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Wir erhalten nun endlich

log 7'log log log log 7'
log log 1

max
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| eou/2H (eo1/2)

>VTe

und daraus wegen (4.2), (3.2), (3.3) und der Definition von H(g)
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Daraus bekommt man einfach (1.6) und damit ist unser Satz be-
wiesen.
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1. Introduction. In this note we obtain an asymptotic determina-
tion of the number A (z) of positive integers # not exceeding x which are
expressible as the product of a prime by a square. In particular, we show
that

w3
1 . Alw)~% ‘Togz D300 .
Actw;,lly, a more precise approximation to A () is deduced (Theorem 2.1.)
The proof is based upon the prime number theorem and a simple fac-
torization principle (Remark, § 2). Using the theorem of § 2 on A (),
a similar result is dervived for a related problem in § 3.

2. The main result. Let A denote the set of all n which can be
represented as a prime multiplied by a square. Since every % is uniquely
expressible as a product of a square-free number and a square, we have
immediately the

Remark. If u is in 4, then n has a factorization n = p@, p prime,
@ square, and this representation is unigue.

In addition to this remark we shall use the prime number theorem
in the form

.1) z
where z(x) denotes, as usual, the number of primes < (Landau [2],
§ b4).
THEOREM 2.1. If 2> 2, then

(2.2) Af@) =%

_1_

r z
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Proof. In the proof, variables of summation are all asgsumed positive,
and the variable p is restricted to prime values. By the remark above,
we may write

(2.3) A@) =1 = D1,
NEL per<iz
ned
g0 that
(2.4) ' = Va4 Y1 A,
- m‘{ﬁ pe“a&z
e l/x n>]/x

let us say. Evidently

A, - : 2 1 = Z w(afn2) .
1 p<pe-t y

eV ns)z
Application of (2.1) yields

5
(2.5) Ay=Ay+dyp, Ap=w /}4 nzlog (an?) !
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(2.6) L An=0fo Yot
® ( 24 n%(log (w/n?))
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By (2.5) one may write, after a simple calculation,
\1 1 (1 (logw) ~1
logm _J n? log2 ’
nél/w
.If we place r = logn*/logz for the moment, it is plain, for the values of n
in the latter summation that 0 < r < 1/2 and hence that 1 < 1/(1—7) < 2.
By the geometric series expangion, one obtains therefore
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4n loga &d nﬂ(1+ 0 (logm))
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where {(s) denotes the Riemann zeta-function. Since the integral is O (z-11%),
one obtains

e o
@7 An=g logw+0<i@)'
As for A,,, it follows by (2.8) that
f \J 1 z
2.8) - A so(—————“ _)zo.___
(2:8) 1 (logy/zf 2,4 n? log?
n<yz

Returning to 4,, it follows from (2.4) that p cannot exceed ¥z in
the Ap-summation. Therefore )
= D Waml < va X nn.

A= D 1< i<

N

}:ckw pc’<’g nfgm n<ya n<yz
e>Vz, ps<ya psl@ n<yz

Since 4, > 0, it results that

iy — O ——
0(@h) = 0 (1ogzw) .
The theorem is now a congequence of (2.4), (2.5), (2.7), (2.8) and (2.9).

3. A related result. Let A* denote the set of integers n which ad-
mit of a representation as a product of a prime p and a square, such
that p is a unitary divisor of »; in other words, the integers = of the form
n = pe?, p prime pre. Also let A*x) denote the enumerative funetion
of A*, that i3, the number of n < # contained in 4*. We prove the follow-
ing “unitary” analogue of Theorem 2.1.

TuEOREM 3.1. If 2 > 2, then

(2.9) Ay =0 (1» @ ’fxrl/zdg)
1

72 i x
(3.1) | 4@ = oo (———10me .

Proof. TLet » have distinet prime divisors p,, ..., p:, and place
(3.2) 7= pP Pl

The set 4 consists of the n in (3.2) with exactly one odd exponent. The
set A* consists of those n with all exponents e; even except for a single
exponent equal to 1. We note that 4*C 4 and that the complement,
A—A* of A* in A, is contained in thé set B of the n in (3.2) with all
exponents ¢ > 2. Denoting by B(z) the enumerative function of X, it
therefore follows that

0 < A(z)—Ax@) < B(a).
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But it is a well-known elementary fact that E(z) = O(/), (see [1] and
the bibliography listed there). Hence A*(#)= A (x)+0(B()) = 4 (v)+
+0(/1), and (3.1) follows on the basis of Theorem 2.1.
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