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ACTA ARITHMETICA
VII (1962)

Covering space with convex bodies
by
P. ErDOs and C. A. RoGERS (Toronto)

1. A few years ago Rogers [1] showed that, if K is any convex body
in n-dimensional Euclidian space, there is a covering of the whole space
by translates of K with density less than

nlogn 4+ nloglogn+5n ,

provided n > 3. However the fact that the covering density is reasonably
small does not imply that the maximum multiplicity is also small. In
the natural covering of space by closed cubes, the density is 1, but each
cube vertex is covered 2" times. Our object in this note is to prove that,
provided » is sufficiently large, there is, for each convex body K, a cover-
ing with density less than

nlogn + nloglogn+4-4n ,
and such that no point is covered more than
e{nlogn+nloglogn + 4n}
times. By dimension theory, some points must be covered » + 1 times.

2. In this section we take K to be a Lebesgue measurable set with
finite positive measure V. Further let A be the lattice of all points with
integral coordinates, and suppose all the distinct tramslates of K by the
vectors of A are disjoint.

We suppose that N points X,,X,, .., Xy are chosen at random in
the cube C of points x with

0 <1,0<m,<1, ., 02, <1,

and investigate the average density of the set of points covered exactly &
times by the system of sets

(1) K+x;+g (1<i<N,ged).
Let o(x) be the characteristic function of the set K. Then
oi(x) = 2 o(x—x;—g)

ged L]
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is the characteristic function of the set
= LJ {K+x;+g} ’
geA

for 1<i <N,

Suppose 0 <k <N and consider the function

YZ"‘hlik 2([7% ),

i 8=

THX) =

where the sum > is taken over all selections of & distinet integers from
1,2, .., N. Suppose that x is a point of space, which belongs to just »
of the sets (1). Then x belongs to just r of the sets Zy, Zy, ..., Zy. Thus,
if » <k, we have 4(x) =0, and, if r >k, we have

r

RU—1)-F 7!
= 2 zr((;r_—)z;vmm|
r!
TEr—%)!
=1, if r=k%,
=0, if r>k.

(1—1)y-*

Thus 7(X) is the characteristic function of the set Ej of points belonging
to just k of the sets (1). Since Hj is periodic with period 1 in each co-
ordinate, its density is equal to the measure of H, N C, and so is given by

8(By) = [ m(x)dx.
o

The mean value m(é(Ek)) of this density, taken over all choices
of the points X;, X,, ..., Xy in € is

= [ J{ [ wmrdx}ax, ..., axy
(o] c ¢

But, using Fubini’s theorem,

J-JiJ [ Touxiin) s .. ixs

8=

f { f o(X) dxl} ax
{f Zg(x—-x1—~g dxl}

M (5(F))

ll

II

gea
= Of{f@ x——xl)dxl} dx
== Vh‘ »
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dence, the mean value of the density of FE; reduces to

B (—1)hk N
M (3(Bx) = S1k!(h B RN — h)'
!
k'(N k Vk(]_ VyN-k,

3. In this section we take K to be a convex set in n-dimensional
space of volume V, and establish the existence of a covering of space
by translates of K, which has both its density and its maximum multi-
plicity reasonably small. By a result of Rogers and Shephard [2] there
is a lattice 4, of determinant 4"V such that the distinct translates of K
by the vectors of /1, are disjoint. Thus, after applying a suitable lmear
transformation to K, we may suppose that the volume ¥V of K is 47" and
that the distinet translates of K, by the vectors of the lattice A of points
with integral coordinates, are disjoint.

Now take N to be the integer nearest to

4" {nlogn +nloglogn+-4n} ,
and h to be the integer nearest to
e{nlogn +nloglogn+4n} .
T¢ F, is the set of points covered by & or more of the sets of the system
K +xi+8
it follows from § 2, that

N
M(8(Fr) = Z%WN@_—WWQ—V)N*"
k=h

1<i<N, ged),

N-h
Nl ot v B (N — )} ( vy
vy =Y Z;(h«{—t)!(.N—-h-—t)! 1_17)'
Tn this sum the ratio of the (¢-+1)-st term to the i-th term is

N—h—t ¥V <N [
Ftt+l 1— TV ShHL 1 =7 <

Hence

; N—h V
o 3) <y O ,Z G v

N! o, (+1a-7)
= hz(N-h)xVh(l"V)N "EFD— (AT
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So, using Stirling’s formula,

h h
long( (") ) < (N—h)log (1 +m)—h10g‘7-%7+

+ (N —h)log(1—V)—
NV
-

By the choice of ¥, N and h, this yields

)+0(1).

log M (3 (Fr)) < — nlogn—nloglogn—dn -+ O(1).
Similarly, if
-1
= 3nlogn’

the mean value of the density of the set Hi of points belonging to no
set of the system

(1-2NE+x+g (A<i<N,ged),
is

M3 () = (1— (L —2q)7)";

) )
nlog'ﬂ
n 10g n)

=—Ng™ {1—10gn +0 ((E}éﬁ)z)}

nloglog_n)
logn |’

g0 that

log M (3 (B;)) = Nlog (1— 4'"(1—

— (1

= —nlogn—nloglogn—3n-+0 (

Provided » is sufficiently large, we have
log M (3(Fn)) < — nlogn— nloglogn—nlog8—log2,
log M(3(Er)) < — nlogn—nloglogih—mnlog8—log .

This ensures that

M3 () + (B (D) < (g =¥

)n
8nlogn
Thus we can choose the points x;, X,, ..., Xy 80 that

(2) 3(Fr) + 8 (B < V.
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We prove that the system of sets
3) A—n)K+x+g <V, ged),

forms a covering of the whole of space with the required properties.
Let x be any point of space. Consider the system of sets

—nK+x+g (ged).

No two distinct sets of the system have any common point. So the density
of the system is

a<i

V> 8(Hp).

Hence there will be a point of a set of the system which does not belong
to Hy. Thus, for some ¢ with 1 < { < N, for some points k,, k, of K, and
for some points g, g, of 4, we have

— 7Ry + X481 = (1 -2k + X+ .
Consequently
X = (1—2n)k; + 7k + X+ (8 — &)
belongs to the set -
A—nE+x+(g—8)
of the system (3). This shows that the system (3) covers the whole of space.
Now suppose that a point x of space was covered A or more times
by the system of sets (3). Then each point of the set
7K +x
is covered at least h times by the sets of the system (1). So F; contains
the union
UnE+x+g}.
geA

But this set has density »»V. Hence §(F,) > n»V contrary to (2). This
shows that no point of space is covered by the system (3) with multi-
plicity » or more, and completes the proof.
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