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About the extremal spiral schlicht functions

by J. ZAMORSEI (Wroelaw)

Let 8 denote a class of regular schlicht funections with the expansion
1) f2) = 2t a,22+...

for [2] <1, and let X denote a class of meromorphie schlicht functions
with the development :

1
2) F(2) = — +botbiot...
for 0 < |#| < 1. L. Spadek in his paper [3] proves that each function

£
1 —
_ P_@_ldz}
1—cw0 z

(3) &) = zexp{

where p(2) = 14 a2+ ap2®+..., [o| < 1, rep(2) >0 and a is any real
number, belongs to the class 8. Further Spadek proves that for these
functions the hypothesis of Bieberbach is true. Of course, similarly

1 1 o) —
@) () =~z—exp{—l—__m. [ —1’——(2 1 dz}

belongs to the class X.

Let 8, denote the class of functions defined by formula (3), and
let X, denote the class of functions defined by formula (4). We can easily
see that for a = 0 class S, becomes class 8* of all functions starlike for
the origin of the system of coordinates. Similarly for the class X,.

Let W7 denote the n-th region of the coefficients of functions of the
class S,. We can easily see that it is a 2n— 2 dimensional domain, elosed,
connected and bounded, including the origin of the system of coordinates.
Namely from (3) we have

(8) 2f'(2) —

o = Lrep@—1]


GUEST


266 J. Zamorski

where ¢ =.1./(1—m') and rep(z) > 0. From (5) we obtain a connexion
of the coefficients of the function with a positive real part and the coeffi-
cients of a function belonging to the class Say

1—%

(6) U gttty =0, k= 2,3,...

Hence of course

Qy Qg Qo1
1—%
( __1)"7 ) Ay g g
) =i 2—k
- ) *—— Upy
Q
0 0 a,
and
by 1 0
Jo—
(8) 4 = (1) 20y a; 1 0
- J
(b—1)ay [ @y

F.o-rmulae (7) and (8) give homeomorphism of the n-th region of varia-
bility of functions belonging to the class S, and the n—1 variability
region of the coefficients of functions with a positive real part (see Oara-
théodory [1]), and this proves the above properties for the region W2,
The n-th variability region of coefficients of a function of the class Z'n
denoted as ¥y, has analogous properties. Y

Now we are going to define the functional H,(f) for functions of the
:ia.aisvkz;.ial;f:meayfl‘et éf,}(w:]il..., Tn Yay --+y Yn) be a real function of 2n—2

e8, defined in the regio isi -t i [ vari

oillty 7% 0,1 e glon comprising the n-th region of varia-

n

o Sl

o2 - am’“ ay’l‘

ft?r all poipts of the region Wg. This function will be congidered a8 a fune-
tional defined for the functions of the class 8, namely
H,(f) = Hn(wza e By Yoy oo W)y f(R) = Bt a2+, ., A, = By Y.

We are going to denote analogically the functional B, (¥) for the functions

of the class X,. Now we shall study the i
o e u y extrema of the functionals H,(f)
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TEEOREM 1. The function of the class S, for which the functional

H,(f) obtains its emtremal value always has the following form

1/(1—ai)
’

f&) = 2| [ Q=)™

25k=2, B >0, oz =1.

k=1

THEOREM 2. The function of the class Z, for which the functional B, (F)
obtains its ewtremal value always has the following form

1 n+1l 1/(1—at
F(z) = = [n (1— O‘kz)ﬂk] (L m.),
¥ k=l M
n+l
gﬁkﬂ, Be >0, loxl =1.

In a particular case, when we put a = 0, we oblain the known theorems
concerning starlike functions (see [4]).

Proof of theorem 1. Formulae (7) and (8) show that each point
of the n-th variability region of the functions of the class §, corresponds
continuously to one and only one point of the n—1 variability region of
the functions with a positive real part, and vice versa. Hence the points
of the boundary of one region correspond to the points of the boundary
of the other and vice versa. From the assumptions on funetional H,(f)
infer this functional has its extremal value on the boundary of the
region W;. The extremal function corresponding to the boundary point
of the region Wj corresponds, aceording to formula (3), to the function
p (), which is a boundary function of the n—1 variability region of fune-
tions with a positive real part—on the basis of the above corres-
pondence.

