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Let
2 o: |f(@)—fal@)] =27}

Evidently XelI. If ¥ — X then |f,(#) —f,_:(2)] < 3:27", whence zeH,;

and g., (%) = ful@
By mductmn w1th respect 50 My Gam(®) = fo (@) for zeX—X and
for each » and m =1,2,...,n. It follows for weX’ that

g(o) = limg, o (z) = imfn(w) = f(@).

In consequence
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Let (X, M, u) be a o-finite o-measure space. H. Steinhaus has
introduced the following distance of measurable sets of finite meas-
ure:

u(4=B) .

—Lif A+B) >0,
(1) 0. (4, B) =i u(4+B) mA+E) >

0 i p(d) =pu(B)=0,

where 4~ B denotes the symmetric difference of A and B, i. e. the set
(A+B)—AB. The distance (1) is discussed in [1] and [2]; it has been
applied by biologists.

In connection with a question raised recently by J.B. Falifski
from the Botanical Tnstitute of the Polish Academy of Sciences, J. Perkal
observes that there exist finite sequences of sets arbitrarily near each
other (in the sense of the distance o,) and yet having an empty inter-
gection. Namely, it suffices to consider the sequence S, .. ., 8, of all
(n—1)-element subsets of a fixed n-element set X and to a.dopt the
number of elements of 4 C X as the measure gy(4). Then

Oy (8iy &) =2/ for i #4 and 8-...-8, = 0.

We provide here the answer to a problem of J. Perkal by proving
that, for every o-measure p, if 0,(Aq 4y) < 2[n, then A,-. A, #0
(see 1.2(ii)). The preceding example of Perkal proves that our inequa-
lities in section 1.2 may be considered as the strongest ones.

The second part of this paper contains analoguous considerations
concerning the distance of functions.
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1. SETS
1.1. Definitions. For any sets 4,,...,

(gt oot A=Ay A,

A, we put

D(Ayy..., 4y) =

This is a generalization of the gymmetric difference: D(4,, 4,)
=4,~4,
Further, let us set for measurable sets of finite measure

pD(Ayy ...y 4n))

kel ot URAME S L A V] Ay 4,) >0
Oy(Ayy ey Ay) = 1 pldit.. +4n) #lArteetda) ’

0 £ op(dy) =...=p(dy) = 0.

This is a generalization (for every finite number of sets) of the
distance o, of two sets), defined by formula (1).

Let us notice, incidentally, that o, (4, ..., 4,) <0, (4y, ..., 4y, Apy).

1.2, Inequalities for sets. We will prove that

(i) For any A,, ..., Adne M of finite measure we have

Oy ey A0) < 2 Do, (4, 4)
1<
or, in other words, under the assumption p(d,+...+4,) >0,
lu((A-1+---+An)— "Aﬂ) < 1 ‘M(A,,——.A:,)
u(d ...+ 4,) -1 £ p( At 4y) ’

Proof. It is eagy to verify that if weD(4,,..., 4,) then there exist
at least n—1 pairs i < j such that weD(4;, ;). Hence we obtain the
following inequality for characteristic functions:

1
Lyt +dy(8)— Lty oa, (®) < —___—1-2 (XAi-f.A,(x)'—‘ZA_i.Aj(w))
i</
or, in other words,
( (Au n 1 2 Aw Aa‘
i<q

which implies (i).
The definition of o, implies:
() o0u(dyy..., 4n) <1 if and only if either u(4,-...-

A,) >0 or
pldy) = ... = p(4,) =0
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By the aid of (ii) we obtain the following corollary of (i) concerning
only the mutual distances of pairs of sets A4;, 4;:

(i) IfZ 0u(4sy 45) <n—1 (e g. if 0,(d;, 4;) < 2/n for 1<
<n), then ,u(A1 wtdy) > 0.

i<

2. FUNOTIONS

2.1. Definitions. If f is a real function defined on X and u-measurable,
then (; denotes (as in [1]) the met of points (z,y) lying between the
graph of f and the X-axis: )

= {(z,9): 0 X, and 0 <y < f(z) or f(z) <y <0}.

