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On the uniqueness of the non-negative solution of the
homogeneous mixed problem for a system of partial
differential equations

by A. Pri§ (Krakéw)

In this paper we shall deal with the following system of partial Qif-
ferential equations of the second order:

m o m m n
Ous 0%y § 1 2 7 0y y

1 = VA D

W 0w Z Z(rﬁkq( )H?Ikayq * 7=1 k=1 “un(Z) 0y i 7=1 ),

=1 kg=1

(i=1,...,m; Z= (#, ¥) = (2, 4y, Y2y eey Un));
with vanishing initial and boundary data. It will be proved that u; =0
(¢ =1,...,m) is the unique non-negative solution of that problem. The
Cauchy problem for the partial differential equations of the first order
(Tyg = 0) was treated also in [1]. For m = 1, fing = 0%, g =0,
by, = 0 system (1) reduces to the heat equation. In that particular case
the regtriction to the non-negative solutions is unnecessary. For the gen-
eral case, however, it is essential as may be shown by a modification
of the example given in [2].

TrmorEM T. Let us assume that the coefficients rig, gy, by together
with  the  Aerivatives Oy (0Yx, 0*ring/0YL0ygs Otum/dys (B, =1,...,m;
kyq="1,...,n) are continuous(*) with respect to Y in the prism R {0 <
<Lyl <1(k=1,...,n) and the following inequalities are satis-
fied:

(2) Tagg =0 (i,§=1,...,m; b=1,...,m)
on the lateral boundary 8 of R (S = R—interior of R), and for certain con-

stant K (K > 0)
3) 027 41q <K, by<k, 2o g
Ody, T TS Ty, 7

for ZeR, i, =1,...,m; k,qg=1,...,n.

6@,,,

(*) This condition has been introduced for conciseness; it may be replaced by
a weaker one.
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Under the above assumptions every solution Wi (Z)y oevy U (D) 0Of system

(1) of class C* in R, continuous wn R satisfying the inequalities
(4) w(Z) =0 (=1,...,m) Jor ZeR
and the mimed conditions

(5) (0, ¥) =0 for

(6) u(w, ¥)-=10  for

el =<1, k=1,

max |y =1, d=1,...,m
ke=l1,...m

vanishes identically in R.
Proof. Let us introduce a seetion ¢y of prism R by a plane o = &
and sets PL, @} bounding 0, given by the relations

Pj {m =& gl <1k =1,..., j—1,7+1, )y M)y Yy = —'1}y
Qé{m*é: el <1 (B =1,. e d =1Ly m), = 1)
Now let us define auxiliary linear operations, associating with the func-
tions of the variables @, vy, ..., ¥, functions of the variable @, given by
the formulas
n
Hf) = [ [1(@, 420 os Yn) Wy - By
Oa;
n—1

(M V) = [ [,y
)

< Yn) Y1 e Wy Yy - Wy

-1
Wy (f) = f;,;' [H@, 90, ey U)o Wya @ - A (3).

Leb vy ...y Um be an arbitrary solution of (1) of class C? in R, conti-
nuous in R and satisfying conditions (4), (8), (6).
Congider the function

8) o gle) = D H(w).
By (7), (1) we have =

d,
ot

* Uy e “nj
) + Z H (ﬂzﬁk —.—) EHU)M Mj

H ('r,-,,kq
ii=1 kg=1 I 0yq ig=1 k=

(*) For m = 1 we put V;(f) = f(», —1), Wy(}‘ = f(x, 1).
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From the theorem on integration by parts we have

0 u; duy Ou; Ory; 6u
I L~ e T B o
) ”‘“01/k0yq "\ By, A" Gy Oye Ok

Oing  OU; T Orsin 9P
(11) H( ”"~-—~)=W( ALY S 7 ”u.)—H ”u)
dyy Ou ¥y oy, oy,

6%,‘ Bal
(12) H (“’Uk a:’/l‘:) Wk (a/ﬁk'ui) b Vk(ai,-k ui) ( 6']/]: U )

By (6) we have

(13) =0 on PEQE (=1,..,mk=1,..,m;0<0<l),
ou,
() ZL=0 on Pie;
49
(j=l,...,m;k:yl,...,n;q:l,...,k—l,k—i—l,...,n;0<m<1).
From (6), (4) we obtain the inequalities
%, ]
a Moo oen Py <o on g
e 0y

i=1,...
(13) it follows that

ymy k=1,...,n; 0 <z <1).

ouy
) 14 (""qua )

From (10), (11),

%u; r, Ou;
o) (2
(“’"“ 39209, by T Walraeag,

Hence by (14), (15), (2)

Pu ot
16 H(r~ ! ) <H( kg )
(6) TR A
Likewise by (13), (12)
3“1) (aama )
Hlap—| = —H
(17) (a/tjk 6%4: 6?/k

From (9), (16), (17) we have

w0 o 3 Su () -

if=1 kg=

w)+ Y HOq)

ig=1

S St

4,j=1 k=1
and by (3), (8)

a;
o
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< K (mn?4-mn+m)g(w)
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From (5), (8), (7) we obtain

By the theorem on the ordinary differential inequality it follows
from (18), (19) that

glz) <0 for 01,
By (8), (7), (4) it follows that g(z) = 0. Hence by (8)
(d=1,...,m) for Iyl <1

(F=1,...,m)

=0 0<w<1,

q. e. d.

Remark. Applying Hadamard’s lemma we may obtain an ana-
logue of theorem, 2 from [1] for the mixed problem for the following non-
linear system’ of partial differential equations of the second order:

duy _ (z v, U dU 0U g 8T U a"U)
B " By, "By, 0y," T 0y, 0y 0ya0y, " T Oy, 0y,
(F=1,...,m; U= (U, ..., %n)).
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Sur la stabilité asymptotique des solutions d’un
systeme d’équations différentielles

par Z. OPIAL (Krakéw)

1. Considérons le systéme de deux équations différentielles
() X =f{ZX,1),

ot X désigne le vecteur (z,,x,) et f(X,7) est une fonction vectorielle
(fl(wl, @y, 1), folioy, ®ay t)) dont les composantes sont continues par rapport
& (@, @5, ) et de classe O par rapport & (w,, x,) dans tout Pespace & trms
dimensions (@,, ®,, t).

Désignons par X (t; X, §,) la-solution. (unique en vertu des hypothé-
ses précédentes) du systéme (1) qui passe par le point (X, ).

Soit K un ensemble fermé, borné et simplement connexe du plan
(@4, ©). On dit (cf. [8], p. 83) que le systéme (1) est relativement borné
dans Pensemble K si pour tout X,ecK et tout f, on a X(1; Xo, f)eK
pour t =>1,.

On dit quune solution X (#) du systéme (1) est asympiotiquement
stable dans Pensemble K si le systéme considéré est relativement borné
dans cet ensemble et si pour tout X,cK et tout ¢, on a la relation

@) Jim X (55 Xo, 1) =X ()] =0,

ol |X| désigne la longueur euclidienne du vecteur X.
De la relation (2) il vient que 1’on a quels que soient les points X,
X,eK et t,,

3) Jim 0| X (4 Xy ) — X (85 Loy )] =0,

ce qui signifie que toute solution du systéme (1) passant par un point
de lensemble K est forcément asymptotiquement stable dans cet en-
semble. Done, au lieu de dire qu'une solution choisie du systéme envi-
gagé est asymptotiquement stable dans K on peut dire tout simplement
que c’est le systéme (1) Iui-méme qui est asymptotiquement stable dans
cet ensemble.
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