0

ol ¢(t)=0 pour presque oub t>0, ce qui est en contradiction

avec (3).
W. DitkIN et P. KUzNECOV?) onb introduit certains restric-
tions pour les fonetions en question qui rendent la formule

1) A. M. 3¢poc, O neromopua RPUMEHEHUAT ONEPIMOPHOZO UCUUCIEHUR
# anaausy, MareMarTuyecKul CGoprmx 42 (1935), p. 699 -705.

) B.A. Ourrurn IL I Kysuenos, Cnpagouruk no onepaylLoRHomy
wenucaenwo, Mockea 1951, p. 62 - 67.
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