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Introduction. A translation of the Euclidean line is a transformation
@ = g of the form ¢,(x) = @+ a, where a is a real number; a linear
substitution i3 a transformation ¢ of the form p(x) = az+b, where a and
b are real numbers and a = 0.

We congider the following properties of a linear set B:
(S,) There exists a constant 7, > 0 such that for every set of n

n
points {ay, ..., a,} of diameter < 7,, the set [] Po(E) is non-empty.
© 8=1

(8,) For every positive integer =, the set E has property (S,).
(8) There exists a constant » > 0 such that for every countable

o0
set of points {a,, a,, ...} of diameter < #, the set [J¢, (B) is non-empty.
8=1

(T) For every countable set of points {a;, a,, ...}, the set [] @q, (E)
is non-empty. 8=t
(T%) For every finite set of linear substitutions ¢, ..., @,, the set

[19:(B) is non-empty.
8==1 .

(T*) For every countable set of linear substitutions ¢,,@,,...,
n

the set [] ¢ (H) is non-empty.

Profpelrties (Sn)y (8) and (T) were defined by Marezewski (*), who
posed the following problems:

Does there ewist o perfect set of measure zero having property (Ss)%

Does there emist an F, set afmeasme zero hawving property (T)? .

Recently Erdos and Xakutani [1] solved the first problem, and in fact
constructed a bounded perfect set of measure zero having property (S.).

(*) [3]; [4]; this paper also referes to related earlier results. .
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Sets of Lebesgue measure zero can be clagsified by means of other
measure functions. If h(x) is an increasing real function and h(0) =

lim h(z) =0 we call it a measure function, and we say that a set
a0

E is of h-measure zero if for evely & > 0 there exists a decomposition
B = F*4+E*4... such that 2, h(diam B) < & (Hausdorff [2]). The

Hausdorff dimension of ¥ is the lower bound of values of o for which the
A*measure of E is zero, where A%(z) = #° The example of Erdés and
K akutani was of dimension one. We shall prove the existence, for every
measure function h(x), of linear sets By, Hs, By, H,, all of h-measure
-zero, such that

B, is an P, set having property (T*),

B, is a closed set having property (Tw,),

By is a bounded F, set having property (S), and

B, is a bounded closed set having property (S.).

Take
—(logz)™, 0<=z<{,

(log2)™, w@=>4.

Each set then has dimension zero, and a fortiori Lebesgue measure
zero. Since property (T*) implies property (T), the set B, gives a positive
solution of Marczewski’s second problem. Since a closed set has property
(S.) only if the same is true of its perfect kernel (2), another solution of
his first problem is provided by the perfect kernel of the set H,.

The sets By, B,, B, are as simple as possible, in the sense that (i)
the only closed set having property (T*) (or even property (T)) is the
whole line, (ii) no bounded set has property (Ty), and (iii) a closed set
having property (S) necessarily contains an interval and therefore has
positive Lebesgue measure.

As Marczewski [4] showed, it is not dlf.hcult to construct for every
meagure function h(z) a bounded Gy set with property (S) and h-measure
zero, and similarly one may construct a G, set with property (T*) and
h-measure zero.

Our results generalize without .difficulty to n-dimensional space.

Preliminaries. Let () be any measure function. Choose a sequence

h(a) =

89y 61, ... of positive numbers, such that

1) b =1, 5vg%av—-l (»=1,2,...),

and

(2) hm( +1) h(ad,) = 0 for every rational & > 0.
RIS ¥, 7, Y

(*) For proof, see the remarks at the end of the paper.
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To do this, enumerate the positive rationals as ay, a,,..., and
define 8, by induction, taking it so small as to satisfy (1) and the con-
ditions

6 1 .
(3) ZKJA h.(a‘l-é,,)<—v‘ (6=1,2,...,4).

Since, by (3),

; 61'»1

6
( +]) hia; 8,) < e

provided » > max(7, "), the sequence thus defined satisties (2).

Let F, (v =1,2,...) be a fixed set consisting of closed intervals
of length §, equally spaced out along the entire v axis 8o that the digstance
between the end-points of adjacent intervals is 146, ,. Define the closed
sets Ky = Fyy Fy i Fo i (E=1, _1,...). Let 1w, y,,... be an
enumeration of all substitutions y(x) = ax-+ b for which a, b are rational
and a s 0.

Each of the sets F,, ..., B, which we construct will be a subset of
the set
(4) ' X w (K,
=1 i=1

and we now show that they will be of i-measure zero by proving that
the set (4) is of h-measure zero. It is enough to show that for any fixed 7,
4 and any fixed interval I of length 1 the set I-y,(K;) is of h-measure
zero. Now if y,. (%) == ax-+ b, any set y,(F,) consists of intervals of length
|a| 6, separated by gaps of length i{a|4,_,. Hence the set I-y.(F,)
consists of

intervats J}, ..., JI", say, each of length < |a|d,. Since

"
4\'? (diam J*) < (
=

by (2), and since for » of the form (2¢—1)2"" we have I-9,(Ky)C
I -y (F,), our result follows.

The set H,. We shall show that the ¥, set

=)

r=1 ¢

e )h(\(L](S,)»O a v 0
I !61) 1

e (Ky)

'Ms

]
-

has property (T%).
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Let then g, @,, ... be any countable set of linear substitutions, and
for each positive integer s choose from among v, ys, ... & substitution
Yre) SUCh that ¥ = sy is of the form ax+ b where 1 < a < 2. We have

(5) !j ¢8(E1)3Q%Wr(9) (g‘ ) ”Xa (2 Ki)

D[] #(Es) = LadF0) 1 Fo) 22 (Fe) o] [ Fa) 2a(F) - Do

say, where A,(2) = a,4--b, with 1 < a, <2.

