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ON THE JOINT LIMITING DISTRIBUTION
OF TIMES SPENT IN PARTICULAR STATES
BY A MARKOV PROCESS

BY

A PLUCINSKA (WARSAW)

We consider a homogeneous separable Markov process £(¢) with
a finite number of possible states a,, @y, ..., ax. Let py(t) be the proba-
bilities of transition from the state a; to the state a; in time ¢ (¢,§ = 0,
1,..., k). We suppose that

1° tl;n;tpii(t) =10G@=0,1,..., k),

2° for each pair 4,j (4,7 =0,1,...,%) there exists ¢, such that
Dij(te) > 0.

It follows from these assumptions that almost all sample functions
are step functions and p;(¢) >0 if ¢ >0 (ef. [2], chapter VI).

Denote by X;(t) the total time spent in the state a; during the time
interval [0, t]. Thus

t
(1) () = [mwdu  (i=0,1,..., %),
0

where y;(¢t) is the characteristic function of the set {#:£(f) = a;}

k
(¢ =10,1,..., k). It is quite clear that } X;(t) =t.

i=0

The aim of this paper is to find the limiting k-dimensional cumulative
distribution function of the random variable {X,(t),..., X;(f)} when
t - 00, :

The one-dimensional variable X,(t) has been investigated by Takacs
[71—[9] and Rényi |5] (in [8] and [9] the assumptions are more general).
In the ease of Markov chaing the above-mentioned problem was treated
by Romanowski [6], p. 233, and Kolmogorov [4].

Since almost all sample functions are step functions, we may define
a sequence of random variables =z}, Z;, @1, &3, ..., a8 follows:

Colloguium Mathematicum IX.2 12
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1° if £(0) = a;, then

or = sup{t: &(u) = o; for 0 < u <1},

i

sup {i: E(u-+ai+Z) = o; for 0 <u <t}

(

T o= sup{t: &(uta;) # af for 0 <wu <},
i (
(

7 = sup{i: E(utai+E ) # o for 0 <u <1},

20 Tf £(0) # a;, then
B = supft: E(u) # o for 0 < u <1},
oy = sup{t: E(F+u) = a; for 0 < w <1},

Thus «!, @}, 4}, %, ... denote the lengths of intervals ¢n the time
axis, in which svccessively £(1) = a;, 7= @, ¢;, and so on,
Let us write

my=B(d), m=R@&), s="Va(d), 5 =Var(s)
(=0,1,...,k;) =1,2,...}.
The main result of this paper is the following theorem.:
TeEOREM 1. Let X;(t) (4 =0, 1,..., k) be defined by (1). Then

X0 mﬂ

lim P O <oy i=1,2,..,0k

im. ————— L 1 =1,2, ...,

(@) Him i ; )

[ 93 k

v | | el Yo ..pa

= OXP { — | Lgg| g oty ooy @iy,
@=L 210 & f

where Li; are cofactors of the elements of the determinand |l and 1y are
gtven by the formulae

—0 %_ 2.—2

(mi+ mi)s
5 . 1 [ i (17 85+ 775 87)
G M= T oy ) mj —

mym, (7 7, — msmy) (55 + 55)
(M — i) (70— my) (g -+ Mg)

An analogous formula for the one-dimensional variable has been
shown in papers [7] and [5]. We may write it in the following form:

Myt
Ll — m-~|-Lm~ 1 S
(4) P | o= o = e fe’““/widw,
l=o0 Vi 27D _y,
where . -
D, = km; S; - M 8]

()3

This formula has been proved under the condition that the following
assumptions are satisfied:

Z,. The random variables & ( j=1,2,...) are non-negative and
have the same distribution with finite variance. The random variables
(= 1,2,...) are non-negative and have the same distribution with
finite variance.

Z,. All random variables «f, 7} (G=1,2,..; r=1,2,..)) are
independent.

An inspection of the proof of the theorem given in paper [5] shows
that it remains valid if we replace the assumption Z, by the assumption

Z;. The two-dimensional random variables (o, #, i=1,2,...,
are all independent and identically distributed and random variables
2} and # are uncorrelated.

In this paper we shall use this fact.