By Carathéodory’s theorem [1] this function must be of following
form

- 0%
=1 E S
p(z) +k=l ﬂk 1__0_kz 3
n—1

DB=2, >0, loxl=1

k=1

(10)
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or

z n—1 Nn—1

fe) = zexp{l tMJ Zlf%j;z‘ z} = z[[] (1_0"’3)—%]”“““);

Io=s1

which proves the theorem.
The proof of theorem 2 is analogical.

TrEOREM 3. The parameters defining the fumction of the dlass 8,

ewtremal for the functional H,(f) satisfy the following system of equations:

A1 "V Ay o Ao R Ay o A, = 0,

2(%—-—-1)‘4“ 10—1207‘- +"'+”-A10‘“m1’|“ ('n"—l)ﬂ.o';:'z—!—

+(n—2)4, 0} .+ A, , =0,
11 G (em, . om,
45 = 1—ai -~Za { - }
) = 6%4—7 3yp+a’
[
Zﬁk=2, Br>0, lool=1, kj=1,...,n—1

k=1

THEOREM 4. The parameters defining the fumction of the class X,
estremal for the functional E,(F) satisfy the following system of equations:

B o™+ Biof P L Aok By o - By = 0,

2(”+1) 91+10'77L'11+ - (’”"|‘2)Bl n'”"'('”"l‘l)lo'k

+nBoy 4.+ B, = 0,
1 G (em 0B
Bj=1_m. p{am l _7;0 ‘n}’
e 0-+§ Yo1d
n-1
kzzﬂk =2, F>0, Jol=1, kj=1,..., 041

The proof of theorem 3. The coefficients of function f(2) of class S,
extremal for functional H,(f) are given by formula (7) where by theorem 1

-1 -1

al—Zﬂkdln Zﬂk=2’
k=1

ﬂk > 0, g = 07:075
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So the coefficients are polynomials of variables g and ;. Further we have

n—1

%= —:[Q (1—op2)~° ]1/(1 mlog(l——akz)l

—ai

_{mz u__a.(ﬁ 23 __1’.#’
_i7/9k '(),3 +.t+ s +..

since

n—1

1/{(1—al
—2 [n (l—akz)‘ﬂf] . m’log(l——o'kz)l

i=1
1 gt ok
= 1_M_T]=E zp{p—l +p——2 ag—{—..,-]—akap,l},

we have
da, R o2
11 E- I ) +p——2 a,z—}—...+akap_l}.
Similarly .
da, %, Y
(12) 5&2‘ = — 1_}3’;1;{0‘;22‘14— oh gt ..oy ).

In order to determine the extremum of the funectional H,(f), it is suffi-
cient, to find the extremum of the funection H,(®,, ..., Tn}; Yo, ...y Yp) OB
the boundary of the region Wj;. After replacing the variables a;, y; by the
variables f, and ¥, we have to find the extremum of the function

H,(Byy .oy Oz By +- -y Pu_i) With the condition Z’ﬁk = 2 in the interval
of variability 0 < 8, <2, —oo < &, << 0. Let l’ be a Lagrange multi-
plier and let us find the derivatives of the function
n-1
Hy=H,+ % (D f—2)
k=1
at the extremal point. We have

9H) <\ 0H, on "y 0H, Oy,
B 0z 0fx &~ 0y; 0B

+¥ =0,
7'=z

(13) ,,,

BH* 0m; oH, @
g — 4 .9 =

619k Bmi 90y ~ Oy; 09
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%
E(Ep—a,,,) and substitus-

ing (11) and (12) into (13) we obtain the following system of equations:

o} 3 ; 0H,
T—Ta‘z 2 2 {()wp i d?/,, n ,}—i
h— —‘j L)

0H, 0H, )
L1 , - LA =0
| 1+ MZ Z “ 00y e Yy 4y I—i ’
1 i =} OH aIIn }
(14) P []—j;?/ 72'7 * Z% {a%-w - 0Yp 49

n—j

-1
1 ., 0H, . 0H

N N "}]=o
14—ai§ ’2 aﬂ{ﬁmﬁ,{‘jﬁ-%()y@w '

Putting @, = rea, = §(a,+a,), ¥, = ima, =

p=1
n—1

Z Br = 2.
fe=1

‘Without loss of generality we can agsume that no 8, are equal to 0. Further
we have o, =1/0. To be short let us substitute
1 19’ { 0H, . 0H, }

0y g ayp +5

4; =
' 0y s

LT a/p
l—ai § =
By simple transformations we find from (14) that the parameters of the
extremal function must satisfy the system of equations

Ay GO Db A o T A o A, =0,
(18)  2(n~1)4A, o' P+ nd ol (n—1) Ao
+(n—2)A, 4. 44, , =0,
2 B =2,
Foe=1

where it is not necessary that all ¢, should be ditferent. The proof of theo-
rem 4 is analogical.

