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General continuum hypothesis and ramifications *

by
G. Kurepa (Zagreb)

1. Introduction and summary. Let 9 be a well-ordered set;
for any set 8, let
(1) 8w) or 87
denote the system of all functions on 9 te §; in particular, if a, § are
ordinal numbers, let «(f) be the set of all the A-sequences of
ordinals <a, i.e.

(2) a(f) = Ia(1p).
For example, 2(w,) is the set of all the w,-sequences of digits 0, 1.
Let us put

(3) TS(QV):LXJS(X),

X running over all initial segments of . Consequently, T2(w,) is the
set of all the dyadic sequences whose length is <. The set (3) is re-
garded as ordered by the relation

= meaning: to be an initial portion of.

In particular — means = and .
One easily proves that the set (3) is a tree, i. e. that for every poinf z
of (3) the set of all the elements each of which is —& is well-ordered.
The investigation of sets T2(w,) and, in general, of sets of the
form (3) is very important and involves enormous difficulties. In partiec-
ular, we showed that the problem whether every non countable subset of
T2(w,) contains an uncountable chain or an uncountable antichain is equiv-
alent to the Suslin problem (cf. Kurepa, [1], p. 106, 124, 132, P;«Py).
In particular, the following two propositions are mutually equivalent:
(A) Every subset S of T2(w,) of cardinality s, such that every anti-
chain of § is <k, contains @ chain of cardinality i3

(*) The second part of the results was presented 23.12. 1953 in Beograd at the
Mathematics Institute of the Serbian Academy of Sciences. For the first part see Ku-

repa [2].
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(S) Bwery lincarly ordered demse set such that every system of ils dis-
jointed intervals is <8, i8 similar to o set of real numbers ordered accor ding
to their magnitude.

Now, it iz extremely intercsting that the continuum hypothesis can
be equivalently expressed in terms of sets T'2(w,) and in connexion with
the existence of some chaing in subsets of T2 (w,). In particular we shall
prove the following theorem (¢f. Theorem 3.2).

TaEOREM. The continuum hypothesis 2% — x, is equivalent to this
statement

(D) If an inilial portion P of length w, of T2(w,) contains no chain
with % 1-8, 4. e. if for every chain C C P the set sup C contains <<x, times
the digit 1, then P contains a chatn of cardinality x, (obviously composed
matnly of 0-s).

This theorem is a corollary to a general theorem dealing with anal-
ogous sets T2(w,) (cf. the main theorem 3.1).

The proof of the theorem is based on a theorem (Theorem 2.1 below)
on regressing functions proved in another paper (Kurepa [2]).

2. Auxiliary theorems. In another paper we have proved the
following theorem ([2], Theorem 3.2).
TEEOREM 2.1. Let w, be a regular initial uncountable ordinal number.
Let S, ;. (0g < wg) be a sequence of non-void pairwise disjoint sets such that
k8,r < kg .

Let M be a set of cardinality 8, of ordinals < w, such that in the space
Lo, of ordinals <w, the complement of M contains mo closed set of car-
dinality Tw,. Let f be a mapping of

My=1U8, (ueM)
8 =8
such that o €8y, p>0, {mply o e Spuy with B(M, x) < p (ueM). Then
there exists a y e fM, salisfying
k{f 'y} = ko,
i. 6. [ 48 constant in a set of cardinality x,.

On the basis of this theorem we have proved the following theorem.

TrROREM 2.2. Let T be o system of sequences of ordinals <o) Such

that every nitial segment of every element of T belongs to T; let w, be such
that w, s regular and that

nto

1<ERT <5, (a<ay).
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If no ordered chain of T' contains s, digils 0, then T condains a w,-chain
(terminating necessarily with 0’s). (CL. Kurepa [2], Theorem 4.1. )

Remark. It is interesting to observe that the elements of sequences
forming 7 might be composed of digits 0,1 only. Some elements of T
might be sequences of digits # 0 only; but what matters is the existence
of a chain of cardinality s, of elements of T all terminating with 0%.

THEOREM 2.3. Let T be a iree every node of which is <s; and

< kR, T < ;. Lel us suppose thai &, is regular and thai there exisis
a mapping f of T into Iw, such thai:

1° § is one-to-ome in every knot of T

2° the set {f 0} of points of T each of which is transformed into 0 in-
tersects every chain of T whose cardinality is u; .

Then the tree T contains a chain of cardinality x;.

As a matter of fact the existence of the preceding function f enables
us to give a representation of 7' in the form of a system of sequences
oceuring in theorem 2.2. Let 2 ¢ T and T(-,2]={y ' y ¢ T, y < x}. Then
fr as well as fo’ is an ordinal for every o’ < #; then jT( , ] is a sequence
of ordinals <w, and one easily proves that the system

8= {fT(-2] | zeT}
is the required set of sequences: the mapping
2—>fT(-, x]
is o similarity between T and 8.
The system § is a tree of the kind we examined in Theorem 2.2,

except that the length of every element of § is an isolated ordinal; joining
to § also the initial portions of the second kind of every element of &,

‘one gets a system T, like that in theorem 2.2. And one sees that T, con-

taing a chain of cardinality s,; therefore the tree § as well as the given
tree T contains a chain of cardinality s,, which is what was required.
And now we are going to prove the main result of this paper.

