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paralléle au méme axe. Supposons que la vitesse angulaire de rotation
et la vitesse de translation soient constantes et égales & 1'unité.

Au cours de ce mouvement, envisagé dans un voisinage suffisamment
petit de la position initiale du plan I7, chaque point (1,0,0) déerit une
hélice

k)
y = Asint, e=7 (0 =T /9)

P4

H;: = Acosr,
tandis que chacune des courbes C; déerit une surface

Ao
y = ———ginr,
¢

A
¢ @ =——c08
S @ s O o8t

ki3 T _ T
z=1—tgt+7 —§—<t<—2—,0\<\r§~2—,
En posant v =t et ¢ = —tgt, on peut écrire les dquations de la
surface S, sous la forme

z = A(cosu—osinu), y = A(sinu-tocosu), 2 =u-+o.

11 en résulte que §; est une partie de la surface réglée engendrée
par les tangentes & 1'hélice H,.

Par chaque point du domaine Q: # >0, ¥ > 0 et —oo < 2 < -0
passe une et une seule des surfaces §;. Par conséquent, tout point de
ce “domaine est situé sur une génératrice d'une surface §;. L’ensemble
de ces droites définit dans le domaine envisagé un systéme d’équations
différentielles

(2)

dz

@ = fily, =, #),

de
21; = fuly, @, 2),
ou les fonctions f,(y,x,2) et f,(y,x, 2) peuvent &tre choisies de fagon
qu’elles goient continues.

Par tout point de 2 passe une intégrale rectiligne du systéme (2),
b savoir une génératrice d'une des surfaces ;. Mais, en outre, chacune
des hélices H, constitue aussi une courbe intégrale de ce systéme,
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ON RANDOM VARIABLES WHOSE QUOTIENT FOLLOWS
THE CAUCHY LAW

BY
I. KOTLARSKI (WARSAW)

1. Introduction. Let the random variable X with frequency function
f(2) have the following property: the quotient of two independent random
variables having the same frequency function f(z) follows the Cauchy
law, with the frequency function

1 1

BEET

Denote by X the set of the random variables X having the above-
-mentioned property. It has been supposed that only the variable with
the normal frequency

(2) fla) = VL -

i

1) g(y) (—oo < g < +oa).

(—oo <@ < +o0)

belongs to X. Laha [6] proved this conjecture to be false, showing that
the variable with the frequency

®) foy =222

N
also belongs to Y.

In this paper we shall give a method of construction of an arbitrary
number of random variables belonging to 9, and some conditions neces-
sary and sufficient for belonging to (.

I am greatly indebted to professor M. Fisz for his snggestions and
remarks.

(—o0 < @< +00)

2. The Mellin transform of a symmetrical random variable. It
is known that for X to belong to 9 it is necessary and sufficient that
its frequency f(x) satisfy the integral equation

o0 1 )
(4) i ofo Ty @)lalde =~

- (—eo <y < Fo0)

(see [3], formula (2.9.16")).
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Representing the function f(») as a sum of its even part and its odd
part, and substituting the sum into (4) we see that its odd part vanishes,
and the frequency f(x) satisfies the condition
(5) fl—o) = f(@) (—oo <& < +o0).

We shall solve the problem by using the Mellin transform of the
symmetrical random variable X (see [2, 4, 8]) it is defined by the formula

j || f (ac) dle

where z is a complex variable. The funetlon h(z) is analytical in a strip
8 containing the imaginary axis and parallel to it. The inverse transform
is expressed by the formula

(6) h(z) = B{| X"}

e41i00
f o]~ h(z) d

c—ico

for every & where f(x) is continuous, the path of integration being the im-
aginary axis or any line parallel to it and lying within 8.

It should be noted that if k() is the Mellin transform of a random
variable X, then the function (t) = h(it) is the characteristic function
of the variable U = In|X]|, since according to (6) we have
®) hit) = B{IX["} = Bl = g 1).

Conversely, if ¢(t) is the characteristic funetion of the random
variable U, then &A(it) = @(t) defines the Mellin transform of a sym-
metrical variable X, for which |X| = ¢V, on the imaginary axis.

If we have n independent symmetrical random variables X,, X,,

+y Xyny, with their Mellin transforms hy(2), hy(2), ..., h,(2), then for
every system k,, ko, ..., %, = 41, and for every real a # 0, the Mellin

transform of the variable
“.X{”I.X;"‘l.'”