Theorem 1 i a consequence of the following theorem:

THEOREM 2. If

(i) ful, ..., ul}, i =1, 2y ..., 18 a sequence of k-dimensional indepen-
dent and identicolly distributed random variables,

(i) B(u) =0, B(wjnd) =1,

(i) NV (2) is.a positive integer-valued randdm variable such that N(t)/t
is stochastically convergent to a number ¢ > 0 as t — o0,

. Ng
(iv) =0 = 3,
j=1

then
%N ®

VN ()

ey ek
1 1
= —_ E L u;
(271_)1:/.'1—1' ‘D[ —‘;{ BXP{ 21Z] o U "/’q} iy, ..., duy,

where Ly are cofactors of the elements of the determinant I/

limP{ <0i;7}=1,2,...,k}

iq[ .
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Proof of theorem 2. For any positive number & > 0 we can find Then
a 1, such that for ¢t >1, we have A0
P( — X 6,

P( £V >ao) < g, /N()

whence
Nt
|20 o[ o) (1210

1=1,2,..., k)~
Ng

et < —eo)—kP(jg\;-g)- —e > ec)

P(N(t) < el eot)+P(

P
P(‘]% Sey Nty =n;1=1,2,..., k)< £
n=Ny+1 n
Write
0 = Inax [ ’ll]l !‘ .
N () > at-|- ect) 1<n<Na ! N SFen
= P(N() < N)+P(N() >N, <e,
where N, = [6t—ect], N, = [ct+ ect].
In virtue of the total probability theorem we may write
]_3( zév(t)

According to Kolmogorov inequality (cf. [8],

N2

, k
.
Sl

n=Nj+1

202) we have
N,—N
( I/E I/.ZV ) n/sl lii-
It is easy to verify that
' No—N, _ et(l+e 3
AVaT <~“_W MW_ 2 -y
NE Sgaggf el <4
2y .
_ yP( L Loy N =m;i=1,2,. ,Ic) for ¢ > 1/ec and ¢ < §. Then
=~ Va R 3,
¥ P(gi>l/6 VN1)<4l/slii<sl
.
_ ZP (Z_Z e, Nty =n; i =1,2,..., lc) o Now let us remark that for N, < n < N, the following inequalities
i~ Vn are frue:
N n 2 <z§v1+9w le < & 0.
R 2 ; )
+ P ( J <6, Nit)=n; i =1,2,..., /0) + This last inequality follows from the relations
“ n
n o =AU Ll g and wl bl g >
P ,
-+ P(V.. <oy N@t)=mn;i=1,2 -ak)' Let 4; denote the event gl\l/a VN, B the event N, < N(t) < N,,
n=Na+l o 0 the event 22! VN, < eV (1+e)(1—2e)+ VN, (i =1,2,..., %), D the
Now we are going to prove that for sufficiently large ¢ the first and event 21/VN, < —l/; (#=1,2,...,%) and F the event 251V N,<
the third sums can be as small as we like. We have < 6— @l/p/ N, (4=1,2,..., k). Then
Ny n N o
’ Rz \ 1 .
‘P( ’L_<£L Nty=mn;1=1,2,... 76)—{ y P( < (t)=')b;‘b=l,2,...,k
g 1/71/ h ’ ’ ’ , ’ n=x_‘\71J;‘»l ]/ﬁ
© Ny
& R . zm —0i
+ 2 (ﬁgci, N(t):n;@:l,?},...,k) < P( =S N =5 i =12,
w Vn n=Ny+1 e
Ny 00‘
gZP(N(t) = )+ P(N(5) =n) = P(N(5) < N)+P (N (1) >Ny
n=1 n=Ng+1

_Nz <015N(t)=”;7’_12
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Pl <oV N,y b, Ny < N(t) < Nyj i=1,2,..., k)

(zlscl/Nz-}—g,,z_l 2,..., k)

( <o Nﬁ O z=1,2,...,lc)
1\7’1 Nl I/Nl

"U

1+4¢ QL )__._ P
<Pl—— __‘»_ﬂ_-_ =3 4 =1,2, k) == P(C
l/l 2e ‘ ’71 Y )

1/1\T
=P(CA 4,.. Ak)-H?(OAIAQ...A,G)—l—P(OfTQAg...A,b.)»|--
+P(CA,A,... Ay) -]—...w\—P(OZ,C_lA,ﬁ)»\AIﬁ-‘( )
an ]/ 1te e )
A il =1,2,..., %+
<P(I/_J_V~1<a 12—}—0,'&
+P(4,)+P(dg)+ ... +P(4p)
<P<l’£_~<ob]/ 2o Veii=1,9, 70)+k-81.
VN, 1—2¢

