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Some theorems on double integrals over rectangles

by R. TABERSEI (Poznan)

1. Notation. Suppose a <& <b and ¢ <y <d. We shall denote
by [a, @; ¢,.y] and {a, z; ¢, ¥}, or briefly by [#; y] and {»; ¥} @ and ¢ being
fixed, the rectangles

{8, t):a<s<w,e<t<y} and {(s,fha<s<w,ec<i<Y},

respectively. By >b; d< we shall denote the poligonal line, formed
by two sides of the greatest rectangle [a, b;e¢, d] = [b; d], joining the
points (b, ¢) and (a, d) and passing through (a, ¢).

In themem 1 we consider functions f(s,t), g(s, 1), ¢(s,?) bounded
and Riemann-integrable in the rectangle [a, b;¢, d] = [b; d]. The function
¢(s,t) is non-negative and non-increasing in [b; d] in each variable, sepa-
rately, and such that for any pair ¢',3”, where ¢ <#’'<t" < d, the difference
(s, t')—gp(s,1") is non-increasing with respect to s in the interval <a, b).
Moreover, we assume that g(s,?) is not identical to zero in {b; d}. The
integrals are taken in the sense of Riemann. If ¢> 0 and ¢> 0 then
for example, @(s,?) = (84+¢) ™" and @(s,t)=(st)™" (a> 0) satisfy the -
above conditions in any rectangle [b; d].

In theorems 2 and 3 the function f(s, f) is Lebesgne-integrable over
[0,1; 0,1] = [1; 1], the function ¢(s,?) satisfies the same conditions as
before, in this square, and the integrals are taken in the Lebesgue sense.

2. An analogue of a Biernacki theorem. Af first we shall
give the fundamental

LEMMA 1. Let uy (A <i<m,1<j<n) be arbitrary numbers and
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Proof. We replace the numerator of the quotient (1) by the right-
hand side of the identity ([3], p. 16)
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similarly we write the denominator of this quotient.

To obtain the inequality (L) it is sufficient to use the following:
if Bx>0 (or <0), ,>0 (k=1,2,...,7), ¢ are not all equal to zero,
and if
Ay
S1<E<Sa (k=1,2,..,7),

8, and 8, being constants, then
,
kZ Agcx
8 < —<8s.

2 Bioy
k=1

Now, we shall present the following (compare [1], pp. 123-126; [2],
pp. 79-81)
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THEOREM 1. Let
JJ s, vyasat ‘
Toenma o @yebd.
[E8Y]
for  (@,y)edb; <, v>a,

H(®z,y)= {a

(wyy)5>b§d<y y>eo,

f
LA for
J

——7:) for (w,y)=(a;0).

1° If f f g(s, tydsdt = 0 for every point (m,y)e{b;d}, then
ffg (s, t)tp(s t)dsdt #.0 and

fffs to(s, t) dsdt
3 infH (2 [b:d] < sup H(x
®) (=) (@ 9) < ffg (s, t)p(s, t) dsdt fx};}) (@ 9)
b;d) ‘

where the infimum and the supremum are taken over all (z,y) e {b; d}-
2° If, moreover, the fumctions f(s,t) and g(s,t) are confinuous in
rectangles [a, a+6; ¢, d] and [a,b; ¢, ¢+ 8], respectively, with 6> 0 as
small as we please, and if
(4) gla,0) #0,

v
fos,0as =0,  [g@ni =0

(a<z<b,e<y<d), then there exists a point (
I §(s, )p(s, t) dsdt
1b;d)

[T (s, (s, 1) dsit
b;d)

&,n) e[b; d} such thal

(5) =H(&,n).

