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The trace of certain operators

by
A. GROTHENDIECK (Paris)

This paper is author’s answer to R. Sikorski’s letter containing the following
problem and conjecture:

Let X be a Banach space, ¥—the Banach space of all bounded endomorph-
isms in X, ¥;—the set of all finitely dimensional bounded endomorphisms in X,
and UA;—the closure of A, in A Let T;ed be such that the functional

(%) trace T:E (K e ¥p)

is continuous on U, i = 1,2, 3. Denote by F; the unique continuous extension
of (x) over ;. 8ince T,7T,, T3 T, T, T, are nuclear, they belong to ¥;. Consequently
the numbers

() F(T,Tg), Fo(TyTy), Fy(TyTy)

are well defined.
Problem: are the numbers (x«) equal?
Conjecture: yes, they are.

(1) Let E, F be Banach spaces, u ¢ E'®F, we say that u is special if for
any Banach space 3/, and linear (continuous) maps 4: ' ~ M', B: F — I,
the trace of the element v = AQB(u) in M'Q M is equal to the sum of
the proper values of the corresponding operator o in M (or the operator
‘5 in M, whieh amounts to the same), the set of these proper values (each
counted with the right multiplicity) being summable. As %5 = 4'4'B,
it follows at once that u is known when we know the corresponding operator
%: E— F (take M = F, B = the identity). Such an operator « will also
be called special. If v': B — F is a special operator, it defines a well deter-
mined element ™ in B'®F, and if ¥ = F, then the trace of u™* denoted
also by Tru’, is equal to the sum of proper values of u'.

If u: B— F is a special operator, so is ‘u:F — B and we have
(fu)* = Y(«*) in the obvious way; and for any operators A: M — H,
B: F - N, Bud is special and (Bud)* = B(u*)4 (where operations on
a kernel »* have the obvious meaning). From this, and a well-known
and immediate property of kernels, follows

Truv = Trou
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it w: B F,v: F— I, one of the operators «, » being special, 5o that the
traces are well-defined. As a corollary, we have formulas

Truvw = Trowu = Trwuy

ifu: B~ Fyv:F—~ @G w: G~ B, one of the three operators being special.

It is not certain, if u, v: B — I and u | v are special operators, whether
(--2)* = «*-- %, or what amounts to the same, whether (in case B = F)
Tr(u-+0) = Tru--Tro. We will see a special case where things are nice.
(2) ProrostrroN. Let B, F be Banack spaces, let S(H, ') be the set of
operators B — I which can be factored into I} -+ H F, H a Hilbert space,
v integral (= nuclear, heve). This is a vecior subspace of L(K, '), its elements
are special operalors, and the mapping w " from S(B, F) into B'QF
is linear.

The proof is very easy, and rests essentially on the following remarks:
a) The proper values of a nuclear operator in Hilbert space are smnmable,
the sum is the trace of the operator; b) Let ', H be Banach spaces, a:
P—1H, p: H-—P operators such that ef iy compact. Then «f and fu
have the same seti of proper values. From this follows: ¢) if in (b) « comes
from an element o’ <P'®H, and if H is a Hilbert space, then Tr o’ i equal
to the sum of the proper values of B (these being snmmable). From e)
follows that the operator vw of proposition is special, and (vu)* = v*u
(the latter formula being also contained in (1)). Now linearity follows vory
easily.

COoROLLARY 1. The same assertions hold for the space S"(E, F) of oper-
ators vu, where w is now assumed to be nuclear.

An operator B — F iy called of Hilbert type or type () if it can be
factored through a Hilbert space, and of type (H') if its compositum with
any operator of Hilbert type (on. left or right, it amounts to the same)
is integral (or nuelear, it i the same). These notions are studied in my
paper [1], where I prove that type (E') is equivalent with the possibility
of factoring through ¥ — ¢ — L — F"' (where (' is the space of continuous
functions on some compact space, I the dual of guch a space). We do not
need this fact here, but merely remark that an integral operator is both
of type (H') and of type (H) (in fact, type (H') implies type (H)). The
operators of type (H), or type (H'), from F into F form a Banach space
with a natural norm on it, which could be taken into aceount below.

COROLLARY 2. A compositum vu (w: Il — F, v: F — @) where one of
the operators is of type (H), the other of type (H'), is special. Moreover if
E = @, then Truv = Trou.

In fact, we get that ||(vu)*|| < Ny ()N g (u) resp < N (v) N (u) ().
(*) For the definition of Ny, Ng see [1], p. 40.
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The assertion on the traces, once factorisation through Hilbert space is
written for one of the operators, follows at once from (1).

As a consequence, if we have operators u: E — P,vo:F -G w:G K
one of which is of type (H), another of type (H’), then we have

Trwvu = Trouww = Truwv.

Now suppose in corollary 2 that v is integral, and u is a limit (for the
norm Ng) of operators of finite rank. A fortiori » is a limib in the usual
norm of operators of finite rank, therefore by continuity vou is defined as
an element of B'® @, so that for ¢ = B, the trace of the latter be the na-
tural scalar product of » and ». We see by continuity that we must have

vou = (vu)*

and henee, if B = ¢, Troqu = Tr(vu). Therefore, the number P (T,T,)
in your letter can be also and more conveniently be written TrT,T,T,.
The affirmative answer to your question is now obvious.

Remark. If the spaces E and F satisfy the approximation property,
50 that the trace of a nuclear operator in either space is defined, things
are much simpler still: it is easy to prove then that if u: B — F is
integral and v: E — F is weakly compact, so that uv and vu are nuelear,
then Truvr = Trou.
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