. 1
(M @) =7

4mi

.Xﬁn
is
® (0] hy (ky2) ha(Fy2) ..~ By (K 2)

The correspondence between the frequency function f(x) of & symme-
trical random variable X and its Mellin transform h(z) (¢, < Rez < Ca,
¢ < 0, ¢, > 0), will be written as follows:

(10) f(2); h(2)
It is easily inferred that
K4
I'b+—
lgl ( q) Rez
11) - [pfa-tg-tmd; 11 -
(11) 2r(b)lwlq le-i=i?, 0 (b>0,q#0, > b).

icm
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Hence
. 1, 1 (14

— ¥ —_I1 Rez > —1
(12) oty or () )

1 01 e 11—z
13 —_— g, —:I’( ) (Rez < 1).
(13) Vn @ ’ V= 2

Further we have

v P b
l‘:“jiz-jfﬂﬁi-@ i 1r( -1-%‘111 |m|) r(%—z;q—ln m); o0 ’;
gy @ K K cos” (b—[——q—)n
(g#0,p>0,[p < ¥; —b—} <(Rez)lg < —b+14).
Hence ‘
11 1
(18) = It (-1 < Rez<1),
COSR— T
2
1 1 1n].7c|) ( mm) 1
S s =) i (—1< Rez< 11
(16) (2 ).‘1/2 Iml ( + 4_ T 7]/ 2 ( )7
COR— T
2
2 1 1
(1mn £-~-1+w4; 1 (—1 < Rez < 3),
K V2 eos~—~4—~ T
Y 2
(18) V2o ! (=3 < Rez < 1).

= 1te o~ 14z
r +a I/Zcosmj—

u3

Expanding the funetion 1//'(z) into an infinite product by the formula

~nn)e [I(1+ ) -~k (Rez > 0)

Tzl

(19) _%;)-z Ele(k Vi

(see [7], p. 267, formula (132)) we may represent the Mellin transform (11)
on the imaginary axis as

r (b+ 7—2) ?-t-lnn. = it -1
(20) @(t) = h(it) = ~Fi = lim 6% l l [1+ (k+b)q] .
. N-+00 om0
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We see that it is the characteristic funetion of some infinitely divi-
sible random variable (see [5], p. 78, example 4, p. 80, theorem 3). Hence,

the function
. A
rlp+2)
h(z) = l_____q_

I'(b)

is for every p > 0 the Mellin transform (see [5], p. 80, theorem 4) of some
symmetrical random variable on some strip § containing the imaginary
axis and parallel to it.

It may easily be verified that the random variable defined by (14)
is a quotient of two independent random variables given by (21) for
b=3%+0b, and b = {—b;, where |b,| < }.

3. Method of determining other random variables in X. By
(9) and (15), instead of solving equation (4) it is sufficient to solve the
functional equation -

(21)

h{z)-h(—2) = ~~—1—~-

2
COB— T
2

(22) (—1 < Rez < 1)

in the class of Mellin transforms of symmetrical random variables.

Let us remark that if equation (22) holds for some function i (2),
it bolds also for hy(—z), and for the functions |a|°h,(2) and |a|® ho(—2),
provided that a 7 0. Thus, if some random variable X belongs to X,
the variables 1/X, a-X, a/X also belong to & for all a = 0.

It is easy to show that equation (22) holds for Mellin transforms
(12), (18), (16), (17), (18). Thus the random variables defined by those
expressions multiplied by an arbitrary a = 0 also belong to X.

To obtain a method of constructing new random variables belonging

to X we use the following formula for the function I'(w) (see [7], p. 272,
formula (145)):

”

row = 25 [T (o 222)

(27)7F k=i

(23)

Using this formula we can write'

(24) p(l—l—z) p(l——z) T S B T
g T ”((——))” (())
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Hence and from (9) and (11) it follows that for every positive integer n
and for £ equal to -1 or —1, the function

w I (_2_76;]:'::;?),2)

(25) h’n(z) =

is the Mellin transform of some symmetrical random variable belonging
to . Taking n = 1, e = 1 we obtain the random variable (12); taking
n=1, §¥ = —1 we obtain (13). Taking n =2, ) = +1, & = —1
we obtain (17); taking n = 2, & = —1, &Y = 1 we obtain (18) (*).
Evidently the function
{2k — 14 &™) 2\ o,
‘N T [’(*—*—2 )
h(z) = |af® e

H H _#F(‘%_lw) g

(26)

r=1 |k=1

’ 21,
N
where a # 0, p, >0, Y p, =1, is the Mellin transform of some random
r=1

varigble -from 9. In particular, taking ¢ =1, N =2, #y =n, =1,
Py=p; =14 &M = 41, &' = —1, we obtain the variable (16).

4. The characteristics of the set X by Mellin transforms. We
shall characterize the set X by solving equation (22) in the class of Mellin
transforms of symmetrical random variables. To do this, we represent
the unknown function h(z) as a product
(27) h(z) = he(2)-H(2),
where h,(2) is a known Mellin transform which is a special solution of
equation (22) (for ingtance the Mellin transform given on the right side
of (16)), and H(2) is a new unknown function, defined in a strip S. Equa-
tion (22) is in this way reduced to the equation
(28) H(z)-H(—z) =1.

Let us write (28) in the form

(29) InH(—2) = —InH (2);
we see that the function
(30) () = InH (2)

is an odd one, analytical in a strip S. Then we may represent the unknown

(*) (Added in proof.) I have recently learned that the particular cases given
by the formulae (13), (16) and (18) have been considered by Steck [7a].
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function H () in the form
(31) H(z) = @

and the unknown function %(2) acecording to (27) by the formula

(32) h(z) = hy(2)- €"®.

