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Regu par la Rédaction lo 2. 7. 1959 On the asymptotic behaviour of harmonic functions

in the semi-space

by W. Bacr (Krakéw)

Let f(#, y) be a continuous and bounded function in the open plane,
say {f(@, ¥)| < M, and let u(x, y, 2) be a solution of the Dirichlet problem
for the upper semi-space z >0 with f(z,y) as its boundary value. It is
known [1] that in the class of functions u(x, v, 2) satistying the condition

lu(@,y, 2)| < Myllol*+ly[*+ l2I*+1]  for 220, —oo <@,y < oo,

where M, and a < 1 are positive numbers, this solution is unique and
is expressed by the formula

1 F ag
o)== [ [1emS asan

where G is Green’s function for the upper semi-space z > 0 i. e.
4

p=p@,y,2), P=0p@,y,—2), ¢=q(&7,0

1
pq g’
and d@/dn is the inner normal derivative. Next w(x, v, 2) will denote the

solution of the above-mentioned Dirichlet problem.
Let us consider the semi-line

1) o =otat, Y =1y+bt, 2=2zg+ct, 1e(0,00),

a and b being the arbitrary real, ¢ a positive number and (x,, ¥,, 2,) an
arbitrary point in the semi-space z > 0. Then, we shall prove
THEOREM 1. If (2,y,2) 3 oo (Y), then meither limu(w,y,z2) mor

]?H.’M(CL‘,’! y 2) depend on (2, Yo, %).

(Y) The symbol (z, vy, 2) rl>) oo denotes that a point (x, y, 2) tends to oo along
the semi-line (1).
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Proof. It is sufficient to prove that Then
w(@y+ at, Yo+ bt, 2+ ct) — u(at, bt, ct) - 0 [u w0+ at, Yo, 2+ ct) —u(at, 0, ct)|
as t — co. Changing the coordinate system we may assume that b =0 T F R 22,f(&, n)dEdy
Since N E_i _D[ (@t at— B+ (Wo— m*+ (ot TP T
1 F o s o o
_=— — d&d 2ot 1
w,v,9) == [ [#&,n) 5 agan f f( T)f(s, n)dsdn‘
—x - % T2
1 f f 2ef(&, n)dédy s f f“’ adEdn .
g s [E—ap+(n—y) 2T Som ) @t at— 874 (yo— )+ (ot PR
we have -
Mct ]F—rzl[rl+rlr2+rzld5dn
W@+t Yoy 207 cl)— u(at, 0, at) = | f g
-1 f f 2t (e, masdy The first integral on the right-hand side is equal to
dr ) [(@o+at— )T+ (Yo— 1)+ (% o))
M f‘ f"" rardg M
f f 2ctf £ magdn I ] It o) TR 20 + )
4n [(at— &)3-+n2+(ct)3"
and tends to 0 when ¢{— oco. In view of (2), (3) the second integral is
We introduce the notation
M %
7y = [(y+ at— 5)“+(?/o-17)2+(%—l—et)“]l/z, l/mo—;yo—]— ct f f 'r2+ ,,.2+ 22 asdn
ra = [(@t— )+ 7t + ()] .
19MVaE+ 2+ 22 ct dgdn 1MV + i+ 22
thus 7, and r, are the lengths of the sides of the triangle whose vertexes = 4 f f [(@i— &) 7k ()" - =
e (0,0,0), (%, Y, %), (§—at,n, —af). Then
and also tends to 0 as t— oo q.e. d.

Let (7, ¢) be the polar coordinates of a point (, y) of the plane # = 0.
THEEOREM 2. If the limit

(2) Iry—ro| < Vaj+ya+ 2.

If ¢ — oo then 7, — oo, the convergence being uniform with respect to
hmff(rcos:p,rsm(p)dq:

& and %. Hence
r l/ 2 + yz + zz 1 r—00 §
'1'“7: < “’O—,r:-‘n— < 5 for t>=T, or ewists, then
m2zu(w, y, )
r 3 B0
) for t>T also exists and they are both equal.

1
(3) ES‘TL<
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y,#) nor imu(z,y,?)

>0

Proof. Since by theorem 1 meither lim w(x,

Z—>00

depend on w, ¥, it is sufficient to prove that

b
where I = lim f flreose, raing)dp.

