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and write
a’ik=f|mi(t)ldt'
4x
Then .
0< D ey <1
F=1
and
[T (@15 s )| = 1T (@150 -1 %n) l< 2 H f[% (®) de

porytin) =1 4k

= Z n“mclc<n Zazk<1
(Ageeeymn) =1 =1 k=1

On the other hand choose

' n  for tedy,

o (f)= { 0 elsewhere.

Then |gg|=1 and U (@,...,8)=1. Hence

sup U (@, @)il=1

[EES Rl BN

By definition of the operation U(ay,...

—ul [] fatt)dr.

Je=1 dx

@,) it easily follows that

Let ||jz]|<1; since

=3 [lod,
k=1 dx

we obtain
n n n!
[TON=1T <[] [woa<n(r S Towa) <ol

On the other hand, #(t)=1 ,)y="n![n", whence

sup || U (z)]j=mn!/n"
Izl

Thus the equality (*) is true.

implies U(a,...

Regu par la Rédaction le 29. 3. 1954
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On quotient-fields generated by pseudonormed rings
by

K. UTRBANIK (Wroctaw)

I. A linear ring R over the field of complex numbers ag scalars with
unit element is called a pseudonormed ring if R is a By-space (Mazur and
Orlicz [4], p. 185) with respect to a sequence of pseudonorms || {iy,l llzs---
submultiplicative, 4. e. satisfying the condition |zy|<[2|:ll¥l, for every
,yeR.

In this paper we shall deal exclusively with commutative pseudo-
normed rings without divisors of zero.

Let Q(R) be the quotient-field obtained from the pseudonormed
ring B (Van der Waerden [7], p. 46-49). J. G.-Mikusinski has introduced
by means of the convergence in the ring R a convergence in the field
@ (R) (which will be called the M-convergence) as follows: the sequence
@140y,... (8,6Q(R)) converges to ae@(R) (which will be denoted by
M-lima,=a) if there exists weR (x7#0) such that za,eR (n=1,2,...),

N—r0a
zaeR. and the sequence xa,,xa,,...
lim |jza, — za|,=0 (k=1,2,.

converges to xa in the ring R, <. e.
..) (Mikusiniski [5], p. 62). It is easily seen

T—>00 .
that @ (R) with the M-convergence is an L-space of Fréchet (Kuratowski
[3], p. 84) and that the addition and the ring- and scalar-multiplication
in Q(R) are continuous with respect to the M-convergence.

The M-convergence in @ (R) is called topological if there exists in @ (R)
a topology satisfying the first axiom of countability (Kuratowski [3],
p. 33), such that the convergence according to this topology is equivalent
to the M-convergence, and Q(R) is a topological field with respect to
this topology (we suppose here that the inverse of an element is a con-
tinnous function). In connection with the study of the M-convergence
in the field of operators of Mikusivski (Urbanik [6]) arose the problem
of determining those pseudonormed rings for which the I -conevrgence
in Q(R) is topological. In this paper we shall prove that

If the M-convergence in the field @ (R) is topological, then the pseudo-
normed ring R, is isomorphic and homeomorphic with the field of complew
numbers (topologized as usual).
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Tt is sufficient to prove that if the J!I-convergence is topological,
then the tield Q (R) with the M —eor;vergene{e—l h1s aexi;)lnzgx A(;é(:c?rlg c;nxg;:;;
inear jcal space. Indeed, from a theoT A [1]; p. 62
]:v??ifet;) 11(1)11;1% liie fIi)eld @ (R) is isomorphic ‘and homeomorphlc‘hmtp th]eé
field of complex numbers, whence it immedmtely' fo}lows thz_)fn 11;[ e ;{tng i
also hag this property. (I am indebted to Mr Alel.mewmz m}d to br m;;n
for calling my attention to the fact that m;: first proof*may‘ ’ ® s;;np i-
fied by applying the theorem of Arens). bmc.e the Bo-sp.acc.? ( )a'z.Er
and Orlicz [4], p. 185) are convex linear topological spaces, the convexity -
of the space Q(R) follows from . '

Lewma. If the M-convergence in Q(R) is topological, then Q) pro-
vided with the M-convergence is By -space. .

Proof. The fact of the IM-convergence in @(R) heing tqpologmal
implies that Q(R) is a topological group with respect to add1§1oim amd
gatisfies the first axiom of countability. Hence b.y a theo_rf—am of 8. Ka-
kutani [2] there exists a distance-function ¢ in the flekd.l Q(R) such
that the M-convergence is equivalent to the convergence involved by
this distance and such that

o(a,b)=g(a+c,0+0)

for every a,b,ce@(R). Setting lla|=g(a,0) we obtain a (non-homoge-
neous) norm || || in Q(R), % e satisfying

1 [a|=0 if and only if a=0,
20 Ja4-blI< llafl 1B,
3 all=l—al.

From the equivalence of the convergence implied by the norm || |
o the M-convergence it immediately follows that

4 TIf A,A,... is & sequence of complex numbers convergent to 0,
then lim|jA,a|=0 for every aeQ(E),
N—00

5° If lim|a,|=0 and A is a complex number, then
N—ro0

(a,neQ(R)). .
Hence we see that @ (R) is an F*-space (Mazur and Orlicz [4], p. 180)
with respect to the norm || || and hence also to the M-convergence.
Now let limfa,ll=0 (a,Q(R)), i.e. M-lima,=0. By the definition
N—00 N0

Tim A= 0

K e

of the M-convergence there exists an element @eR {(:#0) such th‘tmt
za,eR and lim|ea,l,=0 for k=1,2,... (I |l denote the pseudonorms in

N—>00

the ring R). Let 2,,4;,... be a sequence of non-negative real numbers
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such that 3} A4,<oco. Then Y 1,|lza,ll,<<co for k=1,2,..., i. e. by the
n=1 n=1
homogeneity of the pseudonorms || ||i,| |l;..-

Z’l”wxnan”k<°° for k=1,2
n=

gl ygeee

m
Hence the sequence Y #l,a, (m=1,2,...) converges in R to the ele-
. . n=1 m
ment a= Y xA,a,, and therefore the sequence Mi,a, (m=1,2,...) is
1 =1

n= N=
M-convergent in the field Q(R) to the element #—'a, which implies the
boundedness of the norms: .

| 3t < <o
n=1

Hence, by a theorem of S. Mazur and W. Orlicz ([4], p. 201), @(R) is a
B;-space with respect to the norm || || and thus also to the M-conver-
gence, which proves the Lemma.
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