Now a-set A,_,(F,_,) consists of closed intervals of length > §,_,
and a set 1,(F,) consists of closed intervals of length < 24, <146,
(by (1)), separated by gaps of length < 44,_,. There is therefore at
least one complete interval of 4,(#,) in each interva.l of 2,_;(¥,_;), whence
the set [ ]Z ) is non-empty. By (5) the set ” ®;(H#,) is also non-empty

8=1

and thus E, has property (T%).

The set B,. For each m (=1, 2,...) choose closed intervals I, I,
such that

m
(i) the set ) . (I,) lies entirely at a distance > m from the origin,

and r=1

(ii) I, is of length >>1 and is contained in all intervals y(I,) for
of the form az-+b where 1 < a <2 and 0 < b < 1. We may for instance
take as I, I, the respective intervals [k, 2k+27], [2k+1, 2k4-2] if %
is sufficiently large. We shall show that the set

B, = 2 Z"/"r(KrIm)l

M=l P=1
which is closed by (i), has property (T%).

Let then ¢y, ..., ¢, be any finite set of linear substitutions and choose
from among i, y,,... distinct substitutions wyuy, ..., Y such that
for each value of s (=1,...,%), % = sy is of the form aw-+b where
1<ae<2an0d 0K<bK1 If R =max[r(l),...,7(n)], we have

© ] eu®)> H 7] 2 ve(Ee Ia)y D [ T 04ty (K I)

8=1 8=1 r=1 8m]
= H 2By Ie) D [ | 43K, Ig),
8=1 r=1
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where we put o’ = xs if there exists s such that r = r(s) and we put
1(x) = o otherwise. Now

T1 41 =] A {[] #(& )
r=1

r=1 r=l
DIp [ [ m(E) = In- [] (B,
=1 =1
say, where 4,(zx) = a,x-b, with 1 < a, <2.

Since 8, <} (by (1)), and I has length > 1, there is at least ome
complete interval of 4,(F;) in I, and at least one complete interval of
2,(F,) in each interval of Z,.ﬂl(lf",,_l) whence the set Iy - Hl (F,) is
non-empty. By (6) and (7) the set ”(ps ) is also non-empty, and thus B,
has property (T7%). =t

The set B;. Let I denote a closed interval of length 2. We shall show
that the bounded F, set

hag property (8), with constant 5 = 1.
Let then {a,, ,,...} be any countable set of points of diameter
< 1. We have

() ﬁ “3 a) 2 n ’Pa“ (Ks-1) {n Was }{ﬁ {Pas(Ke)}-

8=1

Since H @a,(I) contains (as iy easily seen) a closed interval of
length > the game argument as before shows that the set on the right

of (8) is non-empty. By (8) the set H @4, (1) 18 also nonsempty, and thus
B,y has property (S).

The set #,. It is enough for us to construct for each n» > 2 a bounded
closed set D, with property (8,), since if we then place sets similar to
Dy, Dy, D,, ... in the respective intervals (0,}), 3,%,3,D,... and
add the point {1}, we obtain a bounded closed set I, having property
(Ss). We shall show that if T is a closed interval of length 2, the bounded
closed set

D, = 2 K, I
Gl
has property (S,), with constant z, = 1.

Colloquium Mathemaiicum VIL 1.
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Let then {a,,...,a,} be any set of » points of diameter < 1. We
have

(9) ]7 Fag(Da) D [] Pag e T) = {[ | qaaS(I)}{ﬂ Fap (E5)}

For the same reasons as before, the gset on the right of (9) is non-empty,
and D, hag property (S,).

Remarks. I. No countable set D has property (S,). For given any
constant 7 > 0 there exists a real number « satisfying 0 < ¢ <  and not
equal to the distance between any two points of D, whenee @y (D)@, (D) = 0.

I1. If a set B has property (S,,) then for every n there exvists a constant
7 > 0 such that for every set of n points {ay, ..., 4.} of diameter < o,

n

the set [] o (B) has property (S,).
8=1

Proof. Let F have property (S,). Then it has property (S,,),
with constant 7,,, and we shall show that we may take ”7;» = gy
Let {ay,...,a0,} be any set of n points of diameter << }7,,, and
{a, b} any pair of points of diameter << }7,,. Then diameter of the set
{a+ay, ..., a4 @y, b+ay,...,b+a,} is less than #,,, whence the get

n

%{[_P] ey (D) o] | 90 (BN} = {]j %w,,(E)}-{]jl ooy (B)]

§=1
is non-empty. Thus the set Hgvas(E) has property (S;) with constant $7,,.
§=1

Similarly, for sets having properties (S), (T), (T%) or (T*) the non-
-empty intersections in fact have property (S,) (possibly with an altered
value of the constant 7, in the case of property (S)).

From I and IT one immediately deduces III, from which follows IV
and then V:

II1. The intersections in question are mon-counmiable. Consequently,
if B is analytic these intersections contain perfect subsets and are of the
power of the continuum. In particular, this is true of our sets By, ..., ;.

IV. If a set B has any of the properties (S,), (8), (T), (T%) or (T*) and
#f D s countable, then E—D has the same property.

V. A closed set has any of these properties only if its perfect kernel has
the same property.

Generalizations. We could generalize our results, replacing linear
substitutions by a wider class of transformations, for example those of
the form ¢(z) = (aw+b)/(cx+d), where ad # be, and using the same
methods. We have not however determined how far it is possible to go
in this direction.
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