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et a une solution périodique de période 7' = 2= /w donnée par la formule
2z = Beoswt. BEn appliquant & I’équation (9.6) la transformation I7(f, »):
y = s—Bcoswi, on obtient I’équation

(9.8) 9’ = —A%¢(A)(y+ Becos wt)— cos(wt— Ay +Bcos wt)) +Bw’ cos ot
pour A =10 on &
y'" = —A%c(0)(y + B cos wt) — cos vt +Bw’ cos wi.
Comme
—A*Beos wt— cos wt = —Bo®coswt,

on & done pour A =0
(9.9) g = —A%y.

De méme que dans les exemples précédents, on a m = TA? | f,',(t, 0,0, 0)]
= 4% |f;(t,0,0,0)| =0, et enfin

If(£,0,0,0)| < A*B|o"(0)|+B.

Par conséquent, si M = max(A2B|o'(0)|+B, 42, et les constanbes
A, T, M satisfont & I'inégalité (10.4), il existe (pour |A| < L, o L >0
est convenablement choisi) une solution périodique ¢(¢, A) de I'équation
(9.8) de période T = 2n/w, telle que @(¢, 0) = 0. En raison de la forme
de la transformation II(¢, ), il en résulte immédiatement que I’équation
(9.6) a une golution périodique de période T = 2n/w, z = @(, 1) (valable
pour |4 < L), telle que

@(t, 0) = Beos wt.
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A note on Fourier series of functions
of an infinite number of variables

by J. MUsIELAK (Poznan)

1. We consider the torus space @, of all sequences of real numbers
& = (Tyy s, ...), with all coordinates reduced modl. We denote by

[ #(2)dew,
Qm

the integral of a measurable function f(z), defined in @,, over the whole
space @,, and by

[ 1(@)dwn
(J:4

where H = (ky, ks, ...) 18 & non-empty sequence of indices, the integral
of f(z) over the space of subsequences (x, , %z, ,-..) (see [1], p. 266).
The set H may be finite or infinite.

2. We shall investigate a special orthonormal system, defined in @, .
Let B = (1, 2, ...) be the set of all positive integers and 4 a subset of E.
Then we indicate by 4 the complement of 4 with regard to E. Further
let m = (m,, My, ...) be a sequence of non-negative integers such thab
m; = 0 for sufficiently large 4. By n(m) we indicate the number of positive
integers in the sequence #m == (Mg, M,,...). It is easily seen that the
system of funections

Pa(z) = 2""“”2]7 cosznm@mi’ l sin 2mm, @y,
ied Jed

Pm@) =0 in Q,,

is an orthonormal one. We indicate by

an(f) = [ @ gn()dw,
Qw

(2.1)

the Fourier coefficients of a fuﬁction feI*(Q,) with regard to the system
{gm(@)}. Continuing the investigations of [2] and [3] we establish for
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0<y<?2 and arbitrary real » some conditions sufficient for the

convergence of the series
(2.2) ' 3 e mag )

m ACE
We remember that the summation extends here over all sequences
m = (M, Mg, ...) of non-negative integers such that there exist only
a finite number of m; 5= 0.

Let us remark. that the convergence of the geries (2,2) with ¢ =1
and x == % implies absolute convergence of the Fourier series of function
f(®) with regard to the system g ()} (V).

3. Now we shall introduce some symbols generalizing those used
in [2] and [3] for » variables. Let H = (ky, ..., k;) be a non-empty and
finite subset of the set B = (1,2,...) of all positive integers, with
elements &y < ky < ... <k, Further let us write z = (2, ®,,...),
k= (hy, by, ...). Then we write for H = (k,), -

FH(f; ] hy =f(@, ... Ppey -1y B+ By Trggay o) —
—~f(®y, ...
ko) (s >1),
F2(f; 05 h)
Moreover, we write
T(f; w3 b) =

90

s Tpy—1y Dy — hki; Tryq1y -
and for H = (ky, ...,
= FE[F-6; 0 1)),
7755 @5 6)].

sup |
@850 <hy e H

Let IT be a partition of @Q,:
<, 'wgvi) =1,

Then, given a non-empty and finite set of integers H =
and a number r > 1, we call the value

0=al) <a <... i=1,2,...

1 o)

(TR

Ng,y Nig

{S‘Ilp sup y 2 \FELf; @1, - vy By

a0l T 'lk =1 =1

Vi =

¢ -1 ) i —
%(msgfl)'*“fvgfl )): By g1y vy Prg—1y %(-’ﬂgf’)-FwE:f‘ 1)) ? Dlegg1y o3
$(@f? —af1™Y), §(afP—af2™Y), ... e
the r-th variation of order H of the function f(x).