Thus we have found the upper estimate; now we shall find the lower

estimate. Let us remark that

N2 o
P( ey N@)=n; t=1,2, I)
n=Ny+1 Vn =
Ny
Nido, _
> P(%NlL‘-” <o, Nt) =n;i=1,2, ..,/0)
n=N7+1 1/"
ik Ny )
> 2 P(ﬁ O o N =y i =1,2, ..,k)
n=Ny+1 l/ 1

=P( L <o, M <N SNy i =12,
1
(

B)—P(B, N(t) < N,)—P(Z, N() > Ny)

(B)—P (N (¢

P
=P ) SN)-P(N(t) >Ny) >P(H)-+e
> P(HA,.. A+
Y1 —
>P2 <o—Ve, Ay Ay ¢=1,2,A..,7a)
VN,
=P(D)—P(DA4,...43) > P(D)—P(4,...4;)

Iﬁﬂl
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=P(D)=P(d,4,...4))—P(d,4,... 4)—...—P(d,)
> P(D)—P(4,)—P(d;)—...—P(dy)
%L 8~
>P(Vf1 <e—Ve; i=1,2,.., k)—ka,.

Finally we have

z?fl 3,—
P(T/—i~<ol—l/s; i=1,2,...,7c)—kel
' pe0)
<P(I@m < e 73=1,2,...,k)
A
(iP(}hTT cll/ +8 —l—l/a, 1=1,2, )—}—kal.

If ¢ > oo, then N, also tends to infinity.

Now the assertion of theorem 2 immediately follows from the last
relation and the central limit theorem.

To prove theorem 1 we need the following lemma:

Lemma 1. Suppose that 7y, 7., ... are independent and identically
distributed random variables with mean values m and finite variances o2
Furiher, let N (1) denote a positive integer-valued random variable defined
for any t >0 such that N(¢ (t)ft converges for & — oo in probability to a
constant ¢ > 0. Then we have for an arbitrary e > 0

. 771+772+-~+77N(z) J ) -
lim S L B .4 =1.
o P (J 70 m|<<e 1

In [5] the following formmla has been proved :

llmP((?71 M)t (v —m) \0)2 _1_ fg—ﬂ/zﬂd%
VI (1) 4

Vono _

The proof of lemma 1 is analogous to the proof of the above relation
and we may omit it.

Now suppose that £(0) = a,. (In the case £(0) # a, some modifica-
tions ought to be introduced to the proof of theorem 1 and lemma 2.
These modifications are not essential and we shall not consider each of
the cases £(0) = a, and £(0) £ a,) separately.

Now we introduce the following notation:

Let 7, << 7, < 7, << ... be points on the real axis such that

c

t=o00

T = 25"{)+%

j=1

7o =0,
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Let 3] be random variables such that

7

(5) o= [mwdn E=1,2, .., kj=1,2,..)
-1

and

(6) Pho=ah+E—y; (G=1,2,...,kj=1,2,..).

The random variable ¢4 is the time spent in the state a; betwoen the
(j—1)-th and j-th appearance of the state a,.

\
a, — r—} -—
| | S |
b —
a, I'__J b : i :—-—
| [
a ; !
0o \ t_..._J i— :
L | N
T - T T, T3 t

The case k = 2.

From the properties of the process considered it follows that the ran-
dom variables ¢} (j=1,2,...) are independent and identically distri-
buted.

LeMMA 2. The moments of the random variables T, v, 7, are given
by the formulae

) B(&) = m; = — df;‘z(z)

(8) Var(#) = 8 = %gﬁ —-[E‘;i;(f)—]z n

) B = i = o (m= ) < o0,

10)  Varly) = of — (g ~+T700) (53 473 83) — mf (my -+ 770;) (854 53) ,

(Mg ;)2 (7, — my)

(11) Elyi—w)@i—m)] =0 jor i1,
(12) B(F) = 1 =m0, — s,
(13) Var(7l) = o} = sj+3— o},

icm
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where
Z . 1—pyu(t)
L,(z) == 1—1- ZV I }'i = lim _‘_%‘1"—' .
i

A [ e py(t)dt =0
0

Proof. The randon variable Z is the time of return to the state a;.
The mean value and the variance of this variable has been found in [7
§ 3.3].

Since

’

My

limp;(t) = ——— >0 and my< oo,
‘ =00 Mo -+ Mg

we have ; < co.

