A new proof of Titchmarsh’s theorem on convolution
by
J. G.-MIKUSINSKI (Wroctaw).

1. E. Trroamarsy proved the following theorem:
(1) If the functions f and g are integrable over [0,T] and

i
J1tt—n)g(x)dz=0
0

a.e.t) in [0,T], then f=0 a.e in [0,4] and g=0 a.e in [0,1,],
where t,+1, =T

There exist several proofs ([1], [2], [3] and [5]) of this theo-
rem; they are all based on the theory of analytic or harmonic
functions. In the sequel, we are going to give a simple proof based
only on methods of analysis of functions of a real variable. Precise-
ly, we shall apply the following Theorem on bounded moments [4):

T
If | [ e fdat|<M (n=1,2,...), where 0,>0, G, ,— a,>&>0
0

and S1ja*=oo, then f=0 a.e. in [0,1].
n=1
2, The theorem (I) can be written in the following equiva-
lent form: ’
(II) If the functions f and g satisfy the assumptions of (I), then
at least ome of them vamishes a.e. in [0,3T].
It is evident that (IT) follows from (I). To prove it vice versa,

denote respectively by [0,%,] and [0,1,] the largest intervaly in which
f and g vanish. Then

1) a. e. = almost everywhere
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—t, u
b= [t =0 g@dr= [ ft—r)g(x)de= [ fthtu—)gl+T)dr
0 & [0
for t=t,+t,+u. If (II) holds, then h cannot vanish in any right
neighbourhood of t;-+¢,. Thus, we have #,-+#,>T.
3. We shall prove Titchmarsh’s theorem in the form (II).

t
From [ ft—7)g(x)dr=0
0
it follows that ,
r
I= [ et [ fi—v)g(z)dr=0.
0 0

The iterated integral I, can be written as a double integral
I=[ [T fli—7)g(z)dz;
A

the domain of integration 4 is the triangle defined by the inequa-
lities 0<<t<t<T. By the substitution t=T—u—v, 7=3T—v, we get

I=[ [ {3 T —u) g(3T —v) dudv,
s ,

where the domain of integration B is the triangle defined by the
inequalities 0<Cu+v, u<3T, v<<}T. We may write

S0

where € is the triangle —37T<u, —3T<Dy, u-+v<0 and B4C is
the square —3T<u<<3T, —3T<w<$T.

Sinee ffr-Ia:O, we have
B

[[et BT —u) e g(3T—v) dudo= [[ e f(3 T —u)g(3 T —v) dudp.
B+C c
1f >0, the coefficient ¢*™+ in the last integral is less then 1.

Thus
T2

‘i 723""f(3_;1’——u)d-u J e“"g(%T—v)dv‘

—T/2 —T/2

W < [ [1F3T —u)g(3T —v)| dudv =M (a>0).
(2]
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Denote by {a,) the sequence of all positive integers such that

/2
1fe“n“f(%T—u)dur}<M
-

and by [, the sequence of all positive integers such that

/2
] e"%”g(%l’—v)dv‘ <M (m=1,2,...).
—T2

By (1), one at least of the relations

1 |
Z——- =00 or 2 — =00
N n=1 ﬂn

n=1

must hold. Suppose the first does so.

Since

) 0
[ emiGT—wau| <M+ [fRT—w)du|=F  (1=1,2;...),
[ —T/2
we have, by the Theorem on bounded moments, f(37—t)=0 a.e.
in [0,4T], that is f({)=0 a.e. in [0,3T]. Thus, the theorem (II)
and, consequently, the theorem (I) are proved.
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Remarks on a moment problem
by
R.P.BOAS, Jr.!) (Evanston, Xllinois).

J. G.-MIKUSINSKI2) recently gave an elementary proof of the
following generalization of LERCH'S theorem:

If 1(t) is integrable over the finite interval 0<<La<<b and if for
some >0 and every £>0

h
(1) [ di=0l(a+ )],

then f(£)=0 almost everywhere in (a,b).

He raised the question of whether the theorem can be extended
by replacing the arithmetic progression [fné} by a more general
sequence {ln}. I shall show that the theorem can be proved by less
elementary methods, one of which leads to a generalization of the
desired kind.

By a change of variable we can make é=11in (1), and we sup-
pose this done. We remark first that if f(¢) is non-negative the con-
clusion is immediate, since if f(f) does not vanish almost every-
where in a neighbourhood of b, we have?)

b ll/n
JRE[0) dtl =bh.

a

(2) Lim

n >0
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