('} The content of this paper was presented on January 17%%, ’19‘57,‘ to the
Symposium of Functional Analysis organized by the Mathematical Institute of the
Polish Academy of Sciences,

() The values obtained by the addition and subtraction of the variables must
be reduced mod 1.

(3) We remark that F I‘H(f, %3 h) does not depend on hnforn £ ki (¢ = 1, 2, ..., 8).
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4. Applying the above notation we formulate a lemma and two
theorems on the convergence of the series (2.2). Here ( will denote the
class of all non-empty and finite sets of positive integers.

TEMMA. Given real numbers 0 <y < 2, % and rg =1, and [<I*(Q,),
we suppose the series

o o s
22[14-7(#—1/2)]3 2 Z Q- 2 My 5

He X "’k1=1 vk8=1

x| [ [wmlfs o5 27 )R [ | PR (f @5 1277 Hdog] dws_a)™,
! o

Qr-H

(4.1)

where H = (ky,y ..., k) and [27°74] = (2771, 27277, .
Then the series (2.2) is also convergent.

Tor the proof it suffices to remark that in our case lemmas 3-5 of [3]
remain true. Then, if we replace lemma 1 of [3] by the inequality

N N
D lad < N3] la?)P,

i=1 i=1

.)y tu be convergent.

our lemma may be deduced by applying the method used in the proof
of theorem 1 in [3].
THEOREM 1. Given 0 < y < 2, x real and feL’(Q,), we suppose that

for every H = (ky, ..., ks)e K we have

TTE (£ e T AN of oH
(4.2) ‘/ SV 0 b, < Kb BT
where
(4.3) ]

and the constants K, satisfy the condition

Zm[z(l+2an)yl2—l_1]—l{l +21+y(u—1[2) [2(1+2nﬂ)y/2—1_1]—1}n—1 < oo.
n=1
Then the series (2.2) is convergent.
Remark. For y=1 and »=1, if we suppose that K,=0{[(2a,—1)/16T"}
then (4.4) is satisfied.

(%) It should be gremembered that ks is the largest element of the set
H = (ky, ..., ks).
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To prove theorem 1, we denote the sum of the series (4.1) with y5 = 2
by 8. It suifices to prove that § < co. Since for 0 < hy <1,

l/ JIFR(f; @5 hj4) P, < Ky (T, ... b)),

QUJ
we have
oo L 8
§< Yorrtmigy NN p0-ra)Zm,
HeK 7’)c1=1 "’ks’=‘1

However, (4.3) implies
. s d 8
2(1—7/2—ak81l)i§1 Vo [2(1 +2ap)y/2~1 _1]—3_
'vk1=l vhs=1
Hence

Z 2[1+y(x—1/2)]SKy [9(1+2ak)y/z -1_ ]—s

He'}
oo n

R+ve—12s gy (P 1\ ro@-+2agppiz—1 _ {7-5
st (et

._

n= 8=

o
— 21+y(9c—-1/2)2 K [2(1+2an)y/2-1 _1]—-1 {1+ ol+v(x—1/2) [2(1+2an)y/2——1 &11—1}7;-1 .
n=1

THEOREM 2. Given 0 <y <2, 1<, <2 and x real, we suppose
that for a feL*(Q.),

SHP[ Vi (N1 < oo (%)

and that for every H = (ky, ..., k) e N we have
aH H
(4.5) o™ (f; 15 h/2) < Eg(@)h) ... h;z ,

where Kg(x) does not depend on Brey 5 vvey Dy

2(1—y)

4.6 H> 7
(4.6) o = oy > (2“‘""7‘:3)'}’

for <2, y<1 for Prg = 2
and
(4.7) 2 K (971w _ 1]—1{1+21+W[2'y—1+uﬂy(2—rn)/2_1] I}n -1 ¢ oo

n=1

with

— max ]/ [ 1Ez(@)P"rdwg_g.
H Jeg=n

-
Then the series (2.2) is convergent.
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Remark. For y = 1 and » = }, if we suppose that K,, = 0[(a,/16)"],
then (4.7) is satisfed.

We obtain the proof of theorem 2 analogically to that of theorem 1
if we apply lemma 2 from [3]:

f \F2(f; w3 ) dwg < 2°[VET [ ] b
ieH
and use our lemma with rg = Ty
5. To obtain non-trivial examples of our theorems, one may take e. g.

=)

1@) = > auful@n),
n=1
where 3 |a,| < oo, Ifu(#y,)| < M and the sequence {#.} and functions
n=1

fn(®,) satisfy suitable conditions.
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