Since the frequency function is determined by its Mellin transform
on the imaginary axis (¢ = 0 in formula (7)), we shall examine the func-
tion
(33) @(t) = h(it) = hy(t) ™,

According to (8) the functions ¢(f) and hy(s) are the characteristic
functions of some random variables, and that is why they satisfy the

conditions
(34) p(—t) =

Ty (—1t) = Ry (¥1)

(35)

(see [3], formula (4.1.9)). :
Splitting the odd function y(¢¢) into the real part a(f) and the
imaginary part #(t)

(36) y(it) = a(t)+1iB(t),
we write according to (33)
(37) @(—1) = hy(—1t)- e~

m = Tog (i) - FoO=180),

Comparing equations (37) and taking into account (34) and (35) we
see that a(f) = 0, and we obtain
(38) @(t) = R(it) = hy(dt)- 60,
As we see, if the random variable X belongs to X, its Mellin trans-
form has on the imaginary axis the form (38), where hy(2) is the Mellin-
transform of some particular variable belonging to X, and f(t) is a real
odd funection, analytic along the axis of ¢. It is the necessary condition
for & random variable to belong to X. To find the condition that would
also be sufficient, we shall give the matter some further consideratiomn.

We have seen that a function h(z) defined in a strip 8 is the Mellin
transform of some random variable if and only if h(it) is a chamctemstlc
function of some random variable (formula: (8)).

Now we shall make use of the following condition (see [1], p. 91):

icm
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In order that a given, bounded and continuous function ¢(?) be the cha-
racteristic funetion of a random variable, it is necessary and sufficient
that @(0) = 1 and that the function

A4 4

=[ [ ot—u)e®

[

(39) p(w, 4) = gt du

be real and non-negative for all real @ and all 4 > 0.

Applying this condition to function (38), and taking hy(2) given
by (16), we obtain the following condition: For a funetion h (<), which is
analytic in a strip & containing the imaginary axis and parallel to it,
to be the Mellin transform of some random variable X belonging to 9,
it is necegsary and sufficient that it be represented on the imaginary
axig in the form

(40)

where ﬁ(t) is a real odd function analytic along the axiy ¢ and
satisfying the conditions

[ {f sin [f(t—u)+ @ (t—u)] didu =0,
: _l/m —u
00 ch 1
2
(41) n
‘] [ et ot g,

——
I/ch~2—,urc

for every real x and every 4 >
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3AMEYAHHE OB OOQHOW TEOPEME XHHYHMHA H3 TEOPHUH
CAYIARHBIX IIOTOKOB

0. JYRAIMEBMXY (BPOILJIAB)

B momorpaduu (*) mo rteopmm maccosoro obemymusanua A. fI. Xun-
YuH JOKA3HIBAET CIEYIOMIYI0 TEOpeMy:

Troeema. Jas nomoka Ilamma (cmayuonaphozo opdumapHozo no-
moka ¢ ozparuMerusim nocaedeticmeuem) saronvt pacnpedesenus Fy(w) pac-
CcmosHUl 2 = ty—tp_1 (2 = 1) Mexwcdy nocaedosamenbHLIMU  661306aMU
dawmea gopmyaami

@€

(@) = 1 [ go(u) du,

]

() =1—qo(2)

oo
ede unmercugHocmb A onpedeasemea us yeaosus, ymo Fy(co) = 1 f @o () du =
]

=1, a @o(2) osnavaem nyaesyio Pyuryuto Ilasbma, m. e. YeA08HYI0 6epoAm-
HOCMb MO20, YMO 6 NPOMENCYMEe 6pemeHu DauHbl © He bydem 6b130608, ecau
8b13068 UMeN MECNO 8 HA4AAe 9M0o20 NPOMEMCYMEQ.

B pmowasarenbCTBE HTOH TEOPEMBI CYIIECTBEHHYIO DOJIb HIpaer cie-
nylomwasa Jemma:

Jlewma. [Jas ao6020 nomora ITamma u awbozo v =1,2, ...

1) lim Pri1 (w)

= (),
um0 Pr(U)

2de w,(u) 62POAMHOCING MO20, WNO & NpPoMeXcymre epemenu daunvt 4 6Y-
dem He meHee T 8bI30806.

Ho mpepent (1) ne Beerga cymecrsyer. MomHo ykasars TaKHe IO-
rown ITambma, mas woTOpHX y.(u4) == 0 B wexoropom untepsaie [0, a]
(a > 0) ¥ BCIEICTBUE ITOTO OTHOIIEHYE Y. (%)/w,(u) BONMBM HYIA HE
uMeeT CMBICIA. [IpiMepoM TAKOTO MOTOKA CILYRUT NMOTOK, B KOTOPOM pac-

M A. A, Xunuun, Mamemamuueckue Memodst meopuu maccosozo 06CAYHCUSAHUR,
Tpyns Maremaruueckoro Wmeruryra um. B. A. Crexmopa 49 (1966), crp. 43.
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