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Remark on a certain theorem of H. J. Bremermann
by J. Gorsxr (Krakéw)

In paper [1] H. J. Bremermann proved the following theorem:

Let D be a bounded psendo-convex domain in the space of # complex
variables z = {21, 2 ..., Za} of the form D = {#|V (2) < 0}, ¥ (2) continuous
in a neighborhood of D. Then the generalized Dirichlet problem is possible
for the upper envelope @(2) of L{D,b(2)} (L{D,b(z)} is the class of
functions that are plurisubharmonie in a neighborhood of D and smaller
or equal to the boundary values b(z) whereveér these are prescribed)
and arbitrary continuous boundary values b(z) if and only if the
boundary values b(z) are prescribed on and only on the Silov boundary
8(D) of D.

The 8lov boundary 8(D) of a domain D is the smallest closed subset
of the boundary D" such that for every function f(z) holomorphic in D
and continuous in D we have |f{|< M in D if [f| < M on 8(D).

A real valued function V(2) is plurisubharmonic in a domain D if
and only if the following conditions are satisfied: (i) —oo <V (2) < oo,
(ii) ¥ (2) is upper semi-continuous, (iii) the restriction of ¥ (2) to any analytie
plane E = {z|z = #,+ Aa} is subbarmonic in the intersection HD.

The present note is the generalization of the theorem mentioned
above when D is an arbitrary bounded domain and 8*(D) is the smallest
closed subset of the boundary of D such that for every function V(z)
plurisubharmonic in D and continuous in Dis V{z) < M in DitV(s) < M
on 8*(D). The existence and uniqueness of S*D) is given in [2]. .

For the sake of brevity we denote by M the class of all pluri-
subharmonic functions w(z), 2 e D, continuous in D = D+D" and
< b(2) on D, where b(z) is an arbitrary continuous funection defined
on D. . ‘

From the definition of 8%(D) the proposition follows immediately:

(P) For every point 2, e *D) and for every neighborhood 0(z,) of 2,
there exists a function plurisubharmonic in D, continuous in D
such that V(z) < M in D—0(z) and V() > M in some points of
D O(z). : .
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The proof of the following theorem is similar to that given by
H. J. Bremermann.

THEOREM. Let D be a bounded domain in the space of n complex varia-
bles, regular with respect to the Dirichlet problem for harmonic functions.
Let 8%(D) be the Silov boundary of D with respect to the class of all pluri-
subharmonic functions in D and continuous in D. Then there ewists in D

the bounded upper envelope D(z) of the class MM and Tm  B(2) = b(g,).
-2 €8%(D)

Proof. 1° The existence of the bounded envelope @(z)
= lim {sup ()} follows from the fact that every function u(2)e I

s yeill
< M = max b(z) on 8%D)is < M in D. Therefore ®(2) < M in D.

which is <

g€ (D) ,

On the other hand, the function w(z) = m = inf b(z) is plurisubharmonic
geD*

and belongs to M. Hence D(z) >

2° From the regularity of D with respect to the Dirichlet’s problem
follows the existence of a funetion %(z) harmonic in D, continuous in D
and equal to b(2) on D". Since every plurisubharmonic function p(z) ¢ M
is subharmonic in D from the inequality w(z) < b(z) on D follows w(z)
< h(z) in D and therefore ®(¢) < h(2) in D. Hence

1) im  ®(2) <ba) -
#->Za€ D"

3° Let 2, be an arbitrary point of §*(D) and let 0y(25) be a neighborhood
of 2, such that b(g) &> b(2) > b(z)—¢, ¢ > 0. From the proposition (P)
follows that for every neighborhood O(2,) C 0,(z,) there exists a function
¥ (2) plurisubharmonic in D, eontinuous in D such that for 2eD —O0(z,)
we have V(2) < f}lg; ;V(z) =TV () =1, where 2, € D'0(2,).

2€D0(2

Let w(z) be the following function

u(2) = bl(z)—e+o[V(2)—1], ¢=const>0.

h(zl) = b(zo)me and w(2) < b(z)—e <I b(z) for zeD'O(2). Taking ¢> 0

large enough we achieve that %(z) < b(2) for 2eD'—0(z,). Therefore

w(2) e M and lim D(z) > lim u(2) = b(z)—e> b(z)—2e. Since &> 0 is
28 ]

arbitrarily small we have

(@) | lim B (2) > bz, .

B,

Let O,.(z.,)C 0y(%y) be a sequence of neighborhoods of 2z, with radius
#a—0. For every neighborhood Oa(e) We can construct the plurisub-
barmonic function wn(2) e M such that ua(en) = b(z)—e > b(en)—2¢,
2n € D'On(z,). Hence there exists a sequence of points {2a}, s € D°04(2,),
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2p~>2, such that hm(li (2) = b(2n). Therefore in every neighborhood of

2 € 8*(D) there are pomts z €D such that P(2) > b(z)—e. Hence

(3) m @(2)
2->24€8%(D)

> b(z) .
It follows from (1) and (3) that 0m @(2) = b(z,) -

s8€8%(D)

Remark. 1° If every point z,eS8*D) is regular, for example, if

there exists a plurisubharmonic function V(2), z €D, continuous in D

such that V(z) =1 and V(2) <1 in D—(2,) then we have lim ®&(z)
2->ga€ S* (D)
= b(z,).

2° If the function b(z) is prescribed on D'—0(z,), 2, € 8¥D) then
@(z) will be unbounded in D. In fact, from (P) follows that there is a pluri-
subharmonie function V(2) > M in some points € D'O(z) and p(2) < M
= s g)l)a% ( )b(z) in D'—0(%). For sufficiently large n the function V,(z)

2€S*(D)—0{zo,

= M (V(2)/M)" would be plurisubharmonic in D, continuous in D, < b(z)
in D'—0(z,) and arbitrarily large in DO (z,). Hence P(z) will not be
bounded in D.

3° @(z) cannot be larger in D than sup b(z). If sup b(z) > sup b(z)

2€eS*(D) zeD*—-S*(D seSYD,

then @(2) does not assume the values b(z) on the whole boundary D.
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