On the ideals’ extension theorem and its equivalence
“to the axiom of choice

by
S. Mréwka (Warszawa)

Let us recall the following definition:

Definition 1. A set 4 ¢ R is called the maximal set in the family ¥
if there exists no set BeR such that ACB#A. ;

Definition 2. A subset I of elements of a Boolean algebra B is
called an ddeal, it it satisties the following conditions: ’
- 1°if a,bel then a+bel,
20 if el then a-bel for arbitrary be B.

An ideal I is called proper if it is different from the whole algebra B.
It is evident that the necessary and sufficient condition for an ideal I
to be proper is 1¢1. .

The following “ideals’ extension theorem® is known:

) TrROREM 1. If I s o proper ideal of a Boolean algehra B, then there
exists a maximal proper ideal I* which contains I (more precisely: in the
family R of oll proper ideals which contain I there ewists a mazimal ideal T )

It is known that the proof of this theorem is not effective; it is
based on Zermelo’s theorem on well-ordering, or on Zorn’s Jemma, equi-
valent to it. In both cases it is based on the axiom of choice. It is not
known whether this theorem is equivalent to the axiom of choice; we
only know that it is equivalent to other “non-effective’ theorems, e. g.
to the theorem stating that every free-torsion Abelian group may he
ordered, to Tychonotf’s theorem on the product of bicompact Ty-gpaces
and so on. It is remarkable that (as shown by J. L. Kelley) Tychonoff’s
theorem for T-spaces is equivalent to the axiom of choice (evidently,
this equivalence is based on the axioms of the set-theory without the
axiom of choice).

In this paper we shall show how it is possible to change theorem 1,
80 as to make it equivalent to the axiom of choice.

Let us consider the following theorem:
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THEOREM 2. Let A be a subset of elemenls of a Boolean algebra B
and I an ideal disjoint with A. Then there exists an ideal I* including I
and disjoint with A and maximal with vespect to this property (i.e. I* is
a mawimal set in the family R of all ideals including I and disjoint with A ).

Tt is evident that theorem 1 is a simple consequence of theorem 2;
it is enough to put A=1{1}.

‘We shall ghow that theorem 2 implies the axiom of choice.

Firstly we shall recall the following definition:

Definition 3. A set F of elements of a Boolean algebra B is called
a filter if it satisfies the following conditions:

1¢ if a,beF then a-beF,

20 if g eF then a+beF for arbitrary beB.

A filter F is called proper if it is different from the whole algebra B.
The necessary and sufficient condition for the filter F tfo he proper
is 0¢F.

We see that if I is an ideal, the set of all a’' (a' denotes the com-
plement of a), where a ¢ I, is a filter and eonversely.

Hence it follows that theorem 2 is equivalent to an analogous theo-
rem 2, for the filters:

THEOREM 2. Let A be a subset of elements of a Boolean algebra B and
let F be a filter disjoint with A. Then there exists a filter F* containing F
and disjoint with 4 and meximal with respect to this property.

In the sequel we shall introduce the following notation:

If B is a Boolean algebra and 7 an arbitrary non-empty set we
shall denote by P B, the product of algebras B, . e. the set of all func-

€T
tions f defined on 7' with the values belonging to B and with the ope-

" rations defined as follows:

h=f+4+g it h()=j(x)+qlr) for every <7TeT,
h=f.g if  h(z)=f(7)-9(v) for every . 1€,
h=]f it h(r)=[f(x)] for every tel.

Now we shall prove the following lemmas:

TEMMA 1. Let A be a subset of elements of a Boolean algebra B, and
R a family of filters {F.l.er which are disjoint with the set A.‘ Then there
exists a family R* of filters {F¥ler such that every FT is disjoint with A
and contains F, and is maxémal with respect o this property.

Proof. Let us set B= PB,. Let A be the set of all those f ¢ B, for

7€l _ _
which 7(z) € 4 for at least one re T and F be the set of all those fe B
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for which f(v) e F, for every v e T. Evidently, the set F is a filter and
F.A=0. By theorem 2’ there exists a filter F* which contains F anq
is disjoint with 4 and maximal with respeet to this property. Let Fj
be the set of all those a ¢ B for which the element fe B8 where f(ry)=a
and f(r)=1 for t#£v,, belongs to F*. It is evident that F¥ is a filter
including F,, and disjoint with 4. We shall show that F2 is the maximal
filter disjoint with A. In fact, if it is not maximal there should exist
a filter FCB such that FiCF#£Ff and F-A=0. If we denote by F,
the set of all those fe B for which f{v,) e F and f(z) ¢ F* for TH#T,, we
see that F, is a filter disjoint with A and F*CF,#F* Dbut this leads
to a contradiction, because the filter F* is the maximal filter disjoint
with 4.

LenMA 2. Let § be a sublattice of a Boolean algebra B and let 0 ¢ 8.
Let R be a family of proper filters {F.},er of the lattice 8 (i. e. F.CS8).
Then there exists a family R* of mawimal proper filters {F*}.er such that
F.CF;CS.

This lemma is a simple consequence of lemma 1. It is enough to
set 4A=B—84-{0} and apply lemma 1 to the family R.

Now we ghall show that lemma 2 implies the axiom of choice.
Let & ={C:};er be a family of non-empty.and rputua.lly digjoint
sets. Let us set P= ) (,. We shall introduce the topology in the set P

7€T
in the following manner: the family § of all closed subsets of the space P
is a family eonsisting of

(«) the empty set 0,

(£) all one-point sets,

(v) all the gets O, (zeT),

(8) all finite unions of the sets of () and (y).

It is evident that the space P thus defined is a bicompact T,-space.
The lattice S of all closed subsets of the space P is contained in the
Boolean algebra B of all subsets of the space P and 0 ¢ §. Let us denote
by F, & filter congisting of closed sets containing C,. Since C, is a non-
-empty set, ¥, is a proper filter and evidently F,CS. Let us consider the
family R of all these filters. By lemma 2 there exists a family R* of ma-
ximal yproper filters {F*},.r contained in 8 and satisfying the condition
F.CFf. Let us notice that if Dy,y...,Dye F¥ then D, -...-Dye F* and since
0¢F7 (Ff being a proper filter) we have D,-.. D0 for every
Dyy..; Dy e FZ. But P being a bicompact space implies that [] D=£0. We

DeFY

shall show that [] D is & one-point set. In fact, in the opposite case the
DEF;’
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class F of closed subsets of P which contain the element a ¢ H*D would be
DeF;
a proper filter contained in 8 and FyCF-=£Fy; but this leads to contra-

diction because F* is the maximal filter. Since C, ¢ FF, | ]*I)C C.. In this
DeF,

manner we may choose one element from each of the sets C..
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