Proot. 1° Let (a,y) be the point, lying inside [a, b; ¢, d] = [b; d],
at which the value of the function ¢(s, t) is positive. Takmg the norma]
sequence of partitions

(k) (k) (&) b

P I Ly
et <P <L <t® <t =a

a =28y < 8

(6) e (k=1,2,..)
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of the rectangle [b;d] such that o=si,y=t% (0< i< my,

0 < % < mg), we denote by I(m; f), I(mx; f) and I f) the sums

ZZfU{f(s t)p (s, 1) dsdt 2'21’ f(kff(s Olp(s, 1) —p(sf?, 1) dsat
i=1 1=1 P =1 §= P

7 g

" D) Dl (s, 1, f f f(s, 1) dsdt,

i=1 =1

respectively, where P{f’ is the rectangle [s{%;, s{; tf, #¥]. By I(m; g),
Iy(m; g) and Iy(m; g) we shall understand the sums (7) in which f is
replaced by g. Let @, @, be the infimum and the supremum of the funec-
tion H in {b; d}.
Evidently,
Tmif) = bf s, g (s, ¥) dsit ,
sd]

L(mg; f) = Lo )+ Lo(owe; f)

From the well-known test of integrability it follows
}cilgll(mc; f) =,}j1311(m=; 9 =0,

whence
(8) lim Iy f) = [[twdsat, limIm;g) = [[ gpdsdi.
T b:d1 ko0 [b:d}
Let G(z,y)= f f g(s,t)dsdt. Suppose that G(x,y)> 0 for every

[£27)]
@w, y) e {b5 @}. Then, there exists a constant !> 0 such that G(z,y)>1
in the rectangle [a, b; y, d]. Applying the transformation (2), we obtain

mg—1 ng—1

nk,g)>2 2 G (P, 1) [ (s, 1901) — p (s, 15 — (s 1) &
i=py =g Mot
+ol®, 100+ Y @6l d)p (s, ) — o, €50] +
ng—1 o
+ 2 GO s, () — g, 41+
=

k) !
u +G (i, 1) (801, 19_1) = Up(at, y) .
ence

ffg(s, (s, t) dsdt # 0 .

th;d)
The last two inequalities hold also in the case G(z,y)< 0.

Iy(me; 9) 0 and
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In virtue of lemama 1,
(9) 9, < Lo(7; f

and by (8) we obtain (3).

2° If the functions f and g ave continuous in [a+d; d] and [b; ¢+ 0],
respectively, and if the conditions (4) are satisfied, then, it is easy to
verify that the funetion H is continuocus in the rectangle [b; d]. From (9),
(8) and the Darboux theorem the equality (5) follows.

CoROLLARY 1. Replacing the function f in the inequality (3) by pf,
where p = p(s,?) is positive and Riemann-integrable in [b; d], and the
funetion ¢ by p, we obtain, under the assumption

ffp (s, )f I p(s, Hf(s, t)dsdt
;1]
ffp (s, t)dsdt TTp(s, t)ydsdt
[b;d] [&RT]

the two-dimensional analogue of the Tchebyshev inequality (compare [1],
pp. 128-129)

[[ pasac- [ ppdsat
(b;d] [b;d)-

f(s,t)dsdt

inf
(:m/) €{b;d)

< [[pasa- [ pfoasas;
[b;d) [b;d)

it is easy to observe that the assumption that ¢(s,?) is non-negative
can be omited.

COROLLARY 2. If g(s,t) =1 in (3), we have

J[ fasat
inf [[q)dﬁ'd‘l
wn (@—a)(y—c) thsdl
. Jf fasat
< N N dsdi ,
<{IJ;:J fpdsdt < ww @—a)(—0) [bjd]J i
‘whence l f f I
fdsdt .
= M Tsdi .
(10) J J foai| < S i @— )y —0) mfmf "

It is easy to verify that (10) remains true for functions f having finite

improper Riemann integral I f(s,t)ydsdt, it the integrals f f fpdsdt
[a+,bie+,d)

and ffjdsdt are understood as improper (with yespect to >b, d{) in the
anmnn sense. )

3. An analogue of a Natanson theorem. We shall prove
that the inequality (10) is true for any Lebesgue-integrable function f
if integrals [ [ fodsdi and f[ fdsdi ave considered in the Lebesgue

[bsal fsyl
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sense. Of course, it is interesting only the case when the supremum
in (10} is finite. For the sake of brevity we asgume a =¢ =0, b =d =1
and denote by L* the class of functions f(s, t), Lebesgue-integrable in
the square [0,1; 0,1] = [1; 1], such that

0<hy<1l (i=1,2),

h f fs, 0 dsdt| < M(f)  tor

where M (f) is a constant depending only on f.