Now we shall prove formula (9). We define positive integer-valued
random variables N;(¢) by the inequalities:

Ny . Nih+1 )
(14) D) <t< Y @) (i=0,1,.., k).
j=1 J=1

It follows from (6) that the following inequalities are also true:

Noty ) Noh+i
(15) D T <t< Y @ (G=0,1,..., k).
j=1 j=1

Representing X;(¢) as the sum of the segments 4}, we have the ine-
qualities

No(t) i No(ty ; No(t)+1 ; No®)+1 ;
A¥ wme A% _xo_ A% 2% mor
Nty ot & Tt t N,H+1 1
Taking into aceount

No(t) 1

t  stochast. /‘i‘]"/_‘i
and lemma 1, we have

() Mi

——s

(16) .
t stochast. ﬂi+#i

_ On the other hand, we may represent X (¢) as the sum of the segments
2;. Then we may write )

;\ggf; . Nyh+1
b 2
AT N _xw A% metr

Nt STy N+1 4
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It follows from lemma 1 aud the relation

yw 1

1 slochast. gp, -7,

Xty _m

- R R A .
(17 i stochast., g, -7,

Now, comparing (16) and (17), we have

K

i i

g, it g
Using the relation wu;--g; = my-\-M,y, we obtain

m;
My - M4

My = — (M 7y) .

Thus formula (9) is proved. ]

Representing X;(t) as the sum of the segments y; and using formula
(4) (the assumptions 7, and Z; being satistied for i, 74) we get

it
Xo(t)—- i‘}—, ) ¢
(18) LmP | — A,,/,fi’,‘f_‘w': <e) = 75-1; e gy,
= Vi T _%
where
B, = 4“’ 0‘1 ‘:Ii/"l?z
- (Mz + :“z)

Now, representing X;(f) ag the sum of the segments 2 and using
again formula (4) (the assumptions Z, and Z, being satisfied), we get

P ()

The left sides of the formulae (18), (19) being equal, the right sides
must also be equal, that is

mis“+ m7 .92

272 - 2 22 ==9
WiOit+poy  miSitmgs?

20 = =
0 (@s+p)® (i +7m;)°

© _ - N .
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Now taking into aceount that Wit p; = mg-+7i, and finding ¢;.
from formula (20), we get

(o + 700) (5} + 777 57) — i (m 4 704) (534 53)
(g =72 )2 (78— ;) '

We have thus proved formula (10).

Now we are going to show that the random variables ¥ and o] are
uncorrelated for 4 # 1.

Let us denote by hy(u, v) the frequency function of the two-dimensio-
nal random variable (#4, ) and by g,(r, s) — the probability of the ap-
pearance of the state a; » times and of the state a; ¢ times between two
successive appearances of the state a,. Then

2

(21) Rty ©) = D g,(r, ) g (1) (o),
rs
where
d ad
gi{n) = TZ;P(’I; <u), gilv) = o Py < v).

“From formmla (21) it follows that
Byl — u) (@h— )]

=/ f D, 60y ) H(w— ) i () 1[(v— ) go(v) ] dudo

8

= D) [ (v p)gi(wd [ (o— m)g(v)dv = 0.
7,8 0 0
We have thus proved formula (11).
Formulae (12) and (13) immediately follow from (6) and (11).
Prootf of the theorem 1. It follows from the previous considera-
tions that

(Xt~ — 1
. . M+ My . .
(22) }mﬂ? ~‘———l7r— <03 0=1,2,...,k
Xi(t)— it .
= limP «‘»fﬁl/t"‘ Se;i=1,2,..,k%
=00
Let us remark that we may estimate X;(¢) in the following way:
No() No(l)+1 )
(23) 2 v < < > %
j=1

where N,(t) is defined by (15).
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In view of (18) and (23)

Nyt N,,(t)w I i
2 M Z G < X —
(24) 2?% i 2y W <Ko= B
=
Ny(t)+1 i No()
< Z y%-———~i-~2 (yi-+ 7).
~ it i
Write
k- i = oy = M
and

(i — mh).-

-&-.

c 1
[ My — ws (Y] = SR

Ma/z

Then inequality (24) can be expressed as follows:

No() Ut No(® N o
(25) 2 o i Vor — No(t)+1+—No(t)} )< X (8)— SF < 2 Jl/m Nol+1,
j=1 f=1

Now we are going to find the moments of the random variables d.
The mean value is equal to

; 1 .
B(el) = =7 LB () — wBF)] = 0.