£—+00 ()

i 0 1 I
in; %(0,0,2) = o
We choose an & > 0. Then we can take R >0 such that for » > R we
have

2r
(4) ” f(rcosqa,rsin«p)&p——l‘ <.
0 ]
Since we have

2t oo

———»——drd =1,
2—00 47T f f 7,g+zg)a/2 ¢

2zrf(rcose, rsing) drde -0
2—>00 47‘5 f f Ta’i"z )3/2 ’

~ 92rf(rcosg, reing)drdp
u(O 0 Z —*—‘—f f (7’-{-22)3

2r R

f f 2erf(rcose, reing)drdp

,,Ll_za)m

-+

2e2rf(rcosg, reing) drdy
(r+ zz)slz ’

vl [

we obtain b:s} (4)

1
<5 T+e).

Ly

. < limu(z, y,2) <

Z=>00

Y (2, y, 2)
£—-00

In view of ¢ >0 being arbitrarily small we obtain our theorem.
COROLLARY. If

J(reosg, rsing) — g¢(p)
=00

almost everywhere, then
1° there ewists limwu(x, y, 2),

Z2-»00
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2° this limit does not depend on x,y and equals the integral mean of the
function g(p) on 0, 2x), 4. e.

1 Y52 —"_fg

Proof. Let 7, be an arbitrary sequence of positive numbers which
tends to oo. Since f(r,cosg,r,sing) — g(p) almost everywhere, by the

Nn—>o00

Lebesgue theorem g(p) is integrable I and the sequence

Hm u(z

3 Z—>00

2 2

[ f(racosg, rusing)dp — [ glp)dg.
0 0
Hence by our theorem 2

bm u(w,y,2) =

£ 00

2
1
Eof g(p)dp.

Although neither lim w(z,y,?) nor ]'Eu(w,y,z) depend on =z,y
g—>00 g->00
both these limits are in general distinct.
We shall construct an example of a bounded and continuous function
for which limu(z,y,?) # hmu(m,y,z) Let f(x,y) = h(2*-+9?) where

Z—>00

0 for Ry <t < Ryyy—1,

M) t+Rya—1  for Ry —1 <t < Ruiyy, o1,
1 for R2i+1 <t = RZ':,-{—Z—l
—t+ Ry for Ry—1<t< < Roigo

and where R, =0, R;,, = 1000R;+1 (i = 1,2, 3,...).
Put 2z, = 10R,,. Since
22,7f(rcosg, rsing)drde

u(0, 0, 2,) —_f f (2t 227

L1 jF B g, (r cos, reing) dr dg
4n ; (r*+ zi)sla
1 f" ~ 22,7f(rcosg, rsing)drdy
+ 4 (r*+ z?z)m

0 RBpyy-l
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and the sum of the first and the third integrals is << 1‘~0 for every ’/f/, a,n(%
gince the second integral is equal to 0 if # is an even number and is >}
it n is an odd number, we have

lim u(z, ¥, 2) > 4.

2—>00

lim «(2, ¥, #) <"1’10“;

2—>00
Hence .
Um u(w,y,2) # imu(z,y,2) d.e. d.
200

2500

M. Tsuji has defined in [2] that «*(6, ¢) is a harmonic function on
the unit sphere if

1 9 Ou*) 1 0t
g —— =),
§né ae(ma 36) Tsni6 g

Now we shall prove
THEOREM 3. If
flreosp, rsing) - g(g)

uniformly in 0, 2x> when r — oo, then
1° there ewists limu(z, v, 2), when (®,y, ?) & which depends on ¢
and 0.
2° u*(8, @) = limu(z,+7reosheosp, y,+rsinfeosp, 2+ rsing) is a
£->00
harmonic function on the wnit sphere.
Proof. Let us consider the function f,(»,y) defined as follows:

fi(reosp, rsing) = g(p)  for every » >0,

J1(0,0) = 0.
Let us write

1 F 7 dd
B@y,9) == [ [ £, o den.

~00 —o0

It is easy to see that

(e, y,2)—u(@,y,2) >0 ap (®@,9,2) = oo,

)
so that it is sufficlent to prove 1° and 2° for w(w,y, 2).

