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Added in pro of. J. E. Kist has pointed out that, in the presence of cormple-
teness, the hypothesis that 4 be uniformly closed in Theorems 5.6 and 5.7 is redun-
dant. (See, e.g. [31], p. 30.)

A note on 0-dimensional compact groups

by
Edwin Hewitt* (Seattle, Wash.)

Tvanovikil ([3]), Kuz’minov ([4]), and Hulanicki ([2]) have recently
published proofs of the fact that a 0-dimensional infinite compact group
is homeomorphic with the Cartesian produet of a number of 2-element
digcrete spaces, thus answering a question raised by P. 8. Aleksandrov.
Since all three of these proofs are somewhat complicated, it appears
worth while to present a simplified version of Hulanicki’s elegant proof
of the theorem. We prove slightly more, as follows.

TumorEM. Let G be a 0-dimensional, infinite, compact topological
group satisfying the 1, separation axiom, and let m be the least cardinal
number of an open basis at the identity e of G. Then G, regarded only as
a topological space, is homeomorphic with the space {a, bY", where {a, b}
is a discrete space and o # D,

Proof. We give the proof in a number of steps.

(I) Let {Uer be an open basis at e having cardinality nt. By a well-
known theorem of Pontryagin ([5], p. 140, Theorem 17), there is a normal
compact open subroup V, of G such that V.C U,, for each teI. Now
well order the family {V.},cs, and rewrite it as {Vi, Ve, Vi, ooy Vas i}y
where a runs through all ordinals less than (say) the first ordinal x4 with
cardinal mt. (Note that m must be infinite.) With no loss of generality,
we may suppose that V, = G TFor every ordinal g, 1<f-<u, let
Npy= (V. and let N, = @ It is clear that every N, is a normal

a<f

subgroup of G- Fix an ordinal f< u, and let X Dbe any subset of ¢
that is the intersection of sets of the form @,V w @V, v ... © @V, , Whero
aje@and f;<f (§=1,2,..,8). It is obvious that NpX = X

(IT) We next define certain open and closed subsets of G. Let B
be the set of ordinals g < u for which V, G NgVs. Both Vi and NgV, ave
open and closed normal subgroups of & The quotient groups NsVs/Ve and
G/ 3V are compact and discrete and hence finite. Liet b NV, ..., U™ NsVs

* Research supported by the National Science Foundation, USA, under Grant
NSF G-5439.
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be the distinct cosets of NgVjs in &, and let af'Vy, ..., af™V, be the

distinet cosets of Vj in NgV,. For each integer §, §=1,2,..., &, let
A = b0V O BP0V O o PPV,

Thus each A is a finite union of cosets of Vj, and each A intersects
every coset of NgVs in a coset of V. Tt is obvious that AJ ~ AP = @
if § %1 and that

4y~ ’
=l

We next note that if X is a nonvoid subsoet of ¢ and § == 1, 2, wery Iog,
. o mg o , ‘
then (NpX) ~ A§ # 0. Since zU BNV, = ¢, there is some 5P for
]

which (NpX) ~ (bPN,V5) #@. Since af is in NV, we have BN,V
= PNV = N.b® (1)‘[] here At ni y el
o g N Vg gbp'ag’Vs. Thus there are clements a,, ay e Np, ¢ X,
and y eV, such that ax = ab’ay. Since bPaf’ ¢ 4D, it follows at
once that (NpX) ~ quj) #* 0.
Now let By, By ..., Bs be any distinet eloments of B; we may suppose
that 8, < fy < ... < fs. Then we have ‘

@) AP AP ~ AP 2@

B 1<ii<ky (1=1,2,..,5). It follows from (I) that A = N, A,
By the preceding paragraph, we have AfY ~ A = (N, AGY) A A.(“’a;!: 1@
TApplying {I) and the preceding paragraph again, togethler witﬁﬁ finite
induetion, we verity (1).

.To complete our construction, we need one more fact, viz.: if », y
a,r((ya.) in @ qnd @ 7y, then there is a e B and a 4§, 1 <j <k , such 1;ha;’r.
A cc.mtalns one and only one of the points # and y. Since oMy 5 e
there is an « < x such that o~y ¢ V,. Let B be the least of all these a’sf
Ihgn &y e Ng, so that o'y e NV, and 2y ¢ Vs, Hence we have
V‘:i s NgVp, so that f e B. In the notation used above to define the sots
;1;3 , we h(ta;vg) @, e bg’Nﬁ(Tg,g m'for some ¢, 1 <t << my. Sineo w-ty ¢ Vy, wo
: jvt(il aﬁ € gl;,;;z lgg/;ﬁ and yeby'ag'Vy, where j 1. Hence v edf) and ye AP,

(IIT) To  finish the proof, we form the  Cartesian  product

v - 9 o N ; : . .
ﬂ{’B{l, y oy Kg}y each finite space {1,2,.., &k} Dboing given the

dlscretg t.opology. Define a mapping @ of ¢ into ¥ Dy: d(w) == ()

where o 38 the integer such that @e.4f’, for each feB. Since all (ff ”1?'{1}&
se:ug Aj’ are open and closed, @ ig a continuous mapping. Since the sobs
Af sepa.m.te points of &, @ iy one-to-one. Hence P i a homeomorphigm
an‘d d) (6) is a compact and hence closed subspace of ¥, In view of (1)‘7
D(@) is denge in ¥, and thus O(G)= Y. . -

icm
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The construetions in (I) and (II) above show that B<gm Since ¢
and Y are homeomorphic, we must have B = m, inasmuch as B is the
smallest cardinal number of an open basis at an arbitrary point of Y.
To show that Y is homeomorphic to {a, b}", write B as the union of
a family of pairwise disjoint countably infinite sets. For each countably
infinite B, C B’/; f {1,2,..., &g} is a 0-dimensional compact metric space

€,

without isolated points. By a classical theorem, this product is homeo-
morphie to {a, b}¥ (see for example [1], p. 121, Satz VI'). This implies
immediately that Y is homeomorphie to {a, b}"
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