Putting ¢ = 0 we obtain from theorems 3 and 4 the wellknown
theorems on starlike functions (see [4]).

THROREM B. The coefficients of the class X, satisfy the inequality
2 1
nt+l Yite

bl <

icm

About the extremal spiral schlicht functions 271
We obtain an equality for the function
1 N4+ 12 /(1) 1) (1—at)
F(e) = < [y 0 po-ad ) g,

Proof of theorem 5. J. Clunie in his paper [2] proves this for the
class of starlike funetion with a pole. His method may easily be applied
to a function of the class Z,. Namely

F(z) = %— exp{— gfz(i)‘;«} dz}

where
0:1 ai’ p(2) 20, pk)=1+met...
Hence
2B (2)

16 = = - 11—1
(16) ) elp(z)—1]
Let

pE)—1_ 7,
(17) o) =T = ;:517 oy
Then [w(z)] < 1. From (16) and (17) we have

o (2)[2F'(2) — (20— 1) F (2)] = 2F' (2)+ F(2)

or ’
(18) Y ond|—20+ F (k+1—20) b} = ) (1) B2+,

k:

]

k,

Hence we have

n—-1

o {— 20+ 2 (k+1—20)b, z’““}

De

(19)

fe=

-

n

=2(k+1)bkz’“+1+ f 4",

k=0 k=n-+2
¢ being some complex numbers. Since |w(z)] < 1, we have

n—1
Z lewl 7™ < 4lol4 ) lh-+1— 20 byl

ka2 k=0

n
D) (ot 1)y #7040 4
k=0
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for r < 1. Hence further
n n—1

D12 b < 4ol 4 D) Vot 1— 20 By
k=0 .

Je=0

or

n—1

(01 Bl < 4o —4lel* D) R byl
k=1 .

and thus
2 1
- 1 1/] +d

We obtain an equality for the coefficients of the function

bal <

1 2/(n- -—-ai
F(z) = “z‘[(l-i-nz"'“)"( PITIE-ER, yl =

THEOREM 6. The coefficients of a function of class 8, satisfy the ine-
quality

(L4 ar)-mE = 2 912
g < Tl-—-——]— [(2+k)*+ K a*] .

The sign of equality occurs only for the coefficients of the function
f(&) = 2(14ne)™0=, y) = 1.

Proof of theorem 6. Just as in the proof of theorem 5, the function
of class S,

f(z) = zexp {@f—m—ii dz}

satisfies the equation

2f' ()
f(z)

Putting the bounded function w(z) we obtain from (20) the equation

o (@) [2f (2)+ (20— 1)f ()] = 2f' (2) = f(2)

(20) = o[p(s)—1]+1

or otherwise

(21) imkzki(k—}- 20—1) e, = S‘(kwl)akz".

k=1 k=1 k=1
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Hence of course

n—1

Zwkz‘ 2(7a+29 1 = Z(k 1) a -+ Z e?”

k=1 F=n+1

where ¢ are some numbers. Since |w(2)] <1, we have
n—

1

Z To— 1) o™ + 2 lew*r** < D7 B+ 20— 1% [y 1
k=1 k=n+1 k=1
for r < 1. Hence
. " n—1
(22) D E—1P e < ) b+ 20— 11 ol
k=1 k=1
or
4 "Ik
2
(23) | <m 21+azl a.
For n = 2 we have
ag] < —2
T vite

Hence and from formula (23) by simple induection we conclude that

n—2
(1+a2)(l~")/2 2 2
anl < =05 H[2+k R

We obtain an equality for the coefficients of the funection

F&) = 2(1+492)20%,  |y| =1.
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