If we prove that %(ew, gy, 02) = @(2, y, #) for every o > 0, then 1°
and 2° will be proved.
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It is sufficient to prove (changing the coordinate system) that

u(gx, 0, 02) = %@(w, 0,y) for every o >0.

Let us consider the angular regions T;: {0 <7< oo, = << M},
n n
£=0,1,2,...,20—1 and let us write

1 2zd&dn
(@, Y, 2) = Zr—[{f [(E— )+ (n—y)*+ #ATE’

M; = supf(w,y), m;=intf,(s,y).
T; T

Let ¢ be an arbitrary positive number. We can find a number N such
m—-1

that M,—m;<e for i=0,1,2,...,20—1, n>N. Hence > (Mi~mi)><
1=0
an—1
Xu{w, Y,2) <& 2 (T, y,2) = ¢ and
2n—1 -1
Zmi”'i (#,y,2) <u(z,y,2) < 2 Mius(2, 9, 2);
i=0 i=0

then it will be sufficient to prove that ui(ox, 0, g2) = wy(%,0,2), ¢ >0,
i=10,1,2,...,%0—1.

Let us introduce the polar coordinate system r = PQ, y = 0PQ
where P = P(z,0,0), @ = Q(%,7,0), 0=0(0,0,0). The Jacobi deter-
minant of this transformation is equal to r. Hence for 0 <t <n—1
we have

1 2edEdn
ui(”? Y,2) = Z;nflf [(E_m)z+(n_y)z+za]3/2 -
K2

2rzdrdy
[+el

1 2eded s 7
i »;,fx{k et Gy 7 )

k=341

2rzdrdy
[ 27"
+1

n(i+1)/n PER;
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28in (wt /n_)_

Wndinut it fig. 1). Hence
sy i) 08D

where PR; =

ki

1 zdy -
u; (@, 0,2) = %_{ [ 22gin?(rci [n) za]m
)[n]

sint[y+ (i +1

1 ady -
Tom f w38ind (wi /) Q'J“2
Pl | _‘“z
| sind(y+ 7 (i-+1)/n)

go that we have w;(ox, 0, g2) = (2, 0,2) for ¢ =0,1,...,n—1. Sim-
ilarly u;(ox, 0, 02) = u;(w, 0,2) for ¢ =n,n+1,...,2n—1, q. e d.

Ri(%3,0)

0(300) P(x00)
Fig. 1
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Sur un théoréme de C. E. Langenhop et G. Seifert

par Z. Or1AL (Krakéw)

1. Considérons Péquation différentielle non-linéaire du second ordre
(1) #"+f(@)a' +g(x) = p(2),

équivalente, comme on le sait, au systéme de deux équations différen-
tielles du premier ordre

(2) o =y—Fl@), ¥ =—g@)+p(),

ou F(0) =0 et F'(2) = f(v).
Désignons par 1, la racine (unique) de l’équation transcendante

(3) Ini = (x4 2arcctg Vai—1)/V4i—1.

11 est facile de vérifier que c’est un nombre positif un peu plus grand
que 3. .
Relativement aux fonctions f(xz) et g(z), définies et continues dans
tout linfervalle (—oo0, 4 o0), admettons I’hypothése suivante:
HyrormisE (M). I existe deux nombres finis a et b (a < b) tels
que dans Pintervalle (a, b la fonction g(z) soit de classe (%, strictement
croissante, et

@) f@=m>0, 0<g@<l<im® (a<o<b).

Supposons de plus que p(¢) soit une fonction continue dans tout
lintervalle (—oo, +o0).

Evidemment, & toute solution x(t) de 1’équation (1) correspond une solu-
tion (x(t), y (1)) du systéme (2) avee y (1) = o' (¥)-+F (2(2)). Désignons par P
la bande du plan (@, y) déterminée par les inégalités a < v < b, |y| < +oo.
Convenons de dire qu'une solution #(t) de I'égquation (1) ou, ce qui revient
au méme, que la solution correspondante (x(f),y(f)) du systéme (2) est
P-bornée dans un intervalle (i,, 1), si a < #(f) < b quel que soit te(fy, £,).

Dans la présente note je me propose d’établir d’abord deux théorémes
généranx sur 1'unicité et la stabilité des solutions de ’équation (1), P-bor-
nées dans lintervalle (—oo, +oo0), et d’en déduire ensuite quelques
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