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A PROOF OF A THEOREM OF ZELAZKO ON IP-ALGEBRAS
BY

K. TRBANTK (WROCLAW)

Let G be a locally compact Abelian topological group. For each
p =1, we define the space IP (@) as the space of all measurable complex-
valued functions f on & such that |f|” is integrable with respect to the
Haar measure m on G. Obviously, I’ (§) is 2 Banach space under the norm

Il = ([1f (@) (az))™".

@

In the sequel we shall denote by fg the convolution of functions f and g,
i e.

(fo) (@) = [F)glay ym(dn) (2.

In this note we shall give a simple proof of the following theorem,
proved by W. Zelazko in paper [3]:

If, for a number p >1, I7(&) is a topological ring under the con-
volution multiplication, then @ is a compact group.

Proof. Let R be the extension of L,(G) to a topological ring with
a unit element (see [1], p. 158). The norm in R, which is an extension
of the norm in L” (@), will hencetorth be denoted by || [|,. It is well known
that the norm

&Y A1 =

e

sup  [Ifgll
R l0ly=1

makes B a normed ring (see [1], p. 168).

Tirst we shall prove that the ring L”(¢) admits & non-trivial conti-
nous homomorphism into the complex field. To prove this it is sufficient
to ghow that IP(G) contains an element which does not belong to the
radical of R. . i
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Let V be a symmetric compact neighbourhood of the unit element
in @ and let x be the characteristic function of the set V>. Obviously,
g LP (G). Moreover, using the inequality

@) = [ @) rleyymidy) = [ ) ey m(ay)
G 14

= ["mdy) (zeV),
14

we can prove by induetion the inequality y"*'(z) > m"(V) (xeV). Hence
and from (1) we get the inequality

2 = el > of [15" (@)1 m (@)]” > om™ (Vym? (V),
v

where ¢ = ||y|l;". Thus lim|y"|'"* >0 and, consequently, the function

N
does not belong to the radical of R.

Let 7 be a non-trivial continuous homomorphism of I” (@) into the
complex field. By a well-known theorem there exists a function ¢eL%(@),
where 1/p+1/q =1, such that

h(f) = é{ (@) (a)m(dz)
for any feI”(G) (for non o-finite measures see [2]). Moreover,
(@) Gj I (@)|“m (da) > 0.
From the equality
J 1@ enm@in(a) = 1) = o)

= Gf af F(@) ()@ (@) (y) m(dw) m (dy)

we get for almost every pair @, y<@ the following one: o(oy) = p(®)p(y).
Hence for almost every yeG we have the equality

Gf lp(@\m(da) = [ lp(ay)*m(de) = lp@)* [ |p(@)*m (do),
a Q

which, according to (2), implies the equality |p(y)| = 1 almost every-
where. We have proved that the function identically equal to 1 belongs
to L*(G). Thus m (@) is finite and, consequently, the group G is compact.
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