If a,,...,0, are real numbers, then J(a,,...,a,) denotes the
length of the smallest closed interval econtaining ay,...,a,, or, in other
words,

(2) Oy onvy tly) = ma_xai—mj.nh,.
7
Consequently,
3) 8(a,b) = la—>|, (0, a,b) = max(lal, |b], |a—b]).
For any real u-integrable functions fy,...,f, we putb
aulf, fo) = f’s(fl(m)’ -";fn(w))d,u(w)
HERTIRT [6(0, fala)y s Ful@)) dp(0)’

where the integrals (here and in all the following formulas) are extended
over the whole X. This definition obviously requires completion: if
fis -y fn vanish a.e. (almost everywhere), we put on(fiy...,fn) = 0.
It follows from (3) that o,(fi,...,f,)is & generalization of the dis-
tance o, of two functions, defined in [1] (p. 325).
We will prove another formula for o, for a special case:

(i) If fu,y ..., fn are non-negative and p-integrable, and do not all vanish
a. e., then ’
[nain f; () dp (@)
et
Uﬂ(fl?"')jﬂ) - fma.xfj(w)d,u(w)
17

This is an eagy consequence of the definition of o,(f1, ..., fa)y of (2)
and of the following equality, valid for non-negative numbers a;:

3(0, @y, ...y @)

Let us remark that

== MMaX .
7
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(ii) For real functions fisevy fn which are u-integrable and do not all
Vanish @. ., 0,(Ff1y oy fu) < 1 4f and only if the functions fi, ..., fn are all
positive or all megative on a set of positive measure.

This easily follows from the following equivalence: 8(tyy ey )
< 6(0, @y, ..., ay) if and only if the numbers a,, ..., a, are all positive or
all negative.

2.2, Functions and sets. We will prove some relations between o,
for sets and o, for functions.

(1) 0. (Ayy -y An) = 0,(Lays -oos Xa,), where A; are u-measurable sets
of finite measure.

This is an easy consequence of the definition of o, for sets, of 2.1(i)
and of the following equalities:

WAy An) = [ty B = [ iDL, (2t 0),
pldate Ay = [gay sa,dp = fm?XxA,.(w)du(w)-

() 0,(frs s fu) = 0,(Cpys o0y Op,), where f; are u-integrable real
unetions, and v denotes the direct product of u and the Lebesque measure | |.
In order to prove this, it suffices to note that intersecting the sets

Cy,+..-+ 0y, and D(Cy, ..., Op) With the vertical line z = x, we obtain
Hy: (20, ?/)EOfl‘l‘--"I'Can = 6(0af1(9’0): "-7fn(w0))7
I{?/: (o, y)ED(Olly XS] 01,,,,)}1 = 6(f1(m0)) .- '7f'n,(w()))7
which is easy to verify by considering first the case when the numbers
Fi(®e)y .-y ful®o) have the same sign, and next the other case.
The preceding equalities give, by the theorem of Fubini,
'”(-D(Glu sy Ofn)) = f]{(lji (=, y)ED(Cflv ceey Oln)}ld/"(‘m%
w(Op,+- ..+ Cy) = [I{y: (@,9) 0y +...+ 0 Y du(w),
which implies equality (ii).

2.3, Inequalities for functions. Propositions 1.2 (i) and 2.2 (ii) iraply
the - following *inequality for p-intégrable functions:
. 1
0 ulfar e fu) <77y D) oulfin i)
n—13=
Hence, by 2.1 (ii),
(i) If g_%(fmff) <n—1 (6.9 if oufi,fj) <2/mfor1 <i<j<n)
<

and not all f; vanish a. e., then the functions fi, ..., f, are all positive or all
negative on a set of positive measure.
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