3. Main theorem.

TraEoREM 3.1. For any ordinal « the following slatements (Cy) and (Dg)
are mutually equivalent:

(C) 2% = g1

(D,) Let D be an initial portion of the tree Twy w,ys) composed of all
functions on Iwgys into Iw,. If the length of D is way, and if D conlains
no chain with more than x, digits # 0, then D conlaing @ w,.q-SeqUence
(obviously terminating with 0’s each).

Proof of Theorem 3.1. (C,) implies (D).

At first, let us prove the following lemma.
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LeEmmaA 3.1. Relation (C,) implies
(4) kR,,D < Rgi1 ('V < wa-}-Z) .

As a matter of fact we infer by induction that first of all

KRD < )N
vy
therefore, in particular

Bl fﬂ)l . .
kR, D < Z st s¥ = (by hypothesis (C,)

}=%apiv
Hence, relation (4) holds for » < w,y;. Suppose now that
Wop1 KL < Ways

and that (4) holds for every » < ¢; let us prove (4) also for y = 2. If £ is
isolated, all is obvious. If ¢ff = w,.q, then in virtue of the supposition
in (D), every element « of R,D, being a ¢-sequence of ordinals of Iw

terminates with & w,4;-Sequence of 0's; therefore K

kR;D < D' kRyD < (by induction hypothesis) < s,y kt = xys .

It remains to prove the case

1<t <wey where 7=g¢ff.

Then Iejn Bo <t By < ... < fr << .. bo an incroasing z-sequence of ordinals
converging to {. Then every  of R,D is the supremum of a well-de-
terminated v-sequence o< ¢ R, D

Now the number of all such 7-chains is < [] kR;,D < (by hypo-
thesis) gﬂgf"“ <3¢, = (by hypothesis (C,)) = (2%)% = s, .
Consequently, relation (4) holds.
Now, the length of D is, by hypothesis ; conse in vir
of (1) e ot s yp %) Ware; CONSequently, in virtue
1 < kRuD < Rapa (1‘ < a’a+2) .

Moreover the cardinal s, ;= 8r., i8 regular. And since by supposition
on (D), D contains no chain with more than the 8, digits = 0, the hypo-
theses. of Theorem 2.2 are satisfied; accordingly, the tree b’contains
& chain of cardinality %D — ,,,. The implication (C,)—+(D,) is proved.

3.2. (D) implies (C,.) Let us su
- Ppose on the contrary that 2% > x,
although (D,) holds. Then in particular the set 2(w,) of cardinality 2:;i

of all dyadie w,-sequences would contain g subset X of cardinality m,ye.
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Let s(2) (z ¢ X) be a one-to-one function of X onto Iw,.; every such z
being a dyadic w,-sequence, let us consider the sequence
ht = 2+ {0}g

obtained by a juxtaposition of # and the constant s(x)-sequence com-
posed of 0’s; of course the length yhx of ha equals yr 4 8(x) = w,+¢(x).
To distinet elements x of X correspond in this way distinet sequences
h(z)’s. Then let D be the system of all initial segments of those A(x)’s,
z running over X. The set D would be an initial portion of 2 (< ways) ()
and no supremum of a chain of D would have more than x, digits 1 in
its representation. According to the statement (D,) the set D would
contain a w,.s-chain, which contradicts the fact that obviously every
chain in D is < ®,ps. The theorem 3.1 i3 completely proved.

As a particular case of theorem 3.1 we haveTthe following one.

TuEOREM 3.2. The continuum hypothesis

Cy oo o =5,

is equivalent to the following proposition:

Let T be any tree of height wy; if there is a mapping | of T into
I2={0, 1} such that { is one-to-one in every node of T and if {i'} contains
no chain of cardinality >8,, then T (and in particular {f710}) contains
a chain of cardinality 8,.

Notation. For any number a, Ia denotes the set of numbers <a.
For any number a, o’ runs over Ja. kX denotes the eardinality of X.
¢fa is the minimal ordinal g such that « is the supremum of a j-sequence
of numbers <aj if a~ < a exists, then ¢fa= 1. a~ is the supremum of
numbers <<a.

For an ordered set S and an ordinal o, R,S denotes the set of all
the points z of § such that the set S(-, ) is similar with Te.

A node of § is every maximal subset X of 8 such that the sets
8(-, ) (x e X) are equal mutually.
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1) Obviously, a(< p) denotes the union of all the sets a(f’), f’ runinng over If.
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