LevmA 2. For every function feL* and for every positive e there is
a function f, e L* continuous in any closed domain included in [1; 1] which
does mot contain the line >1;1<, eventually with the excéption of a finite
number of segments parallel to the awes ,1y, such that the improper (with
respect to Y1;1¢) Riemann integral  [{ |fds,t)|dsdt is finite and

[0-+,1;0+,1]

(11)

U . J 8,0 —fils, t)|dsdt < &
o<h1,£<1 by hy [o,h}J:o,M] 'f( 1) j( ’ )l =
Proof. Let h, and h; be two fixed positive numbers less than or
equal to 1 and let n; and %, denote positive integers such that

2R <2, 2T R, <2

Divide the square [0, 1; 0, 1] into rectangles by straight lines, parallel
to axes of coordinates, passing through points 2°7” (» =1, 2, ...) on both
axes.

In view of the two-dimensional analogue of the Weierstrags theorem,
in every rectangle P, = [27*,2'7% 27" 2'%] there exists an algebraic

polynomial W,(s,?) of two variables such that

ff (s, 8)— Wils, t)]dsdt<—27§;;§

I3

(,v==1,2,..).

Let fs,t) be defined as W,(s, t) inside each rectangle P, , and
zero at the remaining points of the square [0, 1; 0, 1]. Then

1 )
ok ff [F(s, 8) — 18, 8) | dsdt = g™*™ \ JJ [F(8, 1) Wu(s, t)| dsdt
[0,h1;0,Ro) uﬁm.v-—wz Py,
& ?1 1

So we have proved the inequality (11) from which it follows that
the Lebesgue integral f f ]f,s t)|dsdt s finite, i.6. the Riemann

0,130,1
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improper integral  [f
04,1304,11
and f, e L*.

Now, an analogue of the Natanson lemma ([4], pp. 243-245) for
double integrals will be given.

THEOREM 2. If
K =

[fs, t) |dsdt, being equal to it, is finite also,

sup

< oo,
0<hy, e

th; fff(.\', t) dsdt

[ha3hal
then

(12) UJ f(s,t)<p(s,z)dsdt|<K“ (s, ¥) dsdt .

1311 11
Proof. Let f, be the same as above; from (11) there follows
J;f,.s Hdsdt| < K+e (0<hi<1,i=1,2),
{hyshe]

hence, by corollary 2, § 2,
|[[ 15,0005, 1) dsdt|<“_} f,q;dsdt\TUff 1) pasdt]

1

hlha

< (K +¢) chp (s, t)dsdt-+(0,0)e,
1
and &> 0 being arbitrary, we obtain the inequality (12).

Remark. One may also consider unbounded functions ¢, satisfying
the conditions given in §1 in the square {0,1; 0,1}, the points of un-
boundedness which lie on coordinate axes. In this case the inequality (12)
remains true if both Lebesgue integrals in (12) are finite, or, if the second
integral is finite and the function f is non-negative. This result may be
obtained by theorem 2 and a suitable approximation of the function ¢
by bounded functions of two variables.