In the same way as we have proved formula (11), we may show that
E[(yi— ) (F— )] = By — p) (4] — ma+
--+y£_x—m_1—|—?/§:+1“m+1+~-~+y’z}— Mk’Fmg—mo)] =0.

From the last relation and the definition of the random variable
of it follows that

' Var (o) = ‘u’ git 'ufﬂ"n

In view of (20) the last relation can be written in the following form:
s+ mi s
(m - ;)

Now, taking into consideration that

Vit T = Gt B = ol + 7,

Vard, =

Im LIMITING DISTRIBUTIONS FOR 4 MARKOV PROCESS 359

we have
B(dd)) = 'EEE[M%_”"(‘”H 71 [ My — plyi+ 1)1
M3 —AM s pr— M B [y (4 7)1 — M B [ (A4 7))+ s s B (0 + F)} -+
2 ME A +i ; ME(m*-:-Ef)A
+ e Hi oy (43 + Tp) s Hit o %o
1 &1
= Fﬂs#lE(mjﬁ- Bo— M)+

i Ltk s — B ) — mEB )]

1 9 - 9 a
= ——[ i pur(Sy+ Fo) — M (0i + pi07)]-
M3

In view of (9), (10) E[cdj] can be written in the following form:
B(dd) T [m(mhﬂm%s%) M (M3 53+ mist) L
(1o + ;) (1% + Ty )

ml my mi —_ mi

(770, 7, — ) (5.4 55) ]
(s — ;) (g — mg) (g +- 1)
From (25) it follows that

No(ty
Zﬂz N No(tH-l )
I/N t) 77 <e; t=1,2,...,k

Lm—.ﬁ<
<Pl BT s i=1,2,.

Vit
ai N 0 Ny(l) =Nyt :
N. (1 . yYo+1 o gNo+1
<Pl olf) g e AT i1, k]
]/No t M Vi
The random variable
N,y(t

oft) 3
t stochast,

The mean values and the variances of 4} and 7] are finite, and so 4}/V%
and 7}/Vt are stochastically convergent to 0. The random variable of
satisfies the assumptions of theorem 2. The assertion of theorem 1 follows
immediately from lemma 2, theorem 2 and the last inequality.
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MIECZYSEAW BIERNACKJ
(30. III. 1891—21. XI. 1959)

Né le 30 mars 1891 & Lublin, fils d’un médecin, Mieczyslaw Biernacki
Y passa en 1909 son baccalauréat et, aprés deux ans d’études de la chimie
a I'Université de Cracovie, prit PVinseription & la Sorbonne comme étu-
diant des mathématiques. Depuis 1914 jusqu’d 1919 il participa comme
volontaire aux luttes de l'armée frangaise et puis de la formation polo-
naise du général J. Haller contre les Allemands au front ocecidental. In-
toxiqué par gaz asphyxiant et gridvement blessé, il retourna, aussitot
rétabli, sur le front francais et, démobilisé en 1919, rentra dans son Pays
avec Parmée Haller.

Dés 1921 Biernacki poursuivit & la Sorbonne ses études mathé-
matiques, y passa sa licence et y soutint le 11 mai 1928 sa thése du
doctorat auprés de la Commission d’examen présidée par le professeur
Paul Montel.

Retourné en Pologne, il fut nommé en 1928 assistant i 1'Univer-
sité de Wilno, en 1929 professeur extraordinaire des mathématiques
4 I'Université de Poznan et en 1937 professeur ordinaire 3 la méme
université. Il n’arréta pas ses recherches scientifiques pendant les ter-
ribles années 1939-1944 de ’occupation allemande en Pologne. Il les
passa & Lublin, olt quelques legons privées qu'il y donnait lui ont
permis de survivre.

En 1944 il devint professeur ordinaire des mathématiques & 1'Uni-
versité Marie Sklodowska-Curie & Lublin et prit une part particulidrement
active & l'organisation de cefite université. Il y enseignait jusqu’d la fin
de ses jours.

Ses mérites publiques et scientifiques Iui ont valu des distinetions
et des prix. En 1936 la France lui attribua la Croix d’Officier de la Lé-
gion d’Honneur; en 1950 il a été déeoré par la République Polonaise de
la Croix d’or de 1'Ordre du Mérite, en 1954 de celle du Chevalier et en
1959 du Commandeur de ’'Ordre Polonia Restituta. En 1950 il a recu le
Prix scientifique de I'Etat (II™° degré). Deux fois la Société Polonaise
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