Applying the inequality (12), the two theorems of Romanovski and
Faddeev type ([4], pp. 245-247) concerning the convergence of singular
integrals

= [[1(s, Ogals, t)dsdt
;1
way be easily obtained for the classes If and Lf of Lebesgue-integrable
funetions f in the square [0,1; 0, 1] = [1; 1] such that

[ 165,950t =110, 0,

[hyshal

lim
7h—>0+ h’l hy
he—0

lim ff|f(s §) — (0, 0| dsdt =

h
Tt My i
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‘We shall formulate one of these theorems, namely

THEOREM 3. If the functions pa(s, t) (n =1, 2, ...) subject to the same
assumption as (s, 1) (given in §1), in [1; 1], and if

tim [ [ pals, ¢)dsdt =1
n—o0 [E;‘y]
and _f«
limpa(0, y) < oo,

n—>00

Imgu(a, 0) < oo,

n—+00
with any positive a and y (a, y < 1), then for every function f e LY we have

im In(f) = 1(0,0).
n—roQ
Similar theorems hold when ¢ (or @,) is non-negative and non-

decreasing in [b; d] with respect to each variable separately, and such
that the difference ¢(s,t')—gp(s,?") is non-decreasing with respect to
for any pair ¢ < ¢'’; in this case the function ¢ (or p.) attains its maximum
at the point (b, d) (formerly at (a, ¢)). It is also evident how to formulate
theorems of this type, when the maximum-points of ¢ (or ¢s) are the
remaining vertices of the rectangle [a, b; ¢, d].

References

[1] M. Biernacki, Sur le 2 théoréme de la moyenne et sur Vinégalité de Tchebycheff,
Annales Univ. M. Curie-Sklodowska, IV, 12 (1950), pp. 123-130.

[2] Y. KapamaTa, Teopua u npaxca Stieltjes-osa umuezpasa, Beorpan 1949,

8] Ch. N. Moore, Summable series and convergence factors, New York 1938.

[4] Y. TI. HaraucoH, Teopus dynxyuil eewecmeennoti nepesenrosi, Mocxsa-Jlenumrpan.
1950.

Regu par la Rédaction le 27. 6. 1960

icm®

ANNALES
POLONICI MATHEMATICI
XTI (1962)

Démonstration du théoréme de Carathéodory par la
méthode des poiuts extrémaux

par W. KLEINER (Erak6w)

1. Les €éléments frontiéres. Rappelons briévement la théorie
des éléments frontidres, en principe sous sa forme classique (Carathéo-
dory [1]). Soit D un domaine plan simplement connexe, dont la fron-
tiére D" contient plus d™un point. Pour chaque = = 0,1, 2, ... 80it qa
une coupure de D, c’est-h-dire: 1) un arc simple contenu dans D sauf
ses extrémités, situées sur D", ou bien 2) une courbe fermée, contenue
dans D, peut-&tre & ’exception d’un point. Une coupure partage D en
deux domaines; soit gs I'un d’eux. On dit que les g, forment une chaine,
8i pour »=0,1,2, ..

In+1C G,
@n+1 €6 ¢n Sont disjoints, extrémités comprises .

Une chaine {g,} est plus fine que {g,}, si pour tout » il existe un %
tel que g% C gs. Deux chaines, dont chacune est plus fine que Lautre,
sont équivalentes; une chaine qui équivaut & toute chaine plus fine est
dite élémentaire. ) .

Soit {gn} une chaine élémentaire. La classe des chaines équivalentes
est dite — ou bien: elle définit —un élément sur D, noté G. On dit que
{gn} représente G, co qu'on éerit: gu—>G. 8i @ # H, g2—>G, hy—H, les g,
et ha sont disjoints pour » suffisamment grands.

L’ensemble de tous les éléments sur D sera noté D*.

Soit ga—@G. Considérons, pour un » fixé quelconque, Pensemble V'
des éléments H tels que pour chaque hy->H il existe un hy Cgs. V est
dit voistnage de @. D* devient aingi une espace connexe de Hausdorff.

A tout élément @ on peut faire correspondre Pensemble @' = M Fa,
olt go—@. @' sera dit projection de @ (fig. 1). La projection est une ap-
plication continue (*); il peut pourtant arriver que les projections de deux
éléments distincts ne soient pas disjointes. G’ peut d’ailleurs étre un

(1), C’est-a-dire, 8i G’ c B et B est un ensemble ouvert, il existe un voisinage U
de @ tel que H' ¢